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Abstract

This paper studies how learning affects the interactions between monetary policy and
stock prices. Learning modifies the intertemporal trade-off of the central bank by giving
to the latter the possibility to manipulate private expectations. The result of this manipu-
lation is not socially optimal since it reduces excessively the stabilization bias. To remedy
this, the government should appoint a central banker that is less conservative than the
society. The turnover rate in the stock market is the key factor that determines the inter-
actions between monetary policy (hence delegation) and stock prices. A positive turnover
rate means that the presence of stocks in the households’ portfolios distorts the optimal
consumption path. This type of distortion compensates somehow these induced by learn-
ing. The central bank should be more conservative to avoid the effect of distortions on
social welfare induced by learning than in the absence of stocks.
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1 Introduction

The recent economic downturn has highlighted the crucial role played by financial assets in the
transmission mechanism of monetary policy. The high volatility of macroeconomic variables
triggered by the financial crisis urges policy makers to better understand the implications of
assets price for monetary policy decisions. As Bernanke (2010) underlines in its speech on
the implications of the financial crisis for economics, “understanding the relationship between
financial and economic stability in a macroeconomic context is a critical unfinished task for
researchers.” The relationship between the volatility of asset prices and monetary policy and
how to deal with this volatility using monetary policy instruments are issues far from resolved.

The early literature studying the feedback effects between the volatility of stock prices and
monetary policy, and the implications for macroeconomic stability of a response of monetary
policy to asset prices is quite controversial.! Bernanke and Gertler (1999, 2001) advocate a
flexible inflation targeting approach to tackle price and financial stability issues given the link
between inflation and macroeconomic fundamentals of stock-price dynamics, while underlin-
ing that reaction to stock price generates a perverse effect disturbing the output dynamics.
Cecchetti et al. (2000) suggest that a central bank (CB) concerned with stabilizing inflation is
likely to achieve superior performance by adjusting its policy instruments not only in response
to its forecasts of future inflation and the output gap, but also to asset prices. Cecchetti (2003)
has provided evidence that the Federal Reserve’s communications and policies were influenced
by the Internet bubble as it was in progress. Bullard and Schaling (2002), and Carlstrom and
Fuerst (2007) show that if policymakers place significant weight on the asset price component
of the Taylor-type policy rule, other things equal, they will face indeterminacy of rational
expectations (RE) equilibrium in the presence of sticky prices.

The global financial crisis has revived this debate among both policymakers and academic
researchers. Nistico (2012) shows that an interest-rate rule reacting to deviations of stock
prices from the flexible-price equilibrium could also incur risks of endogenous instability in

a New Keynesian model with non-Ricardian features. Gali (2014) shows, in an overlapping-

!See Cecchetti et al. (2002) and Gilchrist and Leahy (2002) for a survey of this early literature.



generations model, that “leaning against the wind” policies may raise the volatility of asset
bubbles. However, based on a New Keynesian model with a cost channel of monetary policy
transmission and a constant turnover between long-time traders and newcomers in market
activities, Airaudo et al. (2013) suggest that a mild response to stock prices in the policy
rule can restore equilibrium determinacy and therefore rule out non-fundamental volatility.
Assenza et al. (2015) confirm the previous result in a model allowing for the cost channel by
showing that there is a significant stabilizing role for asset price targeting, but at the cost of
higher inflation volatility.

In general, most studies show that response of monetary policy to stock prices restricts
the policy space where the RE equilibrium is determinate and can lead to fluctuations of
expectations that are sunspot-driven and self-fulfilling. However, the policy space ensuring
the determinate equilibrium under RE can be enlarged when private agents implement an
adaptive learning process to form expectations. The adaptive learning algorithm allows not
only to select among multiple RE equilibria but also to introduce a short-run dynamics for
economic variables that is different from the one under RE. Indeed, this type of algorithm
has shown its adequacy in financial and economic survey data (Lanne et al. 2008, Markiewicz
and Pick 2014, Trehan 2015, Slobodyan and Wouters 2016). Given that learning assumption
better describes the behavior of private agents in expectations formation, taking account of
learning in monetary policy decision could improve macroeconomic performance.

Several studies have examined the consequences of including asset prices in monetary
policy reaction function when agents form expectations using adaptive learning. Airaudo
(2013) finds that interest rate rules granting a positive response to stock prices can enlarge
the policy space where the equilibrium is determinate and learnable when the degree of asset-
market participation is sufficiently large to generate an inverted aggregate demand channel of
monetary policy transmission. Airaudo et al. (2015) share the previous view and show further
that the Taylor principle ceases to be necessary. In constrast, Machado (2013) shows that
a direct monetary policy response to stock prices through interest rate rules is not effective

when agents are learning and this result is robust to heterogeneity in agents’ beliefs.



This paper contributes to the literature on monetary policy by examining the implica-
tions of adaptive learning and optimal policy response to stock prices for CB accountability.
Accountability is a major concern for central banking since it is necessary to circumvent the
credibility problems that can arise with discretionary monetary policy. A simple inflation
targeting regime might not be enough to tackle the issue of CB accountability. The latter
can be solved either by the conservative central banker approach due to Rogoff (1985) or the
inflation contracting approach through a linear inflation contract (Persson and Tabellini 1993,
and Walsh 1995) or an inflation penalty on deviations from inflation target (Walsh 2003).
According to Svensson (1997), these approaches can be seen as types of inflation targeting
regimes that modify either the CB’s preferences or incentives to eliminate inflation bias and
stabilization bias. To deal with accountability issue, we adopt a CB loss function similar to
the one in Walsh (2003) and consider a delegation game in which the government imposes
inflation penalty on the CB for deviations from inflation target. More precisely, when the
inflation target set by the government is not achieved, the CB has to undergo an inflation
penalty that is increasing in the standard deviation of inflation from its target. A positive
inflation penalty has the same implications for monetary policy as appointing a conservative
central banker who is more focused on inflation stabilization.?

One major issue of this paper is about how the CB should conduct optimal policy and
how the equilibrium is affected by stock prices when private agents are learning. In contrast,
Machado (2013) and Airaudo et al. (2015) mainly consider exogenous instrumental interest
rate rules and focus on issues of E-Stability. Our paper is also closely related to Molnar and
Santoro (2014) who study the dynamic effect of learning, and André and Dai (2017a) who
examine the implications of learning for optimal monetary delegation in the standard New
Keynesian model without stock prices.

The main results obtained in this paper are the following: 1) Learning reinforces the

deviations of inflation and the output gap from their RE equilibrium levels when the CB has

?Under monetary discretion, inflation or stabilization bias can be eliminated or reduced by appointing as
head of the CB a person who is more averse to inflation than society as a whole. For the society, delegating
monetary policy to such a conservative central banker is equivalent to putting a lower priority or weight on
output stabilization.



to deal with the consequences of stock prices fluctuations for the macroeconomic stability. 2)
A positive inflation penalty aggravates these deviations under the learning assumption. 3)
An increase in turnover rate in the stock market generally attenuates (reinforces) the effect of
learning (inflation penalty rate) on the effects of inflation expectations and technology shocks.
4) To maximize social welfare, the government should set a negative penalty rate that decreases
with learning gain. An increase in turnover rate will make the optimal inflation penalty rate
less negative for a given learning gain.

The remainder of the paper is organized as follows. The second section briefly presents the
microeconomic foundations of the structural model. In the third section, we solve the model
under the RE hypothesis. In the fourth section, the laws of motion for inflation, the output
gap, stock prices and the interest rate are solved under learning. The fifth section examines
the choice of optimal inflation penalty rate under learning. The sixth section discusses some

potential extensions of the model. The last section concludes.

2 A structural New Keynesian model with stock prices

The economy is described by a simple microfounded general equilibrium framework developed
in previous contributions such as Nistico (2012) and Airaudo et al. (2015), who extend a
discrete-time stochastic version of Yaari (1965) and Blanchard (1985)’s OLG-perpetual youth
model to include risky equities and adapt it to a New Keynesian framework.? In essence, the
private sector includes cohorts of non-Ricardian representative households and a continuum
of monopolistically competitive firms that are uniformly distributed over the unit interval.
Instead of RE, it is assumed that private agents form expectations using adaptive learning

algorithm.

2.1 The consumers

An indefinite number of cohorts, composed of non-Ricardian households, live in the economy.

Each cohort faces a constant probability v of “dying” before the beginning of next period. For

3See Nistico (2012) for the micro-foundations.



simplicity, we assume that entry and exit rates are equal and the total population is normalized
to unity. Thus, in each period, a fraction v of the population leaves the economy, and a new
cohort of size v enters. The economy is characterized by a constant turnover in the financial
market between incoming agents without assets and the long-time agents holding assets.
The lifetime utility for the representative agent of the cohort that enters the market at

time j < t (henceforth, the j%*cohort) is:

Ee Y A" (1—v)" [In Cjppr+6In (1— Njyup)] (1)
k=0

where § € (0,1), v € [0,1) and 6 > 0, C}; represents consumption, N, the working time, and
(1 — Nj;) the leisure time. Future utility is discounted by, besides the impatience of agent,
uncertain lifetime in the market represented by (1 — v), i.e., the probability of being still
present in the market between two consecutive periods. E} is the expectation operator.
There are two financial assets: the state-contingent bonds issued by the government and
risky equity issued by monopolistically competitive firms in the intermediate good sector. At
the end of period t, the j** cohort representative agent keeps a portfolio of contingent claims,
with a stochastic nominal payoff in ¢ 4+ 1 equal to Bj;11 and a continuum of risky equity
shares , i.e., Sj¢+1(i) for i € [0,1]. The 5" firm issues a risky share at the real price Q4(i). The
nominal financial wealth for long-time traders (in the case where j < ¢ ) inherited from the
previous period includes the nominal payoffs on contingent claims Bj;, and the price plus the
dividend obtained by each share, i.e., Q¢(i) + Dy(i) for i € [0,1]. Thus, the nominal financial

wealth is defined as:
1
Aj =B + P, / (Q4(3) + Dy(i)] ;i) i, for j < t. )
0

The financial wealth A;; is entrusted to a life insurance company through an insurance
contract, as defined in Yaari (1965) and Blanchard (1985). Financial wealth carried over from
the previous period also pays off the gross return on the insurance contract. Since such a

contract redistributes among survived agents the financial wealth of the ones who die and in



proportion to one’s current wealth, total personal financial wealth is therefore accrued by a
factor of ﬁ At the period t, the total financial wealth of the j** cohort €+ is given by A;;
with j < ¢, weighted by the factor ﬁ representing the gross return per unit on the insurance

contract while the financial wealth of newcomers is simply A;; with j =¢. We have thus

0, = T forj <t 3)
Ajp=0forj=t

The heterogeneity of wealth across cohorts is a key feature of the model. The assumption
of constant turnover in markets as well as the absence of bequests and any wealth-equalizing
fiscal transfer ensure a non-degenerate distribution of financial wealth across cohorts and hence
this heterogeneity as in Blanchard (1985). Such heterogeneity is responsible for the structural
linkage between stock prices and real activity through the aggregate demand.

The representative consumer of the j* cohort at period ¢ attempts to maximize (1) subject

to the budget constraint:

1
PO+ Ee{Ftt+1Bjei1} + Pt/ Q1) S t+1(i)di < WilNjp — PeTjy + Qjy (4)
0

where FE,; {Ft7t+1Bj7t+1} is the portfolio of state-contingent claims, F;;y1 is the common
stochastic discount factor, and P, the price index of final output. The household pays lump-
sum taxes BT}, to the government and earns W;N;; from working in the productive sector.
The optimal decision of the household must be consistent with a standard non-Ponzi game
condition (or transversality condition), i.e.,leIEOEt []:t,t-s-k (1— l/)k Qj7t+k} = 0.% Differentiat-

ing the first-order conditions of the representative household’s maximization problem, subject

4This condition is sufficient to warrant the existence of an optimal path under the usual assumptions imposed
on a time-varying utility function.



to (4), yields:

0C; ¢ B Wy
1-N,;, B’ (5)
BC; Py
Frorn = 25—, 6
i Cii+1 Pt (6)
PQi (i) = Ei{Fiit1P1 [Qes1(2) + Dy (4)]}, Vi €[0,1]. (7)

Equation (5) is the intra-temporal optimality condition with respect to consumption and
leisure and shows that the marginal substitution rate between consumption and leisure is equal
to real wage. Equation (6) represents the inter-temporal condition with respect to bonds and
gives the definition of the stochastic discount factor. Equation (7), resulting from the inter-
temporal condition with respect to stock prices, is the pricing equation for the equity share
that the 3" firm issues.

Introducing the individual wealth defined in (2)-(3) and (7), the binding budget constraint

for the representative agent can be rewritten as a stochastic difference equation in §2;;:

PCii+ (1 —v)E{ Fri192041} = WilNjo — PiTj + ;4. (8)

By iterating §2; ;41 forward and using the non-Ponzi game condition, (8) yields that individual
consumption is a linear function of financial and non-financial wealth. Denote non-financial

wealth by Hj’t = Et ZIS:O:O .Ftﬂg_t'_k(]. - I/)k (Wt+kNj,t+k - Pt—&-kirj,t—&-k)- It follows:

PCjg = [1=B(1 = v)][ (2t + Hjy) (9)
where the term [1 — §(1 — v)] represents the marginal propensity to consume out of total
wealth.

2.2 The producers

The supply side of the economy is composed of a retail sector and a wholesale sector. Prices in

the retail sector are perfectly flexible. The retail sector is characterized by perfect competition



and produces the final consumption good Y; out of a continuum of intermediate goods, with
a production technology described by Y; = [fol Yt(i)(efl)dz}e 671, where € > 1 stands for the
elasticity of substitution between any two varieties of intermediate goods. The optimal demand
for the intermediate good i is given by Y;(i) = <PtT(j))_E Y;, and P, = [fol Pt(@')l—ﬁdz} 1/(1-e) i«
the price of the final good.

There is a continuum of firms indexed by i, for i € [0, 1] in the wholesale sector. To
produce the " variety of a continuum of differentiated intermediate goods, the wholesale
representative firm ¢ hires labor from a competitive labor market. Once produced, these goods
are sold to retailers. To the difference of the retail sector, the wholesale sector is characterized
by monopolistic competition and nominal rigidities in price setting. Firms use a simple linear
technology: Yi(i) = Z;N;(i), where the aggregate total factor productivity Z; is stochastic.

Nominal rigidities are introduced via the Calvo’s staggered price setting where opportuni-
ties to adjust occur following an exogenous Poisson process. Each firm in the wholesale sector
optimally updates its price with probability (1 — @) in any given period ¢ by maximizing the
expected present discounted value of profits. Firms have the same real marginal costs given
by MCy = (1 — l)%, where [ is the government’s labor subsidy that is assumed to be zero

henceforth.? The " firm sets the optimal price P} (i) to maximize

B 0" FrpnYerw(i) (PP (i) = PpxMCryy)
k=0

Py (i)
Pyyg

—€
given the demand constraint Y, (i) = ( ) Yitr. The larger is the elasticity of sub-
stitution e, the smaller the market power for monopolistically competitive wholesale firms.
Therefore, real dividends distributed by the ¥ firm and the related stock prices are inversely

related to e. The price setting problem in the wholesale sector implies that Pf(i) = P}, i.e.,

all firms that have the opportunity to update their price will set the same price P;.

®As indicated in Airaudo et al. (2015), the labor subsidy is set to equate the real wage to the marginal
productivity of labor. This rather standard assumption in the New Keynesian literature ensures that the steady-
state Frisch elasticity of labor is independent of the elasticity of substitution between goods. Eliminating such
subsidy will not change the main results.



2.3 Aggregation

In each period, a fraction v of each cohort leaves the economy. The population size remains con-
stant over time given that the fraction of the population that exits is substituted by an equally
sized cohort of newcomers. The size at period ¢ of the cohort that entered the market at earlier
stage (j < t)is v (1 — )"/, The aggregator is thus defined as: X; = 222700 v(l—uv)d X
for X=C, N,B, T, H.

Denote by D; = fol Dy(i)di, and Q¢ = fol Q:(i)S(i)di the aggregate dividends and the
capitalization of all stocks, respectively. The aggregation across cohorts using equations (5),

(7) and (9) leads to:

5C W,
N~ B (10)
Qt = Ey {Fry1 i1 [Qie1 + Digal} s (11)
PGy = [1 = B(1— )] (% + H), (12)

where aggregate wealth €, is defined as ; = B; + P fol [Q+(i) + Dy(i)] S¢(i)di and II; = Ple
is the gross inflation rate.

The aggregate binding budget constraint is:
P.Cy + Ex { Fi 141041} = WiNy — BT, + Q. (13)

Finally, (12)-(13) and the definition of H; allow defining a stochastic difference equation

of aggregate consumption:

1-— 1-
1f(ﬁ<1i)y)ﬂpf/cft - VEt {]:t,t-‘rlgt-i-l} + le—y)

The first term on the right-hand side of (14) stands for the financial wealth effects. Such

Ei{Fi141Pi41Ce41} - (14)

effects vanish as the probability of exiting the market (v) tends to zero. For simplicity, we
assume hereafter that S¢(i) = 1 for all ¢ € [0,1], and state-contingent bonds are in zero net
supply in every period, i.e., By = 0. These assumptions, together with a constant stock of

shares issued by all firms, yield: Q, = P,(Q: + Dy).



Forwarding the last equation into the next period and using (11), we get Ey {Ft 141041} =
Ei{Fi14+1Pi11(Qt+1 + Diy1)} = PoQ;. Combining this result and (14) leads to

B(1—v) -

m@: S et TIU*V)Et {Frer1ller1 Gt (15)

The first term vQ; on the right-hand side of (15) links the stock market to the real side of
the economy. Following Airaudo et al. (2015), it is referred to as the financial wealth channel.
Thus, a positive turnover v > 0 means that the financial wealth distorts the consumption
path.

We assume that

1
E{Fii1} = R (16)
t

with R; denoting the riskless nominal interest rate so that there is no arbitrage between stocks
and state-contingent bonds when the financial market is in equilibrium.

The market clearing conditions in this economy are verified when the consumption equals
the output gap, i.e., C; = Y}, and when the aggregate labor demand for wholesale firms is
equal to the labor supply. Since dividends are equal to corporate profits in the wholesale

sector, then D, =Y (1 — MC}).

2.4 The linearized model

The linearized model is obtained by log-linearizing the previous equilibrium conditions around
the unique non-stochastic steady state. Lower case letters denote percentage deviations of
the original variable from its respective steady-state value, i.e., y = log (Y;/Y’). The reduced
structural model is composed of equations representing the demand-side, supply-side, and
financial side of the economy.

The New Keynesian Philips curve is obtained using the log-linearized form of the solution

of the optimal price setting problem in the intermediate good sector, the definition of real

10



marginal costs and equation (10):
e = BB mei + 1 (1+X) (20 — 2) (17)

where E} is the expectation operator that stipulates that private agents’ expectations are
conditional on information set available at time ¢, with the asterisk indicating that these
agents can form RE or not, m; the inflation rate, § = % with 5 € (0,1), vt = v+ — yn
the output gap between the actual output and the flexible price equilibrium output, and z

(179)(1795)

an i.4.d. technology shock. The coefficient (14 x), with k = ———% and x = N

1-N»

measures the output-gap elasticity for inflation and captures the effects of the output gap on
real marginal costs and thus on inflation. The composite parameter y is the inverse of the
steady-state Frisch elasticity of labor supply.

Log-linearizing (15), (16), and Cy = Y; and arranging the resulting equations give the IS

equation:
1

b
T+ 149

Tt LT + (re — Efmg1) + wy, (18)

1
=——F
1+
where ¢; represents the deviation of stock prices from their flexible-price equilibrium value, and
uy an 4.9.d. aggregate demand shock. The term %qt captures the financial wealth channel.
The strength of this channel depends on the composite coefficient ¢, which is a function of

the turnover rate v:
1-Q—-v)1+r

Yv)=v 0-0)¢ . > 0, (19)

where r stands for the steady-state real interest rate and is strictly increasing in .5, () has
the following properties:

$(0) = 0 and ¢/ (v) > 0 (20)

From the properties described in (20), we can easily deduce the role played by the turnover
rate v in (18). If the turnover rate in the markets is null, i.e., v = 0, we get ©» = 0 , meaning

that (18) will simply take the standard form in a canonical New Keynesian model. A positive

5The solution of r is determined by Airaudo et al. (2015) in Appendix A and is given by r =

QOB I=SUVY with @ = {e(1 - v) (1 f) +v[1— B(1 - )]} +4Bev (1 - v) [1 = (1 - v)],

11



turnover rate (v > 0) signifies that financial wealth distorts the optimal consumption path.

The stock-price dynamics stems from the linearized form of (11) that is combined with the

linearized form of (10) and (15)-(16), while using Dy = Y;(1 — MC}) and ]\/1[7? = vagt:

G = BE;quy1 — nEf vy — (e — Efmer) + op, (21)

where n = (1 — ) [(e — 1) (1 4+ x) — 1], and v; is an i.i.d. stock-price shock. According to
(21), current stock prices ¢; are positively related to their future expected value Ef g 11, but
negatively to the real interest rate (r; — Efm41) and the future expected output Efxs11. The
last relationship is due to the fact that dividends are counter-cyclical in the New Keynesian
framework assuming flexible wages according to Milani (2008).7

To complete the model, we assume that private agents form expectations using learning
algorithms in accordance with the learning literature pioneered by Marcet and Sargent (1989).
. Such an assumption is motivated by observed limited rationality among private agents, who
have a restricted knowledge about the process governing the evolution of endogenous variables,
a limited access to the information necessary for expectations formation as well as a lack of
skills to well use such information. It implies that, to improve their decisions, private agents
recursively estimate a Perceived Law of Motion (PLM) in the sense of Evans and Honkapohja
(2001), which is consistent with the law of motion that the CB follows under RE, by using the

deterministic learning algorithms that follow Marcet and Nicolini (2003):

Eimipn = ap = a1+ (m—1 — ar—1), (22)
Efwigr = by =1 +ve(2e—1 — bi—1), (23)
E:Qt—i-l = s =811+ %(q—1— S1-1), (24)

where 0 < 74 < 1 denotes a deterministic sequence of learning gains specifying the speed

"In Nistico’s (2012) model, flexible wages would generate countercyclical profits and dividends and hence
explain the negative sign before . However, the sign before 7 could be positive if labor rigidities were allowed
for. This is contrary to the conventional wisdom, which has it that stock returns and subsequent growth rates
of real activity are positively linked (Fama 1990). Empirically, this relationship has collapsed in some countries
in the early 1980s (Binswanger 2004), while it is supported by Tsouma (2009) using more recent data.

12



of integration of new data into private agents’ expectations with exogenous initial values
ag and by. The fact that 4 > 0 makes it possible for policymakers to manipulate future
expectations through monetary policy. Underlying the adaptive learning mechanism is the
idea that inflation, output-gap and stock-prices expectations are increasing in the past period
inflation, output gap and stock prices, respectively.® To keep the model analytically tractable,
this paper focuses on the case where the learning gain is constant, i.e., 741 = 7 = 7. It is
found that private agents would be more inclined to use a constant-gain learning algorithm if
they believe in possible structural changes to happen in the near future because this kind of
learning is more suitable to time-varying environments (Evans and Honkapohja 2009).?

The government and the society share a common loss function defined in terms of inflation

and output-gap volatility:

+o0o
1 .
LP = 53&2/31(7%2“ + O‘x?ﬂ‘)a (25)
=0

The government’s loss function represents a weighted average of the variance of inflation
and the output gap around their respective target. Both targets are assumed to be zero.'®
The government delegates monetary policy decisions to the CB and inflicts an inflation penalty
with a rate 7 on standard deviation of inflation from its target. This penalty can be seen as
a clause in a non-linear contract between the government and the CB. It aims to modify the
incentives for the CB as does the linear inflation contract due to Persson and Tabellini (1993)
and Walsh (1995) even though these two types of contracts have quite different implications.
To keep consistency in monetary policy decisions, it is assumed that 1+7 > 0, i.e., the penalty
rate that might be positive or negative must be such that it will not change the fact that a
deviation of inflation from its targets constitutes a loss for the CB.

The CB conducts discretionary policy to minimize the conditional expectation of its loss

function:

8The learning process embodied in (22)-(24) is limited by the fact that agents focus on past information
and forecast with one period ahead since according to Preston (2005), long-horizon expectations matter for
monetary policy decision.

9Berardi and Galimberti (2013) highlight that most economic agents might nevertheless adopt decreasing-
gain learning as a first approach.

Under RE, setting an output-gap target different from zero gives rise to an inflation bias that could be
offset by the optimal inflation contract formulated by Persson and Tabellini (1993) and Walsh (1995), or the
non-linear inflation penalty (Walsh 2003).

13



+oo
1 .

LiP = §Et251 (L 7) mfs + awafy] (26)

i=0
The CB does not have an objective of financial stability. However, in this model, monetary
policy decisions must take into account the deviation of stock prices ¢; due to the presence of

the financial wealth effect already embodied in the IS equation (18).

The government and the CB play a Stackelberg game. The government sets first the

inflation penalty rate. Knowing the latter, the CB implements optimal monetary policy.

3 Benchmark equilibrium under RE

This section examines, under the hypothesis of RE, the optimal monetary policy, the equilib-
rium solutions of endogenous variables, and how the presence of stock prices affects monetary
policy delegation. The results presented in this section will be compared with those obtained

under the assumption of adaptive learning.

3.1 Optimal monetary policy

The CB conducts policy under discretion by minimizing the loss function (26) subject to (17),
(18) and (21). The first-order conditions of the CB’s minimization problem yield the optimal

intra-temporal trade-off condition or inflation targeting rule:

RSN

Ly = (27)
a
The optimal interest rate is obtained using (27) to eliminate x; in (18):
. . K1+ x)(1+ )1 47
re = Eyxi + B + L) L+ &) )7715 + g + (14 ¥)ue. (28)

[0}

According to (28), the optimal policy interest rate should respond to stocks prices. Con-
dition (20) states that 1 is equal to zero in the absence of turnover in the financial market,

or equivalently in a model with representative infinitely-lived agent. If this is the case, the

14



interest rate rule collapses to the one without reaction to stock prices. The higher the turnover
rate, the more the interest rate will respond to stock prices given that ¢ increases with v. The

following proposition follows from these observations.

Proposition 1. The optimal interest rate rule responds to stock prices only if the latter distort
the optimal consumption path, i.e., the turnover rate in the financial market v is positive. The
higher is v (i.e., the higher is 1), the more responsive the policy interest rate to stock prices.

When v =0 (or equivalently 1 = 0) the policy interest rate rule is reduced to the form it takes

in the standard New Keynesian model.

The response of optimal policy interest rate allows offseting the effects of financial shocks.
As a result, due to optimal monetary policy, the equilibrium inflation and output gap will not
be affected by stock prices despite the existence of financial wealth effect on the aggregate

demand.

3.2 Equilibrium solutions and optimal inflation penalty rate

For given inflation expectations E/m;41 and inflation penalty rate 7, solving (17), (18), (21)
and (27) yields the Actual Laws of Motion (ALMs) that govern the evolution of inflation, the

output gap, stock prices, and the interest rate rule that implements these allocations:

af . ak (1+x
T+ = TEtﬂ-t-‘rl_%zt’ (29)
Bk (1+x) (1+7) ., k2 (1+ )% (1+
147, Br(l+x)(1+7) ., B .
= _ E — E E
gt T+ t Tt+1 T t7rt+1+1+1/) t Qt+1
21+ 0+T 1
Ml x;( )ZﬁHwt_ut, (31)
1—ny 1 ~ P~
= ———FF — |7 1 1 E; —BE;
Tt [ t$t+1+T +0c(14+x)(1+T1) tﬂt+1+1+wﬂ + Qi1
k2 (14 2 1+7
_ ( XT) ( )Zt+ 1fwvt+ut. (32)

where T = a + k2 (14 x)> (1 + 7).

The ALM (32) is an expectations-based reaction function and describes the anticipated
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utility policy set by a policymaker who ignores how private agents revise their beliefs in the
future.!!

The system of equations (17), (18), (21) and (27) has a unique non-explosive RE equilib-
rium (REE) solution, called the “minimal state variable” solution (McCallum 1983), in terms
of state variable z;, u; and v;. Under RE, with E} = E}, the solution of m; takes the following

form: m = (o + (12t + Coup + (3v¢. Since all shocks are serially uncorrelated, i.e., Fizpp1 =

Eyug1 = By = 0, it follows that Eymyy = (o + G Eizip1 + QEu + GEwv = Co.

Using the method of undetermined coefficients yields Fymiy1 = (o = 0, and (3 = —M.
Similarly, we can show that Fyxi41 = Fiqi+1 = 0. Thus, at the REE, we obtain:
T = —wzﬁ (33)
Ty = i X; d+7) Zts (34)
QG = H2(1+XT)2 (1+T)Zt — U + mvt, (35)
re = _H2(1+x;2(1+7)2t+ut+1f¢vt. (36)

At the equilibrium, only the technology shock affects inflation and the output gap. Mean-
while, both stock prices and the interest rate are affected by the stock-price shock and the
demand shock besides the technology shock. The optimal response of the interest rate to
stock-price and demand shocks offsets their effects on the equilibrium inflation and output
gap at the cost of higher interest-rate and stock-price volatility. The higher is the turnover
rate, the stronger (lower) is the sensitiveness of the equilibrium interest rate (stock-prices) to

the stock-price shock.

Proposition 2. The equilibrium solutions of inflation and the output gap are only function

of the technology shock. The sensitiveness of inflation to the latter is amplified by an increase

""The anticipated utility (Kreps 1998), commonly used in the learning literature, is distinct from expected
utility namely for two characteristics. The first is that private agents do not know the true model. The second
is that, private agents who are learning about the parameters or the state of the economy choose myopic actions
today upon the updating of their information set, and ignore that they will keep on learning in the future.
Under RE, private agents know the true model so that their current beliefs reflect all available information and
the optimal anticipated utility policy would also maximize expected utility, meaning that anticipated utility
coincides with expected utility.
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in turnover rate in the financial market if o > % (1 + x)2 (1+7) and the same is true for the
output gap, stock prices and the interest rate for any parameter values. The responses of stock
prices and the interest rate to demand shocks are independent of v. An increase in v increases
(decreases) the sensitiveness of the equilibrium interest rate (stock-prices) in response to the

stock-price shock.

Proof. From (19), it follows that &gij) = ljr L(liyf — g} > 0. From the definition of 3
and k, we obtain g—f < 0 and % > 0. Differentiating 7, ¢, ¢, and ry given by (33)-(36)
with respect to v shows that 86:3/ =—a(l+x)r 2 [a —k2(1+x)°(1 +7')} 95 < 0if a >

2 2 foata) 02q; 9%rs P Pxy . Pq . 0%y _ .
K (1 +X) (1 + T)’ 0z:0v > 07 0zt0v > 0 and 0ztO0v < 07 OutOv ~— OutOv ~— Oudv ~— Oudv 07

9? _0? _ 9%q 02
avtgtu - aut;gtu - 0’ [‘)vtatl/ < 0 and thgu > 0.0

To know precisely the effect of these shocks on the equilibrium, it is necessary to determine
the optimal inflation penalty rate. The latter is determined by minimizing (25) taking account

of the solutions of m; and x; given by (33)-(34):
T=0. (37)

Notice that this result is obtained under the hypothesis of RE and in the absence of inflation

bias.

Proposition 3. The optimal inflation penalty rate is equal to zero and is independent of the

turnover rate in the stock market.

3.3 Dynamic stability and speed of convergence

Examining the ALM that governs the evolution of inflation given by (29) and taking account
of the result 7 = 0, we find the speed of convergence of inflation is determined by © =
af . .. . . B 9
T < 1. Differentiating © with respect to v and using the fact that 77 < 0 and g7 >0

yield % < 0 and hence the following proposition.

Proposition 4. A positive turnover rate in the stock market accelerates the speed of conver-

gence of inflation in response to a future shock that affects inflation expectations compared to
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its dynamic path in the standard New Keynesian model.

A higher turnover rate corresponds to a lower discount factor B, implying that (persistent)
shocks affecting future inflation expectations have smaller impacts on the current inflation.
Thus, the current inflation converges more quickly to its steady-state value. However, the
effect on the speed of convergence of the output gap, stock prices and the interest rate is

ambiguous and depends on structural parameter values.

4 Equilibrium with constant-gain learning

This section analyzes how constant-gain learning interacts with monetary delegation and
macroeconomic stabilization when stock prices are introduced compared to the benchmark
case where private agents form RE. As the learning equilibrium without stock prices is exten-
sively studied in the absence of monetary delegation by Molnar and Santoro (2014) and under
delegation by André and Dai (2017a), this section focuses on the difference introduced by the
financial wealth channel through which the response of monetary policy to stock prices affects

the real economy.

4.1 Optimal inflation targeting rule

When agents are learning, the CB will take account of the effects of its policy decisions on
future expectations. Under discretion, monetary policy is therefore conducted to minimize the
loss function (26) subject to the usual constraints (17), (18) and (21) as well as the learning

algorithms (22)-(24). Substituting E;miy1 = at, Efxiy1 = by and Ef g1 = s¢ into (17), (18)

Y
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and (21), we write the Lagrangian of the CB’s minimization problem as follows:

LB = Etzﬂl O‘xt+z (1+T)7Tt+z]

—ALt+i |:7Tt+i — Bagyi — K (L+x) (¢ — Zt)]

— A2 ¢4 [%ﬂ‘ - 1+1wbt+i 1 f ,(/}Qt-i-i +1 i m (Tiqi — Qpgi) — Ut+i:|
— A3 14 [Qt+i — Bstyi + biri + (revs — agi) — Ut+i:|

—Adt4i [Qtgit1 — Qogi — Vit 1 (Tei — Qigq)]

=544 Dttit1 — bigi — Veit1 (Tepi — bigs)]

_/\6,t+i [3t+i+1 — St+i — ’Yt+z’+1(Qt+z' - 5t+i)]} )

where \;;, with i=1, 2,...6 are Lagrangian multipliers associated with (17), (18), (21), and
(22)-(24), respectively. The first-order conditions are obtained by differentiating the La-

grangian with respect to m, x¢, 7, qi, ary1, bet1, and sp4q:

(L+7)m = At + Aagyegr = 0, (38)
arg+ A (14 x) K — A2t + A5 ver1 = 0, (39)
1+¢)\2t+>\3t 0, (40)
T w/\2,t = Azt + Ao ve41 =0, (41)
BBEM 111 + BEM 2141 + BEN3 141 — At + BEA 411 (1 — Yeq2) = 0, (42)
BENaii1 — BBz 01 — st + BENs 111(1 — Yi42) = 0, (43)
BBEAs 141 — Aot + BEN6+1(1 — yi42) = 0. (44)

Using (40), we obtain A3z; = A2t Substituting this result into (41) yields Aoy =

1
1+
—X6Ye+1 and Azp = 15 Aeve+1- These results and (43)-(44) imply that Aoy = A3 = Ast =

X6t = 0. Given this, we get from (39) that A1 = Combining this result with (38)

BReEEy

gives the optimal inflation targeting rule when agents are learning;:
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k(14 147 14+x) kK
2, = — ( X(i( )ﬂ't—( aX) Yer1Aas. (45)

The optimal targeting rule (45) is comparable to (27) except for the last term on the
right-hand side of (45) that embodies the effect of learning on optimal monetary policy. The
Lagrange multiplier A4+ in (45) stands for, following Molnar and Santoro (2014), the marginal
effect of an increase in inflation expectations on welfare loss at time ¢ + 1. This effect is
responsible for the intertemporal trade-off for monetary policy introduced by learning. Since
Vi1 > 0, the sign of A4, is conditional on the sign of inflation expectations formed in the
current period a;. The possibility of having a positive a; is as large as that of having a negative
one given that we have set for simplicity the inflation target to zero. Consequently, the sign
of a; is conditional on the nature of past shocks. For a positive (negative) as, A4, is positive
(negative) because a rise in a; moves future inflation expectations further away from (closer

to) the inflation target and implies lower (higher) social welfare.

_ 6% _ (1+T)
K(I+X)Ye+1 Tt Yer1 Nt

The Lagrange multiplier Ay, can be expressed using (45) as Ay =
Using the latter, the solution of A;;, (42) and Ay441 = A3z+y1 = 0, we obtain the optimal
intertemporal trade-off condition between stabilizing inflation (the output gap) at period ¢

and at period ¢ 4 1, or optimal inflation targeting rule:

(4w + — = afyipa[l — (1 — B)vie2] Frper + Yer1B(1+ 7)(1 — Yey2)
R (1+X) k(14 X) vev2 " Ver2

Eimiqq.

(46)

The assumption of constant-gain learning, i.e., 12 = Y41 = 7, allows us to rewrite the

previous rule as

o = WL =1 - P)]
' k(1+x)

(14 7)m + - B + A+ 7)1 — ) Eymig. (47)

(1+x)

The Phillips curve (17) and the rule (47) allow determining the equilibrium solution.
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4.2 The ALMs for endogenous variables

We solve the model following the methodology of Molnar and Santoro (2014). The ALM for in-
flation establishing a feedback relationship between current inflation and inflation expectations

(and technology shocks) when agents adopt constant-gain learning is given by (Appendices

A.1 and A.2):
= cday + dF z, (48)
with
c —p1—1/p3—4p2po
a9 = ar(14x) <0, (50)
" Ytar2B2(14+9) () + A (1+9) (1) (af -
where

w o= af{1-Fa+v)1-y[1-7(1-8)]} >0,
p = B+ fafi—y(1-8)]+r2 0+ -N1+1)} >0,
po= R AT 1= B+ -y

)
—a( =) {1-80+v) [1-7(1-5)]} -m-p <.

The feedback coefficient for inflation expectations in the ALM for inflation is positive
whereas the one for the technology shocks is negative. It is shown that 0 < ¢ < 1 and
d7? < 0 (Appendix A.3). The response of monetary policy to stock prices can offset their
effect on the ALM for inflation but not the structural effects of stock prices on the Phillips
curve, reflected by the fact that B ¢ < B and 9 > 0 are present in both solutions of ¢’
and d5Y when the turnover rate is positive. Notice that ﬁ = f and ¥ = 0 when the turnover
rate is equal to zero.

The time horizon within which private agents’ beliefs converge to RE is determined by the
learning gain. The latter induces the persistence of inflation even when shocks are stochastic

and affects the possibility of intertemporal trade-off for the CB.
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If v = 0, inflation expectations are constant over time with a; = a;—1 and by = b;_1.
We observe the convergence of the feedback coefficients towards the REE, by comparing the

coefficients in (29) and those given below:

o
9 B

T ?7 (51)
49 = ,M, (52)

T

The coefficients in the ALM for inflation given by (51)-(52) are equal to the corresponding
ones in (29), i.e., the ALM for inflation under RE.

For v =1, i.e., inflation expectations are static with a; = m,—1 and by = 2,1, we have

08 (1) + T [08 (14)+7] 402831 -9)

Cfrg - 2a32(1+¢) ’ (53)
de = o (14x) , (54)

- T+ap(14) ()

When the learning gain « hits 1, inflation is self-sustained because private agents’ inflation
expectations are only depending on past inflation.

Inserting 7; given by (48) into (17) yields the ALM for the output-gap:

ry = clap + df z, (5)
cg __ chfrg cg __ d?
where ¢z’ = Y] and d’ =1+ pEEEDR

The feedback coefficient on inflation expectations in (55) is negative while the feedback
coefficient on the technology shock is positive but smaller than 1. It is straightforward to
find the corresponding values of ¢’ and dy’ for the limit cases, i.e., ¥ = 0 or v = 1 using
(51)-(54). We notice that since & is very small, the impact of a positive inflation penalty rate
on the feedback coefficients on inflation expectations and the technology shocks in the ALM
for the output gap is substantially greater than that on corresponding feedback coefficients in

the ALM for inflation.
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Combining (18), (21)-(24), (48) and (55) allows obtaining the ALM for the interest rate:

T+ = cﬁgat + 6mbt + (5q8t + uy + (51,?)15 + df.th (56)
“h 9 — By’ _ 1w B s W cg _ dz?
WIthCT_1+n(1—?—x)’595_#’6‘1_1—&-1#’6“_@’&1(16#__1_m'

We find the ALM for stock prices using the ALMs (48), (55) and (56) combined with (18)

and (21):
@ = cgfar + wabt + wyst + wyur + wyvy + dgf 2, (57)
_ B _ _ 1+ _ _B _ _ 1 _
where ¢/ = _nﬁ(lix) =c?, wy = — (ﬁ), wy = (1f1/1)’ wy = =1, wy = 7y, and di =
ds?
L+ k(1+x) "

4.3 The effects of learning and turnover rate on feedback coefficients

The effect of learning gain on the feedback coefficient on inflation expectations in the ALM

for inflation is obtained by differentiating (49) with respect to 7 as (see Appendix A.4):

cg -
Ocx o aB—0cs’ ( Op1 9po )
Oy af?py \/p?*4p2po 7

Doy, — P11y,

where

%ZQ = aB(1+) [1=29(1=B)| +Br? (14 X)* (1= 29) (L +¥) (1 +7),
%?’70 = o +9) [(1-8)a-n+1-9(1-5)] >0,

Differentiating (50) with respect to 7 yields

ad? a/?(1+¢)f6(1+x){20w5(B—C%")+(1—2v) (aﬁ—Cfqu)—v[avBJr(l—v)T] ag%g}
oy T+ay2B2(1+) (B=ci? ) +A7(1+4)(1-7) (a3 T) '

Given the link between the ALM for inflation and the ALMs for the output gap, stock

ocs? ocy? ocg? 1 0c
Oy

T oy T oy T k() Oy

prices and the interest rate, it is easy to find that and

23



ads? _ de _ 9dg? 1 8dY

Oy — Oy T Oy T k(l4+x) Ov -

Proposition 4. For a positive learning gain, the feedback coefficient on inflation expectations
in the ALMs for inflation, the output gap and stock prices (the interest rate) is lower (higher)
than under RE, for a given inflation penalty rate. The higher is the learning gain, the greater

the deviation of these coefficients from their corresponding ones obtained under RE if
af |2-F2(1+9¢)| —a
K2 (14 x)° -

—1<71< (58)

and!?

0<v<D. (59)

For the feedback coefficients on the technology shock, the effect of learning is reversed under
these conditions.
Proof. Proposition 4 follows from differentiating ¢, d7, ¢i’, di’, ¢g’, di’, Y and d;, using

their respective definition, with respect to . See Appendix A.4.0

. ) .. S0 9 o 1 8y
Proposition 4 gives the conditions under which By T T oy = oy = RE0) oy < 0, and
cg cg ang cg . . cg
‘95% = _dﬁL'y =5 = ﬁag—j; > 0. In the case of the ALM for inflation, ag; < 0 means

that a higher learning gain leads to a smaller response of inflation to inflation expectations.

Since ¢i7 > 0, the higher the learning gain is, the larger the deviation of the feedback coefficient

on inflation expectations from its RE level. For agf;g > 0, the feedback coefficient on the

technology shock increases with the learning gain. As d;? is negative, a positive technology
shock reduces less inflation as the learning gain increases.

This proposition focuses on the effect of learning for a given turnover rate. According to
it, the aggressiveness of the interest rate policy increases with the learning gain if conditions
(58)-(59) are verified. By being aggressive, monetary policy improves the stabilization of
inflation but deteriorates the stabilization of the output gap and increases the volatility of
stock prices.

Conditions (58)-(59) are sensitive to the turnover rate. For € = 2.3, § = 0.99, we obtain

the threshold for v such that 7 < 0.082. Thus, the condition (59) is generally verified since

125 is the solution that verifies 1/%%}3’) < B —14 pv/1— B, where r(v) is defined in footnote 6.
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the value for v is clearly smaller than  according to Airaudo et al. (2015). In the absence of
stock prices, i.e., 1 = v = 0, the right-hand side of (58) will be largely positive, meaning that
Proposition 4 is in general true for all values of ~.

Using the parameter values a = 0.048, 5 = 0.99, ¢ = 0.157, » = 0.01, 8 = 0.9, x = 1,
e = 2.3, and 7 = 0, we draw the relationship between the feedback coefficients in the ALMs

for three values of v, i.e., v =0, v = 0.025, and v = 0.05, in Figure 1.
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Figure 1: Feedback coefficients on inflation expectations and technology shocks in the ALMs
with 7 = 0.

It follows from Figure 1 that in the absence of inflation penalty (7 = 0), an increase

in turnover rate reduces (increases) the feedback coefficients on the technology shock in the
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ALMs for inflation and the interest rate (the output gap and stock prices) for all values of
learning gain. Higher turnover rate implies a decrease in the feedback coefficient on inflation
expectations in the ALM for inflation for any learning gain. An increase in turnover rate
clearly increases (decreases) the feedback coefficient on inflation expectations in the ALMs for
the output gap and stocks prices (the interest rate) for v > 0.05. For smaller learning gains,
the effect of turnover rate is insignificant and reversed for these three feedback coefficients.
Simulations for 7 > 0 shows similar effect of an increase in turnover rate.

For 7 < 0, the previous effects are still valid for most feedback coefficients except that an
increase in turnover rate could either raise or reduce the feedback coefficients on the technology
shock in the ALMs for the output gap, stock prices and the interest rate, depending on
learning gain and turnover rate. More precisely, an increase in turnover rate raises (reduces)
the feedback coefficients on the technology shock in the ALMs for the output gap and stock
prices (the interest rate) if the learning gain is sufficiently low with the threshold depending

on the level of turnover rate. These results are summarized in the following proposition.

Proposition 5. For positive inflation penalty rates, an increase in turnover rate significantly
mitigates the aggressiveness of monetary policy in response to inflation expectations as the
learning gain is sufficiently high (v > 0.05) and amplifies it in response to the technology shock
particularly when the learning gain is relatively low (v < 0.85). An increase in turnover rate
thus generally attenuates the responses of inflation, the output gap and stock prices to a change

in inflation expectations (v > 0.05) but amplifies those to the technology shock (v < 0.85).

4.4 The effects of inflation penalty rate on feedback coefficients

Imposing an inflation penalty is a mean to induce the CB to improve the trade-off between
inflation and the output gap. The effect of an increase in inflation penalty rate on the ALMs
could be obtained by differentiating the feedback coefficients in (48) and (55) with respect to
7 (Appendix A.5):

00 o A (mE-n) -n ;
87' _KJ( +X) 67'_ 2_4 < 9
P2/ DT — 4p2po
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ode 8d<’ aﬁn(1+¢)(1+x){2av5(ﬁ—cﬁg)+(1—2v)(aﬁ—c%gT)—w[awm(l—v)T]%}

1+ = - - - ~
57 K ( X) or T+ay262(141) (ﬁ—Cffq)+Bv(1+w)(1—v) (aﬁ—CfrgT)

where 22 = —2 (14 %)% [1 = 81 = 7)? (1 4+ )] < 0, and %2 = 982 (1+ ) (1 + %) (1 -
v)>0.

For v = 0, the CB cannot influence private agents’ expectations by varying the actual
inflation given that private expectations are stationary according to (22). Since the possibility
for the CB to manipulate private expectations is null, the effect of inflation penalty will be
smaller in this case than when ~ > 0.

When 4 = 1, an increase in inflation penalty makes the largest impact (compared to
any other learning gain) on the feedback effects of inflation expectations and the technology
shocks in the ALMs for endogenous variables. Numerical simulations show that for v > 0.20,
the impact of inflation penalty on the feedback coefficients on inflation expectations (the
technology shocks) in the ALMs is very close to (still far from) the ones obtained when v = 1.

The feedback coefficients on inflation expectations (the technology shock) in the ALMs for
inflation, the output gap and stock prices, i.e., ¢77, ¢i and ¢g’ (d7?, di’ and dg?), are decreasing
(increasing respectively) in inflation penalty rate while the reversed effect is observed for the
feedback coefficients in the ALM for the interest rate (Appendix A.5). Figure 2 shows how
a change in 7 makes these coefficients vary. More specifically, an increase in both inflation
penalty rate and learning gain raises the aggressiveness of the interest rate policy in response
to a change in inflation expectations and the technology shock, reducing (increasing) thus the
deviations of inflation (the output gap and stock prices) compared to the REE. An increase in
inflation penalty rate reduces the volatility of inflation and thus the stabilization bias but at
the cost of increasing the volatility of the output gap and stock prices. An increase in learning
gain strengthens these trends and more so as the inflation penalty rate rises. The effect of
learning is null when 7 = 0. We remark that the feedback coefficients on inflation expectations
are very sensitive to learning gain in all ALMs, contrary to the feedback coefficients on the

technology shock.
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Figure 2: Feedback coefficients on inflation expectations and the technology shock in the ALMs
for a positive turnover rate (v = 0.025).

For standard parameter values, Figure 3 shows how the turnover rate affects the effects of
inflation penalty rate for a given learning gain. An increase in turnover rate clearly weakens
(reinforces) the amplification (attenuation) effect of inflation penalty rate on the feedback

coefficients in the ALMs for the output gap, stock prices and the interest rate (inflation).
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Figure 3: The effect of inflation penalty for a given learning gain, i.e, v = 0.1., and various
turnover rates.

Figure 4 illustrates how the turnover rate affects the deviation of the feedback coefficients
in the ALMs from their respective RE equilbrium level. An increase in turnover rate generally
reduces the deviations of the feedback coefficients in the ALMs except for the feedback coef-
ficient on the technology shock in the ALM for inflation. As shown in Figure 4, the effect of
turnover rate is particularly important for the output gap, stock prices and the interest rate

while it is almost insignificant for inflation.
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Figure 4: The impact of the turnover rate on the combined effect of inflation penalty rate and
learning gain.

The simulation results (Figures 3 and 4) lead to the following proposition.

Proposition 6. The more conservative the central banker is, the more aggressive is the
interest rate policy and the lower (higher) the feedback coefficients on inflation expectations
(on the technology shock) in the ALMs for inflation, the output gap, stock prices. An increase
in learning gain raises the aggressiveness of the interest rate policy, and reduces (increases) the
volatility of inflation (the output gap and stock prices) due to changes in inflation expectations
and the technology shock, and increasingly so as the degree of CB conservatism (or inflation
penalty rate T) increases. A higher turnover rate generally leads to smaller deviations of the
feedback coefficients in the ALMs, except for the feedback coefficient on the technology shock
in the ALM for inflation.
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On the one hand, learning reinforces the effect of CB conservatism on inflation stabilization
but less than on the stabilization of the output gap. On the other hand, the optimal response
of monetary policy to stock prices implies a more aggressive interest rate policy that reduces
more drastically inflation than it increases the output gap. Moreover, a positive turnover
rate in the stock market reduces the effect of learning. All effects taken into account, the
CB increasingly improves inflation stabilization but deteriorates output-gap stabilization as
its degree of conservatism rises.

These effects have important implications for the optimal choice of inflation penalty rate
by the government and how the CB manages future inflation expectations. By reducing the
feedback effect of inflation expectations on current inflation, a positive inflation penalty could
have a contractionary effect on future inflation expectations, with its importance depending
on learning gain according to (22). This reduces the possibility for the CB to control future
inflation expectations through the feedback between inflation and inflation expectations. A
higher inflation penalty rate induces the CB to focus more on reducing inflation volatility while
accepting a higher volatility of the output gap in the event of positive technology shocks,
making the stabilization bias smaller. However, learning reduces the benefit of setting the
inflation penalty rate at higher level since it decreases inflation volatility while increasing the
volatility of the output gap. These effects are attenuated by an increase in turnover rate in the
stock market. Thus, one would expect that a decrease in inflation penalty rate could improve
social welfare by allowing the CB to correct a too severe deviation of the output gap, induced

by learning, from its RE equilbrium level.

5 Optimal inflation penalty rate

The feedback coefficients in the ALMs for inflation and the output gap depend on inflation
penalty rate, turnover rate and learning gain. Consequently, the contribution of inflation and

output-gap volatility to the social welfare loss are function of these parameters. Inserting m;
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and z; given by (48) and (55) into the social loss function (25) yields

ald 4+ (1+ )"

K2 (1+ x)?

400 cg  2\2
L = ;Zﬂi{[(0§9)2+M Ey(aiy;) + | (d2)* +
i=0

K2 (1+ )

Et(2t2+z‘)}

(60)

Given that 8 < ¢ and d¥ < 1, the volatility of inflation (the output gap) is decreasing
(increasing respectively) in inflation penalty rate.

For v = 0, using ¢’ = —f(zfi), dy’ = —% and (51)-(52), the social loss function

(60) is reduced to

s 1+°°7; = a(l_a)+ﬂ2(1+X)2[Oé—Qa(l—ﬁ—T)—F(l—i-T)?}
Lt - igﬁ {OZ,B2|: (2 (1+X)2T2 Et(afﬂ»)
2 — 2 1 2 1 -
+a? a+ K (1+x)° _{ a—r2(1+x)" (1 + )] Ei(:2,) (61)

1?2 r

The minimization of (61) leads the government to set the optimal inflation penalty rate
at 7 = 0. This result shows that when private agents’ expectations are stationary (absence of
learning), the government sets the same optimal inflation penalty rate as under RE. This is
explained by the fact that in both cases, inflation expectations are always equal to the inflation
target in the absence of any average inflation bias, the government cannot influence inflation
expectations and hence current inflation by imposing an inflation penalty on the CB. Indeed,
in both cases, the CB cannot make an intertemporal trade-off by manipulating private future
expectations. As a result, the imposition of an inflation penalty different from zero worsens

social welfare.
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Social welfare loss

Social welfare loss

Figure 5: The welfare social loss varying with 7 and ~y

When 7 > 0, the social loss function (60) is too complex to allow for an analytical solution
of 7. Given that 7 in each period is time independent, we can compute the optimal level of
7 by examining the unconditional (or average) expected social loss function in one period.
We proceed to numerically simulate the social loss function by setting a = 0.048, 5 = 0.99,
o = 0.157, r = 0.01, x = 0.25, ¢ = 2.3, 6 = 0.8752, var(a) = 0.5, and var(z) = 0.5 for
v € (0,1), and 7 € (—1,1) and two level of turnover rates, i.e., v =0 and v = 0.05. It results
from Figure 5 two findings. First, the social loss is substantially lower for v = 0.05 compared
to the case where v = 0. Second, the optimal level of inflation penalty rate is negative when

private agents are learning and decreases at a faster pace for v = 0 than when v = 0.05.

Proposition 7. If the learning gain in the learning algorithms (22)-(24) is equal to zero, i.e.,
v = 0, the government sets the optimal inflation penalty rate to zero, for any turnover rate
in the stock market. For positive learning gains v € (0,1), the government sets an optimal
inflation penalty rate that decreases with v such that T € (—1,0). When the turnover rate rises,
the optimal inflation penalty rate becomes less negative, and increasingly so as the learning gain

~ tends to unity.

Table 1 shows numerically how changes in turnover rate and learning gain affect the optimal
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[v=0] ~=02 v=1
v=0 [7=0][7=-09232] r=-0.959
v=20.025 | 7=0 | 7=-0.8945 | 7 = —0.9278
v=05 |7=0]|7=-08639 | 7 = —0.8942

Table 1: Optimal penalty rate according to turnover rates and learning gains

inflation penalty rate.

To understand why, when private agents are learning, appointing a central banker with
the same preferences as the society is not socially optimal, we must know how learning affects
the way monetary policy is conducted. The fact that private agents use learning algorithms to
correct expectations errors makes it possible for the CB to manipulate their future expecta-
tions. However, from the social point of view, the equilibrium under adaptive learning is not
optimal because inflation and output-gap expectations based on past information deviate from
correct expectations formed with the knowledge of the distribution law of cost-push shocks.
Imposing a positive inflation penalty rate does not improve social welfare since it amplifies
the deviations of the feedback coefficients in the ALMs for inflation and the output gap under
adaptive learning from the corresponding one under RE, aggravating the problem of an ex-
cessive reduction of stabilization bias under learning during the transition to the steady-state
equilibrium. The only possible choice for the government is to set a negative inflation penalty
rate to prompt the CB to mimic the REE. This is equivalent to delegate monetary policy to
a liberal central banker. An increase in turnover rate in the stock market offsets partially the
effect of learning by reducing quite significantly the level of inflation as well as the deviation
of feedback coefficients in the ALM for the output gap from their corresponding levels at the
RE equilbrium (see Figure 4), and increasingly so as the learning gain rises. This explains
why the inflation penalty rate is less negative when the turnover rate is positive than in its

absence.
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6 Discussion

The previous results show that the turnover rate in the stock market substantially affects
monetary delegation and economic dynamics in a New Keynesian model when agents are
learning. While this paper gives interesting insights into the issue of CB accountability when
the CB optimally reacts to stock prices, it can be completed by future studies that examine
important issues not examined in the above.

One interesting complementary study to this paper is to examine the delegation frame-
work with linear inflation contract as in Walsh (1995). Linear inflation contracts have been
extensively studied in Barro-Gordon and New Keynesian frameworks under RE hypothesis.
André and Dai (2017b) have shown that the conception of linear inflation contract when agents
are learning is radically different from the one conceived under RE. Extending the model to
include stock prices could add further insights about monetary delegation in a context where
financial stability becomes a major concern for CBs around the world.

Another important extension is to consider that the CB has an objective of financial stabil-
ity as in Machado (2013). Since the global financial crisis and the great recession of 2008-09,
a heated debate has arisen among economists and central bankers about how to stabilize the
financial market and to deal with the consequences of financial instability in the course of con-
ducting monetary policy. Indeed, financial stability can affect the trade-off between inflation
and the output gap and has become a crucial issue for monetary policy. Since stabilizing the
financial market helps reduce the risk of economic instability, it is reasonable to include an
objective of financial stabilization into the CB’s objective function. However, the society and
hence the government might be still focusing on social welfare. This divergence between the
CB’s objectives and these of the society should lead the government to reconsider monetary
delegation. Including an objective of financial stability implies on the one hand a relative
reduction of the weight on inflation stabilization and on the other hand a better stabilization
of inflation given that the objective of financial stability calls for a more aggressive interest
rate policy, and has therefore an ambiguous effect on the optimal degree of CB conservatism.

It will be interesting to examine how both linear and non-linear inflation contracts are affected
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by the objective of financial stability when agents are learning.

Our paper only considers the solution converging to the equilibrium and hence the absence
of bubbles in stock prices. Recent experiences in stock prices have shown that the speculation in
the stock market can lead stock prices to excessively deviate from their fundamental values and
finally to inevitable crash. The CB can either adopt a “mopping up after” strategy that focuses
on dealing on the consequences of bubble bursting on the economy or the “leaning against the
wind” strategy that tries to prevent the formation of bubbles (Issing 2009). The optimal choice
among these two strategies could depend on the way agents form their expectations. Monetary

delegation could be substantially affected by such choice and the speed of learning.

7 Conclusion

This paper studies how stock prices affect monetary delegation when agents are learning. The
key determinant of the interactions between monetary policy (hence delegation) and stock
prices is the turnover rate in the stock market.

Both under rational expectations or learning, optimal interest rate policy reacts to stock
prices only if the turnover rate in the stock market is positive, meaning that holding stocks by
households distorts the optimal consumption path. The responsiveness of optimal monetary
policy to stock prices increases with the turnover rate. This type of policy ensures the dynamic
stability of the economy. Given that optimal policy fully offsets stock-price shocks and hence
their effects on the equilibrium, such shocks do not affect equilibrium inflation and output
gap.

Compared to the rational expectations equilibrium, learning increases the aggressiveness of
the interest rate policy, thus reducing (increasing) the feedback effect of inflation expectations
on inflation (the output gap and stock prices) while the impact is reversed for a positive
technology shock. Such deviations increase with learning gain and inflation penalty rate. An
increase in turnover rate generally attenuates the responses of inflation, the output gap and
stock prices and the interest rate to a change in inflation expectations and the technology

shock.
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Given the distortions introduced by learning on the dynamics of the economy, the govern-
ment should impose an optimal inflation penalty rate that is negative and decreases with the
learning gain. When the learning gain approaches zero, the optimal inflation penalty rate is
equal to zero as under rational expectations, but tends to minus unity as the learning gain
tends to unity. A higher turnover rate in the stock market, by generally attenuating the effects
of learning on the deviations of the feedback effects of inflation expectations and the technol-
ogy from the ones under RE, will make the optimal inflation penalty rate less negative for a

given learning gain.

A APPENDIX

A.1 Finding the law of motion under learning
A.1.1 The ALM for inflation

Using (17) and the fact that g = % = B = (1+1) A3, we rewrite (47) as
Eimip1 = Avngm + Avogar + Pz, (A1)

with

a+orB(L+y)[L—y(1—B)+r21+x)>* 1 +7)
(14 9)B{a[l — y(1 - B)] + k21 + x)2(1 — (1 + 1)}
N 151+ (-9 [ —v(1-H)]
(14 ) B{a[l —v(1 = B)] + K2(1 4+ x)2(1 =) (1 +7)}
ar(l+1)
(1+v) Bla[l —v(1 = B)] + k21 + x)2(1 — (A + 1)}

=
I

H
I

where P is the coefficient on the technology shock z;.
It follows from the proposition 1 from Blanchard and Kahn (1980) that the solution of the

ALM for inflation takes the following form:

T = cJay + dF z. (A.5)
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With the help of (22) and (A.5), we obtain:

Eymepr = ¢ [(1 = y)ag + ym] (A.6)

Using (A.6) to eliminate Fym4q in (A.1) and arranging terms give:

A12 — Cfrg(l — 7) P1
= . A7
i &y —An at Ay —An = (A7)
Comparing this with (A.5) yields
Ap—F(1—7)
g = z , A8
ng7 - An ( )
Py
cg = —_— A
dﬂ Cfrg’y — Ap ( 9)

A.1.2 The ALMs for the output gap, the interest rate and stock prices

To obtain the ALM for the output gap, we combine the Philips Curve (17) and the ALM for
inflation (A.5) as

xy = cay + dFP z, (A.10)

B=c’ and d%9 = d2tr(4x)

cg
where ¢z =~y R+

Using the IS equation (18) to obtain an expression of ¢ and equaling it to the one given

by stock-price equation (21), while substituting x; given by (A.10), we obtain

Tt = c,‘fgat + 6:1:bt -+ 5q8t —+ us + 51)7}75 + dﬁgzt, (All)

ith &9 — f—c s _l=tm s _ B s W g _ dz?
Wlthcr —1+R(1+X)75x— 1+w75q—m,5v—m.‘andd7~ ——1—m

Using (21) and (A.11), we find the ALM for stock prices:

@ = cgar + wzbt + west + wuur + wyvr + dif 2,

_ B _ o _ 1+4p _ B _ 1 cg _ ds?
W) = Co Wo = — Ty W = Thgs Wu = 1,wv—1+¢anddq—1+n(1+x).

where ¢g’ =
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A.2 The dynamic stability under learning

Putting (22) and (A.1) into matrix form leads to

Eyyir1 = Ay + P, (A.12)
where
A A P
yr = 7, ae], A= ,and P =
v l-—v 0

The dynamics of b; and s; can be expressed in terms of 7m; and a; so that if the latter converge,
bt and s also converge. System (A.12) has two boundary conditions: ag and slggo|Et7rt+s| < 0.

Both the trace and determinant of A are positive. Since a; is predetermined and m; is
non-predetermined, the matrix A must have one real eigenvalue inside and another outside
the unit circle to ensure the dynamic stability of the economy. Denote by p1 and us the two

real eigenvalues, it is sufficient to show that (1 — p1)(1 — pug) < 0 or alternatively:
1+ po > 14 pgpo. (A.13)

Using the fact that p; + ps is equal to the trace of A; and pipus equal to its determinant,
and substituting (1 + u2) by (A11 +1—7), and pypus by (A11(1—7) —~vAj2) into (A.13) with

A11 and Ajs given respectively by (A.2) and (A.3), we obtain after rearranging terms:

RE(L+7) (L) [1 = B+ 9)(1 =] +a(l = {1 = 1L+ ¢)[1 —v(1 - )]} > 0. (A.14)

Since v > 0 and § = % < 1, it is easy to check that B(141)(1 —~) < 1 and
B(1+ )1 — (1 —p)] <1. As a result, (A.14) is verified for any ¢ and hence for any v.

The verification of (A.14) proves that the matrix A has an eigenvalue inside and one outside
the unit circle. Since we are not interested in explosive solutions corresponding to a bubbly

economy, we look for the non-explosive solution among infinite stochastic sequences of ¢’

satisfying (A.8), i.e., the one corresponding to the eigenvalue of A within the unit circle.

39



A.3 The non-explosive solution of the feedback coefficients in the ALM for

inflation

Rewriting (A.8) as ¢/ ¢y — ¢i? A1 — Arg + ¢ (1 — ) = 0 and substituting Aj; and A2 by

their respective expression, we obtain:
P2(c9)% 4+ p1c 4+ pg = 0 (A.15)
with

po = af{l—B1+v)(1—7)[L—v1-B)} >0,
po= B+ —{all =71 =B+ (1 +0)° (1 =N +7)}—a
—ayBP (1 + )1 —v(1 = B)] = > (14 x)* (1 +7),

p2 = B+ {all —y(1 =)+, (1+x)*(1=7)(1+7)} > 0.
We can rewrite p; as
pr=—r2 (140" (147) [1= (1 +9) (1 =7)|—a(1=F) {1 = B +¥) [1 =21 = B)| }=po—p2 < 0.

Then, it follows straightforwardly that the discriminant of the polynomial (A.15) is positive.

To find the nature of the solutions of ¢;¥ in (A.15), we rewrite the latter as:

2
_po+p2(c?)

oo = POt P2 () i) (A.16)
b1
It is straightforward to see that f(0) = P05 0 and f(1) = Potpa < 1 given that
b1 —P1
2
—p1 > po + p2 > 0. This implies f(c%) : [0,1] — (0,1). Given that f'(c%) = — 2269 > 0 for

P
e €10,1], f(c?) is strictly increasing in this interval. Consequently, applying the theorem

of Brouwer, we deduce that there is one unique solution of ¢;’ inside the unit interval:

—p1 — /2 —4

B 2p2

e
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+1/p3—4
The other solution ¢’ = w is greater than unity and is to be excluded to avoid

that inflation follows an explosive path.

Substituting A7 and P; into (A.9) leads to

4% = — ar (1+x) _ . (A.18)

" T+ay2B2(1+v)(B—c?)+By(1+¢)(1—7)(af— T

Furthermore, we can show that f(c7?) : [0; O‘TB] — (0; O‘—B) with T = a+ k2 (14 x)* (1+7).
Knowing that f(0) > 0 and substituting ¢ by % into (A.16), we find
O{pﬁ ( ﬂpo + =5 pz)

f(&) = -~ : (A.19)

Using pg = i 7 Po + p: X po and the definition of pg, p1, and ps given above, we find after

some fastidious arrangements that

—p1 = Bp2+a%po (A.20)

Substituting the above expression of —p; into (A.19), we obtain:

aﬁ{ Bpo—i- TPQ}

f(aTB) 2.2 2 < QTB'
1+7)(1
B ()b +})( £ py + 5p0+ TPQ
2 ~
Since f'(c7) = —%cﬁg > 0 for ¢ € [0,1], f(c??) is strictly increasing in (O; O‘Tﬁ) This

characteristic and the fact that f(c7?) : [0; ‘fr—ﬁ] — (0; ’8) prove the existence of a unique

non-explosive solution for ¢’ such that 0 < ¢? < % This implies that dy? < 0.

The case where v = 0. Substituting v = 0 into (A.2)-(A.4) and using the results in
(A.8)-(A.9), we obtain:
= of (A.21)
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gor — o (l+x)
0 .

- (A.22)

The case where v = 1. Inserting v = 1 into (A.2)-(A.4) and combining the results with
(A.8)-(A.9) lead to

_a33(1+¢)+Y—\/[a53(1+¢)+T}2—4a233(1+w) (423
a 2032 (1 + 1) 7 .

59— ar (14 x)
T T+af21+9)(B-cF)

(A.24)

A.4 The effect of learning gain

Differentiating the solution of ¢’ given by (A.17) ensuring a non-explosive evolution of

inflation with respect to ~ gives

,p1*\/p1 4papo 6;01 2papa ap0+ o+ p1 2p2po Ip2
ac;ig

\/Pl 4p2po \/P%*‘lpzpo v \/P?—4p2po Oy
RN 2p5
Using (A.20) and its derivative ﬂ = Bap? - OTB%—? to transform the above derivative,

and after fastidious arrangements of terms, we finally obtain

cg ——
8C7r - 1 aﬁcW

oY B \/pf —4papo

H. (A.25)

Bc,r >1-— %—5 0. To show
ag,c’;q < 0, we consider the case where H < 0 for v = 1, and show

where H = po 72 apl -1 %p;’ The fact that ¢i7 < %2 ylelds 1—

the conditions under which

that %—H >0,Yye(0,1).
For v = 1, we have apo = af® (1+1) >0, 8p1 =208 (1+¢) <0,p1 = —af3 (1 +1)—
Y, and py = af. It follows that, for v=1,

H=-a"(1+9¢)(2-8)+af® [a+r*1+7)(1+v)].

We can have H < 0 if
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Bl-pa+w)|-1

1+7<a > 0, (A.26)
K2 (14 x)?
which implies, using B = % that
O<yp<pB—-14+py/1-0. (A.27)

Using (19), we can define a threshold of 7 that solve this is equivalent to

AUALED v

Differentiating H with respect to v yields

oH %p 0*po

Sl L o A2

Differentiating twice po and p; with respect to v, Vy € (0,1), leads to

02 - -

871:) = —203*(1-5) (1+v) <0,

2

T = 2050 (1= )+ 25 (149 (140 (14 7) >0

Substituting these second derivatives as well as the definition of pg and p; into (A.29), we

can show that, Vv € (0,1),

OH (v)
Oy

= 2228 (1-8)+w) {1-F0+v) [1-7(1-5)]}
205 (1+¥) e (1+x° 1+ {1-Fa+v) 1 -7} >0.

Consequently, given that H < 0 for 4y = 1 under conditions (A.26) and (A.28), and % >0,

Vv € (0,1), we deduce from (A.25) that

ocst

Oy

< 0.
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Using dy’ with respect to v yields:

0a? _ B (1+) k(14 ) 2095(3 — &) + (1 = 29) (0 — #T) ~ sforf + (L) TI%E)

0y T+ 2B (1+9) (B— &) + By (1+1) (1 —7) (af — ¢FT)
Using ¢if < Wf)(lﬂ)g, we find that 2a78(8—c9)+ (1 — 29) (@B —c2Y) > 2ay5(6—
cd) > 0, it follows that
od7?
9y > 0.

Using the definition of ¢, d3?, cg’, and dg?, ¢/ and d;?, it is straightforward to show the

sign of their partial derivative with respect to ~.

A.5 The effects of inflation penalty

Differentiating ¢’ given by (A.17) with respect to 7, and using the fact that p; < 0 implies

p1 \/m<0and\/21 < —1,as well as po > 0, pg > 0, apl:—/ﬁz(l‘i‘X)Q[l_

4papo
B —7)?(1+)] <0, and % =vBk2(1+ ) (1+ x)* (1 —7) > 0, we obtain

14 P % + 4p2po+2po %pz
T T
007679 \/m (pl - \/p% *4172;00) \/P% —4papo

or 2p3

< 0.

Using this result and differentiating d7’ given by (A.18) with respect to 7, we get

oas or* (L4 x)° 1= By (L) (1 =) e | — anfy (1+x) (1+9) [arf + (1 —) T %=
or T 0252 (14 9) (5 = &) + By (14 9) (1 =) (a — &)
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