
Documents 
de travail 

 
 

                                     

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Bureau d’Économie 
Théorique et Appliquée 
BETA - UMR 7522 du CNRS 

 
BETA Université de Strasbourg 
Faculté des sciences économiques 

et de gestion 

61 avenue de la Forêt Noire 

67085 Strasbourg Cedex 

Tél. : +33 (0)3 68 85 20 69 

Fax : +33 (0)3 68 85 20 70 

Secrétariat : Géraldine Del Fabbro 

g.delfabbro@unistra.fr 

 
BETA Université de Lorraine 
Faculté de droit, sciences 

économiques 

et de gestion 

13 place Carnot C.O. 70026 

54035 Nancy Cedex 

Tél. : +33(0)3 72 74 20 70 

Fax : +33 (0)3 72 74 20 71 

Secrétariat : Sylviane Untereiner 

sylviane.untereiner@univ-lorraine.fr 

 
http://www.beta-umr7522.fr 
 

 

 

 

 

 

 

 

« Learning, optimal monetary delegation and 

stock prices dynamics » 
 

  
Auteurs 

 

 
Marine Charlotte André, Meixing Dai 

 

Document de Travail n° 2017 – 37 

 

 

 

Décembre 2017 

 

 

 

 



▲❡❛#♥✐♥❣✱ ♦♣*✐♠❛❧ ♠♦♥❡*❛#② ❞❡❧❡❣❛*✐♦♥ ❛♥❞

/*♦❝❦ ♣#✐❝❡/ ❞②♥❛♠✐❝/

▼❛"✐♥❡ ❈❤❛"❧♦**❡ ❆♥❞"-

✯

❛♥❞ ▼❡✐①✐♥❣ ❉❛✐

❸

❉❡❝❡♠❜❡" ✶✶✱ ✷✵✶✼

❆❜"#$❛❝#

❚❤✐# ♣❛♣❡' #(✉❞✐❡# ❤♦✇ ❧❡❛'♥✐♥❣ ❛✛❡❝(# (❤❡ ✐♥(❡'❛❝(✐♦♥# ❜❡(✇❡❡♥ ♠♦♥❡(❛'② ♣♦❧✐❝② ❛♥❞

#(♦❝❦ ♣'✐❝❡#✳ ▲❡❛'♥✐♥❣ ♠♦❞✐✜❡# (❤❡ ✐♥(❡'(❡♠♣♦'❛❧ ('❛❞❡✲♦✛ ♦❢ (❤❡ ❝❡♥('❛❧ ❜❛♥❦ ❜② ❣✐✈✐♥❣

(♦ (❤❡ ❧❛((❡' (❤❡ ♣♦##✐❜✐❧✐(② (♦ ♠❛♥✐♣✉❧❛(❡ ♣'✐✈❛(❡ ❡①♣❡❝(❛(✐♦♥#✳ ❚❤❡ '❡#✉❧( ♦❢ (❤✐# ♠❛♥✐♣✉✲

❧❛(✐♦♥ ✐# ♥♦( #♦❝✐❛❧❧② ♦♣(✐♠❛❧ #✐♥❝❡ ✐( '❡❞✉❝❡# ❡①❝❡##✐✈❡❧② (❤❡ #(❛❜✐❧✐③❛(✐♦♥ ❜✐❛#✳ ❚♦ '❡♠❡❞②

(❤✐#✱ (❤❡ ❣♦✈❡'♥♠❡♥( #❤♦✉❧❞ ❛♣♣♦✐♥( ❛ ❝❡♥('❛❧ ❜❛♥❦❡' (❤❛( ✐# ❧❡## ❝♦♥#❡'✈❛(✐✈❡ (❤❛♥ (❤❡

#♦❝✐❡(②✳ ❚❤❡ (✉'♥♦✈❡' '❛(❡ ✐♥ (❤❡ #(♦❝❦ ♠❛'❦❡( ✐# (❤❡ ❦❡② ❢❛❝(♦' (❤❛( ❞❡(❡'♠✐♥❡# (❤❡ ✐♥(❡'✲

❛❝(✐♦♥# ❜❡(✇❡❡♥ ♠♦♥❡(❛'② ♣♦❧✐❝② ✭❤❡♥❝❡ ❞❡❧❡❣❛(✐♦♥✮ ❛♥❞ #(♦❝❦ ♣'✐❝❡#✳ ❆ ♣♦#✐(✐✈❡ (✉'♥♦✈❡'

'❛(❡ ♠❡❛♥# (❤❛( (❤❡ ♣'❡#❡♥❝❡ ♦❢ #(♦❝❦# ✐♥ (❤❡ ❤♦✉#❡❤♦❧❞#✬ ♣♦'(❢♦❧✐♦# ❞✐#(♦'(# (❤❡ ♦♣(✐♠❛❧

❝♦♥#✉♠♣(✐♦♥ ♣❛(❤✳ ❚❤✐# (②♣❡ ♦❢ ❞✐#(♦'(✐♦♥ ❝♦♠♣❡♥#❛(❡# #♦♠❡❤♦✇ (❤❡#❡ ✐♥❞✉❝❡❞ ❜② ❧❡❛'♥✲

✐♥❣✳ ❚❤❡ ❝❡♥('❛❧ ❜❛♥❦ #❤♦✉❧❞ ❜❡ ♠♦'❡ ❝♦♥#❡'✈❛(✐✈❡ (♦ ❛✈♦✐❞ (❤❡ ❡✛❡❝( ♦❢ ❞✐#(♦'(✐♦♥# ♦♥

#♦❝✐❛❧ ✇❡❧❢❛'❡ ✐♥❞✉❝❡❞ ❜② ❧❡❛'♥✐♥❣ (❤❛♥ ✐♥ (❤❡ ❛❜#❡♥❝❡ ♦❢ #(♦❝❦#✳

❑❡②✇♦%❞'✿ ❛❞❛♣$✐✈❡ ❧❡❛)♥✐♥❣✱ -$❛❜✐❧✐③❛$✐♦♥ ❜✐❛-✱ ✐♥✢❛$✐♦♥ ♣❡♥❛❧$②✱ ♦♣$✐♠❛❧ ♠♦♥❡$❛)②

❞❡❧❡❣❛$✐♦♥✱ ❝❡♥$)❛❧ ❜❛♥❦ ❝♦♥-❡)✈❛$✐-♠✱ -$♦❝❦ ♣)✐❝❡-✳

❏❊▲ ❈❧❛''✐✜❝❛1✐♦♥✿ ❈✻✷✱ ❉✽✸✱ ❉✽✹✱ ❊✺✷✱ ❊✺✽✳

✯

❯♥✐✈❡%&✐'( ❞❡ ❙'%❛&❜♦✉%❣✱ ❈◆❘❙✱ ❇❊❚❆ ❯▼❘ ✼✺✷✷✱ ✻✶ ❛✈❡♥✉❡ ❞❡ ❧❛ ❋♦%@' ◆♦✐%❡ ✕ ✻✼✵✽✺ ❙'%❛&❜♦✉%❣ ❈❡❞❡①

✕ ❋%❛♥❝❡❀ ❡✲♠❛✐❧✿ ❛♥❞%❡♠❅✉♥✐&'%❛✳❢%✳

❸

❯♥✐✈❡%&✐'( ❞❡ ❙'%❛&❜♦✉%❣✱ ❈◆❘❙✱ ❇❊❚❆ ❯▼❘ ✼✺✷✷✱ ❋✲✻✼✵✵✵ ❙'%❛&❜♦✉%❣✱ ❋%❛♥❝❡✳



✶ ■♥#$♦❞✉❝#✐♦♥

❚❤❡ #❡❝❡♥& ❡❝♦♥♦♠✐❝ ❞♦✇♥&✉#♥ ❤❛. ❤✐❣❤❧✐❣❤&❡❞ &❤❡ ❝#✉❝✐❛❧ #♦❧❡ ♣❧❛②❡❞ ❜② ✜♥❛♥❝✐❛❧ ❛..❡&. ✐♥ &❤❡

&#❛♥.♠✐..✐♦♥ ♠❡❝❤❛♥✐.♠ ♦❢ ♠♦♥❡&❛#② ♣♦❧✐❝②✳ ❚❤❡ ❤✐❣❤ ✈♦❧❛&✐❧✐&② ♦❢ ♠❛❝#♦❡❝♦♥♦♠✐❝ ✈❛#✐❛❜❧❡.

&#✐❣❣❡#❡❞ ❜② &❤❡ ✜♥❛♥❝✐❛❧ ❝#✐.✐. ✉#❣❡. ♣♦❧✐❝② ♠❛❦❡#. &♦ ❜❡&&❡# ✉♥❞❡#.&❛♥❞ &❤❡ ✐♠♣❧✐❝❛&✐♦♥. ♦❢

❛..❡&. ♣#✐❝❡ ❢♦# ♠♦♥❡&❛#② ♣♦❧✐❝② ❞❡❝✐.✐♦♥.✳ ❆. ❇❡#♥❛♥❦❡ ✭✷✵✶✵✮ ✉♥❞❡#❧✐♥❡. ✐♥ ✐&. .♣❡❡❝❤ ♦♥

&❤❡ ✐♠♣❧✐❝❛&✐♦♥. ♦❢ &❤❡ ✜♥❛♥❝✐❛❧ ❝#✐.✐. ❢♦# ❡❝♦♥♦♠✐❝.✱ ✏✉♥❞❡#.&❛♥❞✐♥❣ &❤❡ #❡❧❛&✐♦♥.❤✐♣ ❜❡&✇❡❡♥

✜♥❛♥❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ .&❛❜✐❧✐&② ✐♥ ❛ ♠❛❝#♦❡❝♦♥♦♠✐❝ ❝♦♥&❡①& ✐. ❛ ❝#✐&✐❝❛❧ ✉♥✜♥✐.❤❡❞ &❛.❦ ❢♦#

#❡.❡❛#❝❤❡#.✳✑ ❚❤❡ #❡❧❛&✐♦♥.❤✐♣ ❜❡&✇❡❡♥ &❤❡ ✈♦❧❛&✐❧✐&② ♦❢ ❛..❡& ♣#✐❝❡. ❛♥❞ ♠♦♥❡&❛#② ♣♦❧✐❝② ❛♥❞

❤♦✇ &♦ ❞❡❛❧ ✇✐&❤ &❤✐. ✈♦❧❛&✐❧✐&② ✉.✐♥❣ ♠♦♥❡&❛#② ♣♦❧✐❝② ✐♥.&#✉♠❡♥&. ❛#❡ ✐..✉❡. ❢❛# ❢#♦♠ #❡.♦❧✈❡❞✳

❚❤❡ ❡❛#❧② ❧✐&❡#❛&✉#❡ .&✉❞②✐♥❣ &❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝&. ❜❡&✇❡❡♥ &❤❡ ✈♦❧❛&✐❧✐&② ♦❢ .&♦❝❦ ♣#✐❝❡. ❛♥❞

♠♦♥❡&❛#② ♣♦❧✐❝②✱ ❛♥❞ &❤❡ ✐♠♣❧✐❝❛&✐♦♥. ❢♦# ♠❛❝#♦❡❝♦♥♦♠✐❝ .&❛❜✐❧✐&② ♦❢ ❛ #❡.♣♦♥.❡ ♦❢ ♠♦♥❡&❛#②

♣♦❧✐❝② &♦ ❛..❡& ♣#✐❝❡. ✐. E✉✐&❡ ❝♦♥&#♦✈❡#.✐❛❧✳

✶

❇❡#♥❛♥❦❡ ❛♥❞ ●❡#&❧❡# ✭✶✾✾✾✱ ✷✵✵✶✮ ❛❞✈♦❝❛&❡ ❛

✢❡①✐❜❧❡ ✐♥✢❛&✐♦♥ &❛#❣❡&✐♥❣ ❛♣♣#♦❛❝❤ &♦ &❛❝❦❧❡ ♣#✐❝❡ ❛♥❞ ✜♥❛♥❝✐❛❧ .&❛❜✐❧✐&② ✐..✉❡. ❣✐✈❡♥ &❤❡ ❧✐♥❦

❜❡&✇❡❡♥ ✐♥✢❛&✐♦♥ ❛♥❞ ♠❛❝#♦❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥&❛❧. ♦❢ .&♦❝❦✲♣#✐❝❡ ❞②♥❛♠✐❝.✱ ✇❤✐❧❡ ✉♥❞❡#❧✐♥✲

✐♥❣ &❤❛& #❡❛❝&✐♦♥ &♦ .&♦❝❦ ♣#✐❝❡ ❣❡♥❡#❛&❡. ❛ ♣❡#✈❡#.❡ ❡✛❡❝& ❞✐.&✉#❜✐♥❣ &❤❡ ♦✉&♣✉& ❞②♥❛♠✐❝.✳

❈❡❝❝❤❡&&✐ ❡& ❛❧✳ ✭✷✵✵✵✮ .✉❣❣❡.& &❤❛& ❛ ❝❡♥&#❛❧ ❜❛♥❦ ✭❈❇✮ ❝♦♥❝❡#♥❡❞ ✇✐&❤ .&❛❜✐❧✐③✐♥❣ ✐♥✢❛&✐♦♥ ✐.

❧✐❦❡❧② &♦ ❛❝❤✐❡✈❡ .✉♣❡#✐♦# ♣❡#❢♦#♠❛♥❝❡ ❜② ❛❞❥✉.&✐♥❣ ✐&. ♣♦❧✐❝② ✐♥.&#✉♠❡♥&. ♥♦& ♦♥❧② ✐♥ #❡.♣♦♥.❡

&♦ ✐&. ❢♦#❡❝❛.&. ♦❢ ❢✉&✉#❡ ✐♥✢❛&✐♦♥ ❛♥❞ &❤❡ ♦✉&♣✉& ❣❛♣✱ ❜✉& ❛❧.♦ &♦ ❛..❡& ♣#✐❝❡.✳ ❈❡❝❝❤❡&&✐ ✭✷✵✵✸✮

❤❛. ♣#♦✈✐❞❡❞ ❡✈✐❞❡♥❝❡ &❤❛& &❤❡ ❋❡❞❡#❛❧ ❘❡.❡#✈❡✬. ❝♦♠♠✉♥✐❝❛&✐♦♥. ❛♥❞ ♣♦❧✐❝✐❡. ✇❡#❡ ✐♥✢✉❡♥❝❡❞

❜② &❤❡ ■♥&❡#♥❡& ❜✉❜❜❧❡ ❛. ✐& ✇❛. ✐♥ ♣#♦❣#❡..✳ ❇✉❧❧❛#❞ ❛♥❞ ❙❝❤❛❧✐♥❣ ✭✷✵✵✷✮✱ ❛♥❞ ❈❛#❧.&#♦♠ ❛♥❞

❋✉❡#.& ✭✷✵✵✼✮ .❤♦✇ &❤❛& ✐❢ ♣♦❧✐❝②♠❛❦❡#. ♣❧❛❝❡ .✐❣♥✐✜❝❛♥& ✇❡✐❣❤& ♦♥ &❤❡ ❛..❡& ♣#✐❝❡ ❝♦♠♣♦♥❡♥&

♦❢ &❤❡ ❚❛②❧♦#✲&②♣❡ ♣♦❧✐❝② #✉❧❡✱ ♦&❤❡# &❤✐♥❣. ❡E✉❛❧✱ &❤❡② ✇✐❧❧ ❢❛❝❡ ✐♥❞❡&❡#♠✐♥❛❝② ♦❢ #❛&✐♦♥❛❧

❡①♣❡❝&❛&✐♦♥. ✭❘❊✮ ❡E✉✐❧✐❜#✐✉♠ ✐♥ &❤❡ ♣#❡.❡♥❝❡ ♦❢ .&✐❝❦② ♣#✐❝❡.✳

❚❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝#✐.✐. ❤❛. #❡✈✐✈❡❞ &❤✐. ❞❡❜❛&❡ ❛♠♦♥❣ ❜♦&❤ ♣♦❧✐❝②♠❛❦❡#. ❛♥❞ ❛❝❛❞❡♠✐❝

#❡.❡❛#❝❤❡#.✳ ◆✐.&✐❝V ✭✷✵✶✷✮ .❤♦✇. &❤❛& ❛♥ ✐♥&❡#❡.&✲#❛&❡ #✉❧❡ #❡❛❝&✐♥❣ &♦ ❞❡✈✐❛&✐♦♥. ♦❢ .&♦❝❦

♣#✐❝❡. ❢#♦♠ &❤❡ ✢❡①✐❜❧❡✲♣#✐❝❡ ❡E✉✐❧✐❜#✐✉♠ ❝♦✉❧❞ ❛❧.♦ ✐♥❝✉# #✐.❦. ♦❢ ❡♥❞♦❣❡♥♦✉. ✐♥.&❛❜✐❧✐&② ✐♥
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❣❡♥❡#❛%✐♦♥( ♠♦❞❡❧✱ %❤❛% ✏❧❡❛♥✐♥❣ ❛❣❛✐♥(% %❤❡ ✇✐♥❞✑ ♣♦❧✐❝✐❡( ♠❛② #❛✐(❡ %❤❡ ✈♦❧❛%✐❧✐%② ♦❢ ❛((❡%

❜✉❜❜❧❡(✳ ❍♦✇❡✈❡#✱ ❜❛(❡❞ ♦♥ ❛ ◆❡✇ ❑❡②♥❡(✐❛♥ ♠♦❞❡❧ ✇✐%❤ ❛ ❝♦(% ❝❤❛♥♥❡❧ ♦❢ ♠♦♥❡%❛#② ♣♦❧✐❝②

%#❛♥(♠✐((✐♦♥ ❛♥❞ ❛ ❝♦♥(%❛♥% %✉#♥♦✈❡# ❜❡%✇❡❡♥ ❧♦♥❣✲%✐♠❡ %#❛❞❡#( ❛♥❞ ♥❡✇❝♦♠❡#( ✐♥ ♠❛#❦❡%

❛❝%✐✈✐%✐❡(✱ ❆✐#❛✉❞♦ ❡% ❛❧✳ ✭✷✵✶✸✮ (✉❣❣❡(% %❤❛% ❛ ♠✐❧❞ #❡(♣♦♥(❡ %♦ (%♦❝❦ ♣#✐❝❡( ✐♥ %❤❡ ♣♦❧✐❝②

#✉❧❡ ❝❛♥ #❡(%♦#❡ ❡E✉✐❧✐❜#✐✉♠ ❞❡%❡#♠✐♥❛❝② ❛♥❞ %❤❡#❡❢♦#❡ #✉❧❡ ♦✉% ♥♦♥✲❢✉♥❞❛♠❡♥%❛❧ ✈♦❧❛%✐❧✐%②✳

❆((❡♥③❛ ❡% ❛❧✳ ✭✷✵✶✺✮ ❝♦♥✜#♠ %❤❡ ♣#❡✈✐♦✉( #❡(✉❧% ✐♥ ❛ ♠♦❞❡❧ ❛❧❧♦✇✐♥❣ ❢♦# %❤❡ ❝♦(% ❝❤❛♥♥❡❧ ❜②

(❤♦✇✐♥❣ %❤❛% %❤❡#❡ ✐( ❛ (✐❣♥✐✜❝❛♥% (%❛❜✐❧✐③✐♥❣ #♦❧❡ ❢♦# ❛((❡% ♣#✐❝❡ %❛#❣❡%✐♥❣✱ ❜✉% ❛% %❤❡ ❝♦(% ♦❢

❤✐❣❤❡# ✐♥✢❛%✐♦♥ ✈♦❧❛%✐❧✐%②✳

■♥ ❣❡♥❡#❛❧✱ ♠♦(% (%✉❞✐❡( (❤♦✇ %❤❛% #❡(♣♦♥(❡ ♦❢ ♠♦♥❡%❛#② ♣♦❧✐❝② %♦ (%♦❝❦ ♣#✐❝❡( #❡(%#✐❝%(

%❤❡ ♣♦❧✐❝② (♣❛❝❡ ✇❤❡#❡ %❤❡ ❘❊ ❡E✉✐❧✐❜#✐✉♠ ✐( ❞❡%❡#♠✐♥❛%❡ ❛♥❞ ❝❛♥ ❧❡❛❞ %♦ ✢✉❝%✉❛%✐♦♥( ♦❢

❡①♣❡❝%❛%✐♦♥( %❤❛% ❛#❡ (✉♥(♣♦%✲❞#✐✈❡♥ ❛♥❞ (❡❧❢✲❢✉❧✜❧❧✐♥❣✳ ❍♦✇❡✈❡#✱ %❤❡ ♣♦❧✐❝② (♣❛❝❡ ❡♥(✉#✐♥❣

%❤❡ ❞❡%❡#♠✐♥❛%❡ ❡E✉✐❧✐❜#✐✉♠ ✉♥❞❡# ❘❊ ❝❛♥ ❜❡ ❡♥❧❛#❣❡❞ ✇❤❡♥ ♣#✐✈❛%❡ ❛❣❡♥%( ✐♠♣❧❡♠❡♥% ❛♥

❛❞❛♣%✐✈❡ ❧❡❛#♥✐♥❣ ♣#♦❝❡(( %♦ ❢♦#♠ ❡①♣❡❝%❛%✐♦♥(✳ ❚❤❡ ❛❞❛♣%✐✈❡ ❧❡❛#♥✐♥❣ ❛❧❣♦#✐%❤♠ ❛❧❧♦✇( ♥♦%

♦♥❧② %♦ (❡❧❡❝% ❛♠♦♥❣ ♠✉❧%✐♣❧❡ ❘❊ ❡E✉✐❧✐❜#✐❛ ❜✉% ❛❧(♦ %♦ ✐♥%#♦❞✉❝❡ ❛ (❤♦#%✲#✉♥ ❞②♥❛♠✐❝( ❢♦#

❡❝♦♥♦♠✐❝ ✈❛#✐❛❜❧❡( %❤❛% ✐( ❞✐✛❡#❡♥% ❢#♦♠ %❤❡ ♦♥❡ ✉♥❞❡# ❘❊✳ ■♥❞❡❡❞✱ %❤✐( %②♣❡ ♦❢ ❛❧❣♦#✐%❤♠

❤❛( (❤♦✇♥ ✐%( ❛❞❡E✉❛❝② ✐♥ ✜♥❛♥❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ (✉#✈❡② ❞❛%❛ ✭▲❛♥♥❡ ❡% ❛❧✳ ✷✵✵✽✱ ▼❛#❦✐❡✇✐❝③

❛♥❞ S✐❝❦ ✷✵✶✹✱ ❚#❡❤❛♥ ✷✵✶✺✱ ❙❧♦❜♦❞②❛♥ ❛♥❞ ❲♦✉%❡#( ✷✵✶✻✮✳ ●✐✈❡♥ %❤❛% ❧❡❛#♥✐♥❣ ❛((✉♠♣%✐♦♥

❜❡%%❡# ❞❡(❝#✐❜❡( %❤❡ ❜❡❤❛✈✐♦# ♦❢ ♣#✐✈❛%❡ ❛❣❡♥%( ✐♥ ❡①♣❡❝%❛%✐♦♥( ❢♦#♠❛%✐♦♥✱ %❛❦✐♥❣ ❛❝❝♦✉♥% ♦❢

❧❡❛#♥✐♥❣ ✐♥ ♠♦♥❡%❛#② ♣♦❧✐❝② ❞❡❝✐(✐♦♥ ❝♦✉❧❞ ✐♠♣#♦✈❡ ♠❛❝#♦❡❝♦♥♦♠✐❝ ♣❡#❢♦#♠❛♥❝❡✳

❙❡✈❡#❛❧ (%✉❞✐❡( ❤❛✈❡ ❡①❛♠✐♥❡❞ %❤❡ ❝♦♥(❡E✉❡♥❝❡( ♦❢ ✐♥❝❧✉❞✐♥❣ ❛((❡% ♣#✐❝❡( ✐♥ ♠♦♥❡%❛#②

♣♦❧✐❝② #❡❛❝%✐♦♥ ❢✉♥❝%✐♦♥ ✇❤❡♥ ❛❣❡♥%( ❢♦#♠ ❡①♣❡❝%❛%✐♦♥( ✉(✐♥❣ ❛❞❛♣%✐✈❡ ❧❡❛#♥✐♥❣✳ ❆✐#❛✉❞♦

✭✷✵✶✸✮ ✜♥❞( %❤❛% ✐♥%❡#❡(% #❛%❡ #✉❧❡( ❣#❛♥%✐♥❣ ❛ ♣♦(✐%✐✈❡ #❡(♣♦♥(❡ %♦ (%♦❝❦ ♣#✐❝❡( ❝❛♥ ❡♥❧❛#❣❡

%❤❡ ♣♦❧✐❝② (♣❛❝❡ ✇❤❡#❡ %❤❡ ❡E✉✐❧✐❜#✐✉♠ ✐( ❞❡%❡#♠✐♥❛%❡ ❛♥❞ ❧❡❛#♥❛❜❧❡ ✇❤❡♥ %❤❡ ❞❡❣#❡❡ ♦❢ ❛((❡%✲

♠❛#❦❡% ♣❛#%✐❝✐♣❛%✐♦♥ ✐( (✉✣❝✐❡♥%❧② ❧❛#❣❡ %♦ ❣❡♥❡#❛%❡ ❛♥ ✐♥✈❡#%❡❞ ❛❣❣#❡❣❛%❡ ❞❡♠❛♥❞ ❝❤❛♥♥❡❧ ♦❢

♠♦♥❡%❛#② ♣♦❧✐❝② %#❛♥(♠✐((✐♦♥✳ ❆✐#❛✉❞♦ ❡% ❛❧✳ ✭✷✵✶✺✮ (❤❛#❡ %❤❡ ♣#❡✈✐♦✉( ✈✐❡✇ ❛♥❞ (❤♦✇ ❢✉#%❤❡#

%❤❛% %❤❡ ❚❛②❧♦# ♣#✐♥❝✐♣❧❡ ❝❡❛(❡( %♦ ❜❡ ♥❡❝❡((❛#②✳ ■♥ ❝♦♥(%#❛(%✱ ▼❛❝❤❛❞♦ ✭✷✵✶✸✮ (❤♦✇( %❤❛%

❛ ❞✐#❡❝% ♠♦♥❡%❛#② ♣♦❧✐❝② #❡(♣♦♥(❡ %♦ (%♦❝❦ ♣#✐❝❡( %❤#♦✉❣❤ ✐♥%❡#❡(% #❛%❡ #✉❧❡( ✐( ♥♦% ❡✛❡❝%✐✈❡

✇❤❡♥ ❛❣❡♥%( ❛#❡ ❧❡❛#♥✐♥❣ ❛♥❞ %❤✐( #❡(✉❧% ✐( #♦❜✉(% %♦ ❤❡%❡#♦❣❡♥❡✐%② ✐♥ ❛❣❡♥%(✬ ❜❡❧✐❡❢(✳
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❆❝❝♦'❞✐♥❣ +♦ ❙✈❡♥##♦♥ ✭✶✾✾✼✮✱ +❤❡#❡ ❛♣♣'♦❛❝❤❡# ❝❛♥ ❜❡ #❡❡♥ ❛# +②♣❡# ♦❢ ✐♥✢❛+✐♦♥ +❛'❣❡+✐♥❣
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✐♥✢❛+✐♦♥ +❛'❣❡+ #❡+ ❜② +❤❡ ❣♦✈❡'♥♠❡♥+ ✐# ♥♦+ ❛❝❤✐❡✈❡❞✱ +❤❡ ❈❇ ❤❛# +♦ ✉♥❞❡'❣♦ ❛♥ ✐♥✢❛+✐♦♥

♣❡♥❛❧+② +❤❛+ ✐# ✐♥❝'❡❛#✐♥❣ ✐♥ +❤❡ #+❛♥❞❛'❞ ❞❡✈✐❛+✐♦♥ ♦❢ ✐♥✢❛+✐♦♥ ❢'♦♠ ✐+# +❛'❣❡+✳ ❆ ♣♦#✐+✐✈❡

✐♥✢❛+✐♦♥ ♣❡♥❛❧+② ❤❛# +❤❡ #❛♠❡ ✐♠♣❧✐❝❛+✐♦♥# ❢♦' ♠♦♥❡+❛'② ♣♦❧✐❝② ❛# ❛♣♣♦✐♥+✐♥❣ ❛ ❝♦♥#❡'✈❛+✐✈❡

❝❡♥+'❛❧ ❜❛♥❦❡' ✇❤♦ ✐# ♠♦'❡ ❢♦❝✉#❡❞ ♦♥ ✐♥✢❛+✐♦♥ #+❛❜✐❧✐③❛+✐♦♥✳

✷

❖♥❡ ♠❛❥♦' ✐##✉❡ ♦❢ +❤✐# ♣❛♣❡' ✐# ❛❜♦✉+ ❤♦✇ +❤❡ ❈❇ #❤♦✉❧❞ ❝♦♥❞✉❝+ ♦♣+✐♠❛❧ ♣♦❧✐❝② ❛♥❞

❤♦✇ +❤❡ ❡S✉✐❧✐❜'✐✉♠ ✐# ❛✛❡❝+❡❞ ❜② #+♦❝❦ ♣'✐❝❡# ✇❤❡♥ ♣'✐✈❛+❡ ❛❣❡♥+# ❛'❡ ❧❡❛'♥✐♥❣✳ ■♥ ❝♦♥+'❛#+✱

▼❛❝❤❛❞♦ ✭✷✵✶✸✮ ❛♥❞ ❆✐'❛✉❞♦ ❡+ ❛❧✳ ✭✷✵✶✺✮ ♠❛✐♥❧② ❝♦♥#✐❞❡' ❡①♦❣❡♥♦✉# ✐♥#+'✉♠❡♥+❛❧ ✐♥+❡'❡#+

'❛+❡ '✉❧❡# ❛♥❞ ❢♦❝✉# ♦♥ ✐##✉❡# ♦❢ ❊✲❙+❛❜✐❧✐+②✳ ❖✉' ♣❛♣❡' ✐# ❛❧#♦ ❝❧♦#❡❧② '❡❧❛+❡❞ +♦ ▼♦❧♥V' ❛♥❞

❙❛♥+♦'♦ ✭✷✵✶✹✮ ✇❤♦ #+✉❞② +❤❡ ❞②♥❛♠✐❝ ❡✛❡❝+ ♦❢ ❧❡❛'♥✐♥❣✱ ❛♥❞ ❆♥❞'X ❛♥❞ ❉❛✐ ✭✷✵✶✼❛✮ ✇❤♦

❡①❛♠✐♥❡ +❤❡ ✐♠♣❧✐❝❛+✐♦♥# ♦❢ ❧❡❛'♥✐♥❣ ❢♦' ♦♣+✐♠❛❧ ♠♦♥❡+❛'② ❞❡❧❡❣❛+✐♦♥ ✐♥ +❤❡ #+❛♥❞❛'❞ ◆❡✇

❑❡②♥❡#✐❛♥ ♠♦❞❡❧ ✇✐+❤♦✉+ #+♦❝❦ ♣'✐❝❡#✳

❚❤❡ ♠❛✐♥ '❡#✉❧+# ♦❜+❛✐♥❡❞ ✐♥ +❤✐# ♣❛♣❡' ❛'❡ +❤❡ ❢♦❧❧♦✇✐♥❣✿ ✶✮ ▲❡❛'♥✐♥❣ '❡✐♥❢♦'❝❡# +❤❡

❞❡✈✐❛+✐♦♥# ♦❢ ✐♥✢❛+✐♦♥ ❛♥❞ +❤❡ ♦✉+♣✉+ ❣❛♣ ❢'♦♠ +❤❡✐' ❘❊ ❡S✉✐❧✐❜'✐✉♠ ❧❡✈❡❧# ✇❤❡♥ +❤❡ ❈❇ ❤❛#

✷

❯♥❞❡$ ♠♦♥❡'❛$② ❞✐+❝$❡'✐♦♥✱ ✐♥✢❛'✐♦♥ ♦$ +'❛❜✐❧✐③❛'✐♦♥ ❜✐❛+ ❝❛♥ ❜❡ ❡❧✐♠✐♥❛'❡❞ ♦$ $❡❞✉❝❡❞ ❜② ❛♣♣♦✐♥'✐♥❣ ❛+

❤❡❛❞ ♦❢ '❤❡ ❈❇ ❛ ♣❡$+♦♥ ✇❤♦ ✐+ ♠♦$❡ ❛✈❡$+❡ '♦ ✐♥✢❛'✐♦♥ '❤❛♥ +♦❝✐❡'② ❛+ ❛ ✇❤♦❧❡✳ ❋♦$ '❤❡ +♦❝✐❡'②✱ ❞❡❧❡❣❛'✐♥❣

♠♦♥❡'❛$② ♣♦❧✐❝② '♦ +✉❝❤ ❛ ❝♦♥+❡$✈❛'✐✈❡ ❝❡♥'$❛❧ ❜❛♥❦❡$ ✐+ ❡>✉✐✈❛❧❡♥' '♦ ♣✉''✐♥❣ ❛ ❧♦✇❡$ ♣$✐♦$✐'② ♦$ ✇❡✐❣❤' ♦♥

♦✉'♣✉' +'❛❜✐❧✐③❛'✐♦♥✳

✸



 ♦ ❞❡❛❧ ✇✐ ❤  ❤❡ ❝♦♥+❡,✉❡♥❝❡+ ♦❢ + ♦❝❦ ♣1✐❝❡+ ✢✉❝ ✉❛ ✐♦♥+ ❢♦1  ❤❡ ♠❛❝1♦❡❝♦♥♦♠✐❝ + ❛❜✐❧✐ ②✳ ✷✮

❆ ♣♦+✐ ✐✈❡ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② ❛❣❣1❛✈❛ ❡+  ❤❡+❡ ❞❡✈✐❛ ✐♦♥+ ✉♥❞❡1  ❤❡ ❧❡❛1♥✐♥❣ ❛++✉♠♣ ✐♦♥✳ ✸✮

❆♥ ✐♥❝1❡❛+❡ ✐♥  ✉1♥♦✈❡1 1❛ ❡ ✐♥  ❤❡ + ♦❝❦ ♠❛1❦❡ ❣❡♥❡1❛❧❧② ❛  ❡♥✉❛ ❡+ ✭1❡✐♥❢♦1❝❡+✮  ❤❡ ❡✛❡❝ ♦❢

❧❡❛1♥✐♥❣ ✭✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② 1❛ ❡✮ ♦♥  ❤❡ ❡✛❡❝ + ♦❢ ✐♥✢❛ ✐♦♥ ❡①♣❡❝ ❛ ✐♦♥+ ❛♥❞  ❡❝❤♥♦❧♦❣② +❤♦❝❦+✳

✹✮ ❚♦ ♠❛①✐♠✐③❡ +♦❝✐❛❧ ✇❡❧❢❛1❡✱  ❤❡ ❣♦✈❡1♥♠❡♥ +❤♦✉❧❞ +❡ ❛ ♥❡❣❛ ✐✈❡ ♣❡♥❛❧ ② 1❛ ❡  ❤❛ ❞❡❝1❡❛+❡+

✇✐ ❤ ❧❡❛1♥✐♥❣ ❣❛✐♥✳ ❆♥ ✐♥❝1❡❛+❡ ✐♥  ✉1♥♦✈❡1 1❛ ❡ ✇✐❧❧ ♠❛❦❡  ❤❡ ♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② 1❛ ❡

❧❡++ ♥❡❣❛ ✐✈❡ ❢♦1 ❛ ❣✐✈❡♥ ❧❡❛1♥✐♥❣ ❣❛✐♥✳

❚❤❡ 1❡♠❛✐♥❞❡1 ♦❢  ❤❡ ♣❛♣❡1 ✐+ ♦1❣❛♥✐③❡❞ ❛+ ❢♦❧❧♦✇+✳ ❚❤❡ +❡❝♦♥❞ +❡❝ ✐♦♥ ❜1✐❡✢② ♣1❡+❡♥ +  ❤❡

♠✐❝1♦❡❝♦♥♦♠✐❝ ❢♦✉♥❞❛ ✐♦♥+ ♦❢  ❤❡ + 1✉❝ ✉1❛❧ ♠♦❞❡❧✳ ■♥  ❤❡  ❤✐1❞ +❡❝ ✐♦♥✱ ✇❡ +♦❧✈❡  ❤❡ ♠♦❞❡❧

✉♥❞❡1  ❤❡ ❘❊ ❤②♣♦ ❤❡+✐+✳ ■♥  ❤❡ ❢♦✉1 ❤ +❡❝ ✐♦♥✱  ❤❡ ❧❛✇+ ♦❢ ♠♦ ✐♦♥ ❢♦1 ✐♥✢❛ ✐♦♥✱  ❤❡ ♦✉ ♣✉ 

❣❛♣✱ + ♦❝❦ ♣1✐❝❡+ ❛♥❞  ❤❡ ✐♥ ❡1❡+ 1❛ ❡ ❛1❡ +♦❧✈❡❞ ✉♥❞❡1 ❧❡❛1♥✐♥❣✳ ❚❤❡ ✜❢ ❤ +❡❝ ✐♦♥ ❡①❛♠✐♥❡+

 ❤❡ ❝❤♦✐❝❡ ♦❢ ♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② 1❛ ❡ ✉♥❞❡1 ❧❡❛1♥✐♥❣✳ ❚❤❡ +✐① ❤ +❡❝ ✐♦♥ ❞✐+❝✉++❡+ +♦♠❡

♣♦ ❡♥ ✐❛❧ ❡① ❡♥+✐♦♥+ ♦❢  ❤❡ ♠♦❞❡❧✳ ❚❤❡ ❧❛+ +❡❝ ✐♦♥ ❝♦♥❝❧✉❞❡+✳

✷ ❆ "#$✉❝#✉$❛❧ ◆❡✇ ❑❡②♥❡"✐❛♥ ♠♦❞❡❧ ✇✐#❤ "#♦❝❦ ♣$✐❝❡"

❚❤❡ ❡❝♦♥♦♠② ✐+ ❞❡+❝1✐❜❡❞ ❜② ❛ +✐♠♣❧❡ ♠✐❝1♦❢♦✉♥❞❡❞ ❣❡♥❡1❛❧ ❡,✉✐❧✐❜1✐✉♠ ❢1❛♠❡✇♦1❦ ❞❡✈❡❧♦♣❡❞

✐♥ ♣1❡✈✐♦✉+ ❝♦♥ 1✐❜✉ ✐♦♥+ +✉❝❤ ❛+ ◆✐+ ✐❝I ✭✷✵✶✷✮ ❛♥❞ ❆✐1❛✉❞♦ ❡ ❛❧✳ ✭✷✵✶✺✮✱ ✇❤♦ ❡① ❡♥❞ ❛

❞✐+❝1❡ ❡✲ ✐♠❡ + ♦❝❤❛+ ✐❝ ✈❡1+✐♦♥ ♦❢ ❨❛❛1✐ ✭✶✾✻✺✮ ❛♥❞ ❇❧❛♥❝❤❛1❞ ✭✶✾✽✺✮✬+ ❖▲●✲♣❡1♣❡ ✉❛❧ ②♦✉ ❤

♠♦❞❡❧  ♦ ✐♥❝❧✉❞❡ 1✐+❦② ❡,✉✐ ✐❡+ ❛♥❞ ❛❞❛♣ ✐  ♦ ❛ ◆❡✇ ❑❡②♥❡+✐❛♥ ❢1❛♠❡✇♦1❦✳

✸

■♥ ❡++❡♥❝❡✱  ❤❡

♣1✐✈❛ ❡ +❡❝ ♦1 ✐♥❝❧✉❞❡+ ❝♦❤♦1 + ♦❢ ♥♦♥✲❘✐❝❛1❞✐❛♥ 1❡♣1❡+❡♥ ❛ ✐✈❡ ❤♦✉+❡❤♦❧❞+ ❛♥❞ ❛ ❝♦♥ ✐♥✉✉♠

♦❢ ♠♦♥♦♣♦❧✐+ ✐❝❛❧❧② ❝♦♠♣❡ ✐ ✐✈❡ ✜1♠+  ❤❛ ❛1❡ ✉♥✐❢♦1♠❧② ❞✐+ 1✐❜✉ ❡❞ ♦✈❡1  ❤❡ ✉♥✐ ✐♥ ❡1✈❛❧✳

■♥+ ❡❛❞ ♦❢ ❘❊✱ ✐ ✐+ ❛++✉♠❡❞  ❤❛ ♣1✐✈❛ ❡ ❛❣❡♥ + ❢♦1♠ ❡①♣❡❝ ❛ ✐♦♥+ ✉+✐♥❣ ❛❞❛♣ ✐✈❡ ❧❡❛1♥✐♥❣

❛❧❣♦1✐ ❤♠✳

✷✳✶ ❚❤❡ ❝♦♥)✉♠❡,)

❆♥ ✐♥❞❡✜♥✐ ❡ ♥✉♠❜❡1 ♦❢ ❝♦❤♦1 +✱ ❝♦♠♣♦+❡❞ ♦❢ ♥♦♥✲❘✐❝❛1❞✐❛♥ ❤♦✉+❡❤♦❧❞+✱ ❧✐✈❡ ✐♥  ❤❡ ❡❝♦♥♦♠②✳

❊❛❝❤ ❝♦❤♦1 ❢❛❝❡+ ❛ ❝♦♥+ ❛♥ ♣1♦❜❛❜✐❧✐ ② ν ♦❢ ✏❞②✐♥❣✑ ❜❡❢♦1❡  ❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♥❡① ♣❡1✐♦❞✳ ❋♦1

✸

❙❡❡ ◆✐$%✐❝' ✭✷✵✶✷✮ ❢♦/ %❤❡ ♠✐❝/♦✲❢♦✉♥❞❛%✐♦♥$✳

✹



 ✐♠♣❧✐❝✐&②✱ ✇❡ ❛  ✉♠❡ &❤❛& ❡♥&/② ❛♥❞ ❡①✐& /❛&❡ ❛/❡ ❡2✉❛❧ ❛♥❞ &❤❡ &♦&❛❧ ♣♦♣✉❧❛&✐♦♥ ✐ ♥♦/♠❛❧✐③❡❞

&♦ ✉♥✐&②✳ ❚❤✉ ✱ ✐♥ ❡❛❝❤ ♣❡/✐♦❞✱ ❛ ❢/❛❝&✐♦♥ ν ♦❢ &❤❡ ♣♦♣✉❧❛&✐♦♥ ❧❡❛✈❡ &❤❡ ❡❝♦♥♦♠②✱ ❛♥❞ ❛ ♥❡✇

❝♦❤♦/& ♦❢  ✐③❡ ν ❡♥&❡/ ✳ ❚❤❡ ❡❝♦♥♦♠② ✐ ❝❤❛/❛❝&❡/✐③❡❞ ❜② ❛ ❝♦♥ &❛♥& &✉/♥♦✈❡/ ✐♥ &❤❡ ✜♥❛♥❝✐❛❧

♠❛/❦❡& ❜❡&✇❡❡♥ ✐♥❝♦♠✐♥❣ ❛❣❡♥& ✇✐&❤♦✉& ❛  ❡& ❛♥❞ &❤❡ ❧♦♥❣✲&✐♠❡ ❛❣❡♥& ❤♦❧❞✐♥❣ ❛  ❡& ✳

❚❤❡ ❧✐❢❡&✐♠❡ ✉&✐❧✐&② ❢♦/ &❤❡ /❡♣/❡ ❡♥&❛&✐✈❡ ❛❣❡♥& ♦❢ &❤❡ ❝♦❤♦/& &❤❛& ❡♥&❡/ &❤❡ ♠❛/❦❡& ❛&

&✐♠❡ j ≤ t ✭❤❡♥❝❡❢♦/&❤✱ &❤❡ jth❝♦❤♦/&✮ ✐ ✿

Et

∞
∑

k=0

βk (1− ν)k [ln Cj,t+k + δ ln (1−Nj,t+k)] ✭✶✮

✇❤❡/❡ β ∈ (0, 1)✱ ν ∈ [0, 1) ❛♥❞ δ > 0✱ Cj,t /❡♣/❡ ❡♥& ❝♦♥ ✉♠♣&✐♦♥✱ Nj,t &❤❡ ✇♦/❦✐♥❣ &✐♠❡✱ ❛♥❞

(1−Nj,t) &❤❡ ❧❡✐ ✉/❡ &✐♠❡✳ ❋✉&✉/❡ ✉&✐❧✐&② ✐ ❞✐ ❝♦✉♥&❡❞ ❜②✱ ❜❡ ✐❞❡ &❤❡ ✐♠♣❛&✐❡♥❝❡ ♦❢ ❛❣❡♥&✱

✉♥❝❡/&❛✐♥ ❧✐❢❡&✐♠❡ ✐♥ &❤❡ ♠❛/❦❡& /❡♣/❡ ❡♥&❡❞ ❜② (1 − ν)✱ ✐✳❡✳✱ &❤❡ ♣/♦❜❛❜✐❧✐&② ♦❢ ❜❡✐♥❣  &✐❧❧

♣/❡ ❡♥& ✐♥ &❤❡ ♠❛/❦❡& ❜❡&✇❡❡♥ &✇♦ ❝♦♥ ❡❝✉&✐✈❡ ♣❡/✐♦❞ ✳ Et ✐ &❤❡ ❡①♣❡❝&❛&✐♦♥ ♦♣❡/❛&♦/✳

❚❤❡/❡ ❛/❡ &✇♦ ✜♥❛♥❝✐❛❧ ❛  ❡& ✿ &❤❡  &❛&❡✲❝♦♥&✐♥❣❡♥& ❜♦♥❞ ✐  ✉❡❞ ❜② &❤❡ ❣♦✈❡/♥♠❡♥& ❛♥❞

/✐ ❦② ❡2✉✐&② ✐  ✉❡❞ ❜② ♠♦♥♦♣♦❧✐ &✐❝❛❧❧② ❝♦♠♣❡&✐&✐✈❡ ✜/♠ ✐♥ &❤❡ ✐♥&❡/♠❡❞✐❛&❡ ❣♦♦❞  ❡❝&♦/✳ ❆&

&❤❡ ❡♥❞ ♦❢ ♣❡/✐♦❞ t✱ &❤❡ jth ❝♦❤♦/& /❡♣/❡ ❡♥&❛&✐✈❡ ❛❣❡♥& ❦❡❡♣ ❛ ♣♦/&❢♦❧✐♦ ♦❢ ❝♦♥&✐♥❣❡♥& ❝❧❛✐♠ ✱

✇✐&❤ ❛  &♦❝❤❛ &✐❝ ♥♦♠✐♥❛❧ ♣❛②♦✛ ✐♥ t + 1 ❡2✉❛❧ &♦ Bj,t+1 ❛♥❞ ❛ ❝♦♥&✐♥✉✉♠ ♦❢ /✐ ❦② ❡2✉✐&②

 ❤❛/❡ ✱ ✐✳❡✳✱ Sj,t+1(i) ❢♦/ i ∈ [0, 1]✳ ❚❤❡ ith ✜/♠ ✐  ✉❡ ❛ /✐ ❦②  ❤❛/❡ ❛& &❤❡ /❡❛❧ ♣/✐❝❡ Qt(i). ❚❤❡

♥♦♠✐♥❛❧ ✜♥❛♥❝✐❛❧ ✇❡❛❧&❤ ❢♦/ ❧♦♥❣✲&✐♠❡ &/❛❞❡/ ✭✐♥ &❤❡ ❝❛ ❡ ✇❤❡/❡ j < t ✮ ✐♥❤❡/✐&❡❞ ❢/♦♠ &❤❡

♣/❡✈✐♦✉ ♣❡/✐♦❞ ✐♥❝❧✉❞❡ &❤❡ ♥♦♠✐♥❛❧ ♣❛②♦✛ ♦♥ ❝♦♥&✐♥❣❡♥& ❝❧❛✐♠ Bj,t✱ ❛♥❞ &❤❡ ♣/✐❝❡ ♣❧✉ &❤❡

❞✐✈✐❞❡♥❞ ♦❜&❛✐♥❡❞ ❜② ❡❛❝❤  ❤❛/❡✱ ✐✳❡✳✱ Qt(i) +Dt(i) ❢♦/ i ∈ [0, 1]✳ ❚❤✉ ✱ &❤❡ ♥♦♠✐♥❛❧ ✜♥❛♥❝✐❛❧

✇❡❛❧&❤ ✐ ❞❡✜♥❡❞ ❛ ✿

Aj,t = Bj,t + Pt

ˆ 1

0
[Qt(i) +Dt(i)]Sj,t(i)di, for j < t. ✭✷✮

❚❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧&❤ Aj,t ✐ ❡♥&/✉ &❡❞ &♦ ❛ ❧✐❢❡ ✐♥ ✉/❛♥❝❡ ❝♦♠♣❛♥② &❤/♦✉❣❤ ❛♥ ✐♥ ✉/❛♥❝❡

❝♦♥&/❛❝&✱ ❛ ❞❡✜♥❡❞ ✐♥ ❨❛❛/✐ ✭✶✾✻✺✮ ❛♥❞ ❇❧❛♥❝❤❛/❞ ✭✶✾✽✺✮✳ ❋✐♥❛♥❝✐❛❧ ✇❡❛❧&❤ ❝❛//✐❡❞ ♦✈❡/ ❢/♦♠

&❤❡ ♣/❡✈✐♦✉ ♣❡/✐♦❞ ❛❧ ♦ ♣❛② ♦✛ &❤❡ ❣/♦  /❡&✉/♥ ♦♥ &❤❡ ✐♥ ✉/❛♥❝❡ ❝♦♥&/❛❝&✳ ❙✐♥❝❡  ✉❝❤ ❛

❝♦♥&/❛❝& /❡❞✐ &/✐❜✉&❡ ❛♠♦♥❣  ✉/✈✐✈❡❞ ❛❣❡♥& &❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧&❤ ♦❢ &❤❡ ♦♥❡ ✇❤♦ ❞✐❡ ❛♥❞ ✐♥

✺



♣!♦♣♦!#✐♦♥ #♦ ♦♥❡✬( ❝✉!!❡♥# ✇❡❛❧#❤✱ #♦#❛❧ ♣❡!(♦♥❛❧ ✜♥❛♥❝✐❛❧ ✇❡❛❧#❤ ✐( #❤❡!❡❢♦!❡ ❛❝❝!✉❡❞ ❜② ❛

❢❛❝#♦! ♦❢

1
1−ν ✳ ❆# #❤❡ ♣❡!✐♦❞ t✱ #❤❡ #♦#❛❧ ✜♥❛♥❝✐❛❧ ✇❡❛❧#❤ ♦❢ #❤❡ jth ❝♦❤♦!# Ωj,t ✐( ❣✐✈❡♥ ❜② Aj,t

✇✐#❤ j < t✱ ✇❡✐❣❤#❡❞ ❜② #❤❡ ❢❛❝#♦!

1
1−ν !❡♣!❡(❡♥#✐♥❣ #❤❡ ❣!♦(( !❡#✉!♥ ♣❡! ✉♥✐# ♦♥ #❤❡ ✐♥(✉!❛♥❝❡

❝♦♥#!❛❝# ✇❤✐❧❡ #❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧#❤ ♦❢ ♥❡✇❝♦♠❡!( ✐( (✐♠♣❧② Aj,t ✇✐#❤ j = t✳ ❲❡ ❤❛✈❡ #❤✉(

Ωj,t =











Aj,t

1−ν for j < t

Aj,t = 0 for j = t











✭✸✮

❚❤❡ ❤❡#❡!♦❣❡♥❡✐#② ♦❢ ✇❡❛❧#❤ ❛❝!♦(( ❝♦❤♦!#( ✐( ❛ ❦❡② ❢❡❛#✉!❡ ♦❢ #❤❡ ♠♦❞❡❧✳ ❚❤❡ ❛((✉♠♣#✐♦♥

♦❢ ❝♦♥(#❛♥# #✉!♥♦✈❡! ✐♥ ♠❛!❦❡#( ❛( ✇❡❧❧ ❛( #❤❡ ❛❜(❡♥❝❡ ♦❢ ❜❡@✉❡(#( ❛♥❞ ❛♥② ✇❡❛❧#❤✲❡@✉❛❧✐③✐♥❣

✜(❝❛❧ #!❛♥(❢❡! ❡♥(✉!❡ ❛ ♥♦♥✲❞❡❣❡♥❡!❛#❡ ❞✐(#!✐❜✉#✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧ ✇❡❛❧#❤ ❛❝!♦(( ❝♦❤♦!#( ❛♥❞ ❤❡♥❝❡

#❤✐( ❤❡#❡!♦❣❡♥❡✐#② ❛( ✐♥ ❇❧❛♥❝❤❛!❞ ✭✶✾✽✺✮✳ ❙✉❝❤ ❤❡#❡!♦❣❡♥❡✐#② ✐( !❡(♣♦♥(✐❜❧❡ ❢♦! #❤❡ (#!✉❝#✉!❛❧

❧✐♥❦❛❣❡ ❜❡#✇❡❡♥ (#♦❝❦ ♣!✐❝❡( ❛♥❞ !❡❛❧ ❛❝#✐✈✐#② #❤!♦✉❣❤ #❤❡ ❛❣❣!❡❣❛#❡ ❞❡♠❛♥❞✳

❚❤❡ !❡♣!❡(❡♥#❛#✐✈❡ ❝♦♥(✉♠❡! ♦❢ #❤❡ jth ❝♦❤♦!# ❛# ♣❡!✐♦❞ t ❛##❡♠♣#( #♦ ♠❛①✐♠✐③❡ ✭✶✮ (✉❜❥❡❝#

#♦ #❤❡ ❜✉❞❣❡# ❝♦♥(#!❛✐♥#✿

PtCj,t + Et {Ft,t+1Bj,t+1}+ Pt

ˆ 1

0
Qt(i)Sj,t+1(i)di ≤WtNj,t − PtTj,t +Ωj,t ✭✹✮

✇❤❡!❡ Et {Ft,t+1Bj,t+1} ✐( #❤❡ ♣♦!#❢♦❧✐♦ ♦❢ (#❛#❡✲❝♦♥#✐♥❣❡♥# ❝❧❛✐♠(✱ Ft,t+1 ✐( #❤❡ ❝♦♠♠♦♥

(#♦❝❤❛(#✐❝ ❞✐(❝♦✉♥# ❢❛❝#♦!✱ ❛♥❞ Pt #❤❡ ♣!✐❝❡ ✐♥❞❡① ♦❢ ✜♥❛❧ ♦✉#♣✉#✳ ❚❤❡ ❤♦✉(❡❤♦❧❞ ♣❛②( ❧✉♠♣✲

(✉♠ #❛①❡( PtTj,t #♦ #❤❡ ❣♦✈❡!♥♠❡♥# ❛♥❞ ❡❛!♥( WtNj,t ❢!♦♠ ✇♦!❦✐♥❣ ✐♥ #❤❡ ♣!♦❞✉❝#✐✈❡ (❡❝#♦!✳

❚❤❡ ♦♣#✐♠❛❧ ❞❡❝✐(✐♦♥ ♦❢ #❤❡ ❤♦✉(❡❤♦❧❞ ♠✉(# ❜❡ ❝♦♥(✐(#❡♥# ✇✐#❤ ❛ (#❛♥❞❛!❞ ♥♦♥✲M♦♥③✐ ❣❛♠❡

❝♦♥❞✐#✐♦♥ ✭♦! #!❛♥(✈❡!(❛❧✐#② ❝♦♥❞✐#✐♦♥✮✱ ✐✳❡✳✱ lim
k→∞

Et

[

Ft,t+k (1− ν)k Ωj,t+k

]

= 0.✹ ❉✐✛❡!❡♥#✐❛#✲

✐♥❣ #❤❡ ✜!(#✲♦!❞❡! ❝♦♥❞✐#✐♦♥( ♦❢ #❤❡ !❡♣!❡(❡♥#❛#✐✈❡ ❤♦✉(❡❤♦❧❞✬( ♠❛①✐♠✐③❛#✐♦♥ ♣!♦❜❧❡♠✱ (✉❜❥❡❝#

✹

❚❤✐# ❝♦♥❞✐(✐♦♥ ✐# #✉✣❝✐❡♥( (♦ ✇❛..❛♥( (❤❡ ❡①✐#(❡♥❝❡ ♦❢ ❛♥ ♦♣(✐♠❛❧ ♣❛(❤ ✉♥❞❡. (❤❡ ✉#✉❛❧ ❛##✉♠♣(✐♦♥# ✐♠♣♦#❡❞

♦♥ ❛ (✐♠❡✲✈❛.②✐♥❣ ✉(✐❧✐(② ❢✉♥❝(✐♦♥✳

✻



 ♦ ✭✹✮✱ ②✐❡❧❞+✿

δCj,t
1−Nj,t

=
Wt

Pt
, ✭✺✮

Ft,t+1 =
βCj,tPt

Cj,t+1Pt+1
, ✭✻✮

PtQt (i) = Et {Ft,t+1Pt+1 [Qt+1(i) +Dt+1 (i)]} , ∀i ∈ [0, 1] . ✭✼✮

❊1✉❛ ✐♦♥ ✭✺✮ ✐+  ❤❡ ✐♥ 6❛✲ ❡♠♣♦6❛❧ ♦♣ ✐♠❛❧✐ ② ❝♦♥❞✐ ✐♦♥ ✇✐ ❤ 6❡+♣❡❝  ♦ ❝♦♥+✉♠♣ ✐♦♥ ❛♥❞

❧❡✐+✉6❡ ❛♥❞ +❤♦✇+  ❤❛  ❤❡ ♠❛6❣✐♥❛❧ +✉❜+ ✐ ✉ ✐♦♥ 6❛ ❡ ❜❡ ✇❡❡♥ ❝♦♥+✉♠♣ ✐♦♥ ❛♥❞ ❧❡✐+✉6❡ ✐+ ❡1✉❛❧

 ♦ 6❡❛❧ ✇❛❣❡✳ ❊1✉❛ ✐♦♥ ✭✻✮ 6❡♣6❡+❡♥ +  ❤❡ ✐♥ ❡6✲ ❡♠♣♦6❛❧ ❝♦♥❞✐ ✐♦♥ ✇✐ ❤ 6❡+♣❡❝  ♦ ❜♦♥❞+ ❛♥❞

❣✐✈❡+  ❤❡ ❞❡✜♥✐ ✐♦♥ ♦❢  ❤❡ + ♦❝❤❛+ ✐❝ ❞✐+❝♦✉♥ ❢❛❝ ♦6✳ ❊1✉❛ ✐♦♥ ✭✼✮✱ 6❡+✉❧ ✐♥❣ ❢6♦♠  ❤❡ ✐♥ ❡6✲

 ❡♠♣♦6❛❧ ❝♦♥❞✐ ✐♦♥ ✇✐ ❤ 6❡+♣❡❝  ♦ + ♦❝❦ ♣6✐❝❡+✱ ✐+  ❤❡ ♣6✐❝✐♥❣ ❡1✉❛ ✐♦♥ ❢♦6  ❤❡ ❡1✉✐ ② +❤❛6❡

 ❤❛  ❤❡ ith ✜6♠ ✐++✉❡+✳

■♥ 6♦❞✉❝✐♥❣  ❤❡ ✐♥❞✐✈✐❞✉❛❧ ✇❡❛❧ ❤ ❞❡✜♥❡❞ ✐♥ ✭✷✮✲✭✸✮ ❛♥❞ ✭✼✮✱  ❤❡ ❜✐♥❞✐♥❣ ❜✉❞❣❡ ❝♦♥+ 6❛✐♥ 

❢♦6  ❤❡ 6❡♣6❡+❡♥ ❛ ✐✈❡ ❛❣❡♥ ❝❛♥ ❜❡ 6❡✇6✐  ❡♥ ❛+ ❛ + ♦❝❤❛+ ✐❝ ❞✐✛❡6❡♥❝❡ ❡1✉❛ ✐♦♥ ✐♥ Ωj,t✿

PtCj,t + (1− ν)Et {Ft,t+1Ωj,t+1} =WtNj,t − PtTj,t +Ωj,t. ✭✽✮

❇② ✐ ❡6❛ ✐♥❣ Ωj,t+1 ❢♦6✇❛6❞ ❛♥❞ ✉+✐♥❣  ❤❡ ♥♦♥✲I♦♥③✐ ❣❛♠❡ ❝♦♥❞✐ ✐♦♥✱ ✭✽✮ ②✐❡❧❞+  ❤❛ ✐♥❞✐✈✐❞✉❛❧

❝♦♥+✉♠♣ ✐♦♥ ✐+ ❛ ❧✐♥❡❛6 ❢✉♥❝ ✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧ ❛♥❞ ♥♦♥✲✜♥❛♥❝✐❛❧ ✇❡❛❧ ❤✳ ❉❡♥♦ ❡ ♥♦♥✲✜♥❛♥❝✐❛❧

✇❡❛❧ ❤ ❜② Hj,t ≡ Et
∑

∞

k=0Ft,t+k(1− ν)k (Wt+kNj,t+k − Pt+kTj,t+k)✳ ■ ❢♦❧❧♦✇+✿

PtCj,t = [1− β(1− ν)] (Ωj,t +Hj,t) ✭✾✮

✇❤❡6❡  ❤❡  ❡6♠ [1− β(1− ν)] 6❡♣6❡+❡♥ +  ❤❡ ♠❛6❣✐♥❛❧ ♣6♦♣❡♥+✐ ②  ♦ ❝♦♥+✉♠❡ ♦✉ ♦❢  ♦ ❛❧

✇❡❛❧ ❤✳

✷✳✷ ❚❤❡ ♣&♦❞✉❝❡&+

❚❤❡ +✉♣♣❧② +✐❞❡ ♦❢  ❤❡ ❡❝♦♥♦♠② ✐+ ❝♦♠♣♦+❡❞ ♦❢ ❛ 6❡ ❛✐❧ +❡❝ ♦6 ❛♥❞ ❛ ✇❤♦❧❡+❛❧❡ +❡❝ ♦6✳ I6✐❝❡+ ✐♥

 ❤❡ 6❡ ❛✐❧ +❡❝ ♦6 ❛6❡ ♣❡6❢❡❝ ❧② ✢❡①✐❜❧❡✳ ❚❤❡ 6❡ ❛✐❧ +❡❝ ♦6 ✐+ ❝❤❛6❛❝ ❡6✐③❡❞ ❜② ♣❡6❢❡❝ ❝♦♠♣❡ ✐ ✐♦♥

✼



❛♥❞ ♣$♦❞✉❝❡) *❤❡ ✜♥❛❧ ❝♦♥)✉♠♣*✐♦♥ ❣♦♦❞ Yt ♦✉* ♦❢ ❛ ❝♦♥*✐♥✉✉♠ ♦❢ ✐♥*❡$♠❡❞✐❛*❡ ❣♦♦❞)✱ ✇✐*❤

❛ ♣$♦❞✉❝*✐♦♥ *❡❝❤♥♦❧♦❣② ❞❡)❝$✐❜❡❞ ❜② Yt =
[

´ 1

0
Yt(i)

(ǫ−1)di
]ǫ/ǫ−1

, ✇❤❡$❡ ǫ > 1 )*❛♥❞) ❢♦$ *❤❡

❡❧❛)*✐❝✐*② ♦❢ )✉❜)*✐*✉*✐♦♥ ❜❡*✇❡❡♥ ❛♥② *✇♦ ✈❛$✐❡*✐❡) ♦❢ ✐♥*❡$♠❡❞✐❛*❡ ❣♦♦❞)✳ ❚❤❡ ♦♣*✐♠❛❧ ❞❡♠❛♥❞

❢♦$ *❤❡ ✐♥*❡$♠❡❞✐❛*❡ ❣♦♦❞ i ✐) ❣✐✈❡♥ ❜② Yt(i) =
(

Pt(i)
Pt

)

−ǫ
Yt, ❛♥❞ Pt =

[

´ 1

0
Pt(i)

1−ǫdi
]1/(1−ǫ)

✐)

*❤❡ ♣$✐❝❡ ♦❢ *❤❡ ✜♥❛❧ ❣♦♦❞✳

❚❤❡$❡ ✐) ❛ ❝♦♥*✐♥✉✉♠ ♦❢ ✜$♠) ✐♥❞❡①❡❞ ❜② i✱ ❢♦$ i ∈ [0, 1] ✐♥ *❤❡ ✇❤♦❧❡)❛❧❡ )❡❝*♦$✳ ❚♦

♣$♦❞✉❝❡ *❤❡ ith ✈❛$✐❡*② ♦❢ ❛ ❝♦♥*✐♥✉✉♠ ♦❢ ❞✐✛❡$❡♥*✐❛*❡❞ ✐♥*❡$♠❡❞✐❛*❡ ❣♦♦❞)✱ *❤❡ ✇❤♦❧❡)❛❧❡

$❡♣$❡)❡♥*❛*✐✈❡ ✜$♠ i ❤✐$❡) ❧❛❜♦$ ❢$♦♠ ❛ ❝♦♠♣❡*✐*✐✈❡ ❧❛❜♦$ ♠❛$❦❡*✳ ❖♥❝❡ ♣$♦❞✉❝❡❞✱ *❤❡)❡ ❣♦♦❞)

❛$❡ )♦❧❞ *♦ $❡*❛✐❧❡$)✳ ❚♦ *❤❡ ❞✐✛❡$❡♥❝❡ ♦❢ *❤❡ $❡*❛✐❧ )❡❝*♦$✱ *❤❡ ✇❤♦❧❡)❛❧❡ )❡❝*♦$ ✐) ❝❤❛$❛❝*❡$✐③❡❞

❜② ♠♦♥♦♣♦❧✐)*✐❝ ❝♦♠♣❡*✐*✐♦♥ ❛♥❞ ♥♦♠✐♥❛❧ $✐❣✐❞✐*✐❡) ✐♥ ♣$✐❝❡ )❡**✐♥❣✳ ❋✐$♠) ✉)❡ ❛ )✐♠♣❧❡ ❧✐♥❡❛$

*❡❝❤♥♦❧♦❣②✿ Yt(i) = ZtNt(i)✱ ✇❤❡$❡ *❤❡ ❛❣❣$❡❣❛*❡ *♦*❛❧ ❢❛❝*♦$ ♣$♦❞✉❝*✐✈✐*② Zt ✐) )*♦❝❤❛)*✐❝✳

◆♦♠✐♥❛❧ $✐❣✐❞✐*✐❡) ❛$❡ ✐♥*$♦❞✉❝❡❞ ✈✐❛ *❤❡ ❈❛❧✈♦✬) )*❛❣❣❡$❡❞ ♣$✐❝❡ )❡**✐♥❣ ✇❤❡$❡ ♦♣♣♦$*✉♥✐✲

*✐❡) *♦ ❛❞❥✉)* ♦❝❝✉$ ❢♦❧❧♦✇✐♥❣ ❛♥ ❡①♦❣❡♥♦✉) E♦✐))♦♥ ♣$♦❝❡))✳ ❊❛❝❤ ✜$♠ ✐♥ *❤❡ ✇❤♦❧❡)❛❧❡ )❡❝*♦$

♦♣*✐♠❛❧❧② ✉♣❞❛*❡) ✐*) ♣$✐❝❡ ✇✐*❤ ♣$♦❜❛❜✐❧✐*② (1 − θ) ✐♥ ❛♥② ❣✐✈❡♥ ♣❡$✐♦❞ t ❜② ♠❛①✐♠✐③✐♥❣ *❤❡

❡①♣❡❝*❡❞ ♣$❡)❡♥* ❞✐)❝♦✉♥*❡❞ ✈❛❧✉❡ ♦❢ ♣$♦✜*)✳ ❋✐$♠) ❤❛✈❡ *❤❡ )❛♠❡ $❡❛❧ ♠❛$❣✐♥❛❧ ❝♦)*) ❣✐✈❡♥

❜② MCt = (1 − l) Wt

ZtPt
✱ ✇❤❡$❡ l ✐) *❤❡ ❣♦✈❡$♥♠❡♥*✬) ❧❛❜♦$ )✉❜)✐❞② *❤❛* ✐) ❛))✉♠❡❞ *♦ ❜❡ ③❡$♦

❤❡♥❝❡❢♦$*❤✳

✺

❚❤❡ ith ✜$♠ )❡*) *❤❡ ♦♣*✐♠❛❧ ♣$✐❝❡ P ∗

t (i) *♦ ♠❛①✐♠✐③❡

Et

∞
∑

k=0

θkFt,t+kYt+k(i) (P
∗

t (i)− Pt+kMCt+k) ,

❣✐✈❡♥ *❤❡ ❞❡♠❛♥❞ ❝♦♥)*$❛✐♥* Yt+k(i) =
(

P ∗
t (i)
Pt+k

)

−ǫ
Yt+k. ❚❤❡ ❧❛$❣❡$ ✐) *❤❡ ❡❧❛)*✐❝✐*② ♦❢ )✉❜✲

)*✐*✉*✐♦♥ ǫ✱ *❤❡ )♠❛❧❧❡$ *❤❡ ♠❛$❦❡* ♣♦✇❡$ ❢♦$ ♠♦♥♦♣♦❧✐)*✐❝❛❧❧② ❝♦♠♣❡*✐*✐✈❡ ✇❤♦❧❡)❛❧❡ ✜$♠)✳

❚❤❡$❡❢♦$❡✱ $❡❛❧ ❞✐✈✐❞❡♥❞) ❞✐)*$✐❜✉*❡❞ ❜② *❤❡ ith ✜$♠ ❛♥❞ *❤❡ $❡❧❛*❡❞ )*♦❝❦ ♣$✐❝❡) ❛$❡ ✐♥✈❡$)❡❧②

$❡❧❛*❡❞ *♦ ǫ✳ ❚❤❡ ♣$✐❝❡ )❡**✐♥❣ ♣$♦❜❧❡♠ ✐♥ *❤❡ ✇❤♦❧❡)❛❧❡ )❡❝*♦$ ✐♠♣❧✐❡) *❤❛* P ∗

t (i) = P ∗

t ✱ ✐✳❡✳✱

❛❧❧ ✜$♠) *❤❛* ❤❛✈❡ *❤❡ ♦♣♣♦$*✉♥✐*② *♦ ✉♣❞❛*❡ *❤❡✐$ ♣$✐❝❡ ✇✐❧❧ )❡* *❤❡ )❛♠❡ ♣$✐❝❡ P ∗

t .

✺

❆! ✐♥❞✐❝❛'❡❞ ✐♥ ❆✐)❛✉❞♦ ❡' ❛❧✳ ✭✷✵✶✺✮✱ '❤❡ ❧❛❜♦) !✉❜!✐❞② ✐! !❡' '♦ ❡8✉❛'❡ '❤❡ )❡❛❧ ✇❛❣❡ '♦ '❤❡ ♠❛)❣✐♥❛❧

♣)♦❞✉❝'✐✈✐'② ♦❢ ❧❛❜♦)✳ ❚❤✐! )❛'❤❡) !'❛♥❞❛)❞ ❛!!✉♠♣'✐♦♥ ✐♥ '❤❡ ◆❡✇ ❑❡②♥❡!✐❛♥ ❧✐'❡)❛'✉)❡ ❡♥!✉)❡! '❤❛' '❤❡ !'❡❛❞②✲

!'❛'❡ ❋)✐!❝❤ ❡❧❛!'✐❝✐'② ♦❢ ❧❛❜♦) ✐! ✐♥❞❡♣❡♥❞❡♥' ♦❢ '❤❡ ❡❧❛!'✐❝✐'② ♦❢ !✉❜!'✐'✉'✐♦♥ ❜❡'✇❡❡♥ ❣♦♦❞!✳ ❊❧✐♠✐♥❛'✐♥❣ !✉❝❤

!✉❜!✐❞② ✇✐❧❧ ♥♦' ❝❤❛♥❣❡ '❤❡ ♠❛✐♥ )❡!✉❧'!✳

✽



✷✳✸ ❆❣❣%❡❣❛(✐♦♥

■♥ ❡❛❝❤ ♣❡'✐♦❞✱ ❛ ❢'❛❝-✐♦♥ ν ♦❢ ❡❛❝❤ ❝♦❤♦'- ❧❡❛✈❡0 -❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ♣♦♣✉❧❛-✐♦♥ 0✐③❡ '❡♠❛✐♥0 ❝♦♥✲

0-❛♥- ♦✈❡' -✐♠❡ ❣✐✈❡♥ -❤❛- -❤❡ ❢'❛❝-✐♦♥ ♦❢ -❤❡ ♣♦♣✉❧❛-✐♦♥ -❤❛- ❡①✐-0 ✐0 0✉❜0-✐-✉-❡❞ ❜② ❛♥ ❡;✉❛❧❧②

0✐③❡❞ ❝♦❤♦'- ♦❢ ♥❡✇❝♦♠❡'0✳ ❚❤❡ 0✐③❡ ❛- ♣❡'✐♦❞ t ♦❢ -❤❡ ❝♦❤♦'- -❤❛- ❡♥-❡'❡❞ -❤❡ ♠❛'❦❡- ❛- ❡❛'❧✐❡'

0-❛❣❡ (j ≤ t) ✐0 ν (1− ν)t−j ✳ ❚❤❡ ❛❣❣'❡❣❛-♦' ✐0 -❤✉0 ❞❡✜♥❡❞ ❛0✿ Xt =
∑t

j=−∞
ν (1− ν)t−j Xj,t

❢♦' X = C, N, B, T, H✳

❉❡♥♦-❡ ❜② Dt ≡
´ 1
0 Dt(i)di✱ ❛♥❞ Qt ≡

´ 1
0 Qt(i)S(i)di -❤❡ ❛❣❣'❡❣❛-❡ ❞✐✈✐❞❡♥❞0 ❛♥❞ -❤❡

❝❛♣✐-❛❧✐③❛-✐♦♥ ♦❢ ❛❧❧ 0-♦❝❦0✱ '❡0♣❡❝-✐✈❡❧②✳ ❚❤❡ ❛❣❣'❡❣❛-✐♦♥ ❛❝'♦00 ❝♦❤♦'-0 ✉0✐♥❣ ❡;✉❛-✐♦♥0 ✭✺✮✱

✭✼✮ ❛♥❞ ✭✾✮ ❧❡❛❞0 -♦✿

δCt
1−Nt

=
Wt

Pt
✭✶✵✮

Qt = Et {Ft,t+1Πt+1 [Qt+1 +Dt+1]} , ✭✶✶✮

PtCt = [1− β (1− ν)] (Ωt +Ht) , ✭✶✷✮

✇❤❡'❡ ❛❣❣'❡❣❛-❡ ✇❡❛❧-❤ Ωt ✐0 ❞❡✜♥❡❞ ❛0 Ωt ≡ Bt + Pt
´ 1
0 [Qt(i) +Dt(i)]St(i)di ❛♥❞ Πt =

Pt

Pt−1

✐0 -❤❡ ❣'♦00 ✐♥✢❛-✐♦♥ '❛-❡✳

❚❤❡ ❛❣❣'❡❣❛-❡ ❜✐♥❞✐♥❣ ❜✉❞❣❡- ❝♦♥0-'❛✐♥- ✐0✿

PtCt + Et {Ft,t+1Ωt+1} =WtNt − PtTt +Ωt. ✭✶✸✮

❋✐♥❛❧❧②✱ ✭✶✷✮✲✭✶✸✮ ❛♥❞ -❤❡ ❞❡✜♥✐-✐♦♥ ♦❢ Ht ❛❧❧♦✇ ❞❡✜♥✐♥❣ ❛ 0-♦❝❤❛0-✐❝ ❞✐✛❡'❡♥❝❡ ❡;✉❛-✐♦♥

♦❢ ❛❣❣'❡❣❛-❡ ❝♦♥0✉♠♣-✐♦♥✿

β(1− ν)

1− β(1− ν)
PtCt = νEt {Ft,t+1Ωt+1}+

1− ν

1− β(1− ν)
Et {Ft,t+1Pt+1Ct+1} . ✭✶✹✮

❚❤❡ ✜'0- -❡'♠ ♦♥ -❤❡ '✐❣❤-✲❤❛♥❞ 0✐❞❡ ♦❢ ✭✶✹✮ 0-❛♥❞0 ❢♦' -❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧-❤ ❡✛❡❝-0✳ ❙✉❝❤

❡✛❡❝-0 ✈❛♥✐0❤ ❛0 -❤❡ ♣'♦❜❛❜✐❧✐-② ♦❢ ❡①✐-✐♥❣ -❤❡ ♠❛'❦❡- ✭ν✮ -❡♥❞0 -♦ ③❡'♦✳ ❋♦' 0✐♠♣❧✐❝✐-②✱ ✇❡

❛00✉♠❡ ❤❡'❡❛❢-❡' -❤❛- St(i) = 1 ❢♦' ❛❧❧ i ∈ [0, 1]✱ ❛♥❞ 0-❛-❡✲❝♦♥-✐♥❣❡♥- ❜♦♥❞0 ❛'❡ ✐♥ ③❡'♦ ♥❡-

0✉♣♣❧② ✐♥ ❡✈❡'② ♣❡'✐♦❞✱ ✐✳❡✳✱ Bt = 0✳ ❚❤❡0❡ ❛00✉♠♣-✐♦♥0✱ -♦❣❡-❤❡' ✇✐-❤ ❛ ❝♦♥0-❛♥- 0-♦❝❦ ♦❢

0❤❛'❡0 ✐00✉❡❞ ❜② ❛❧❧ ✜'♠0✱ ②✐❡❧❞✿ Ωt = Pt(Qt +Dt).

✾



❋♦"✇❛"❞✐♥❣ )❤❡ ❧❛-) ❡.✉❛)✐♦♥ ✐♥)♦ )❤❡ ♥❡①) ♣❡"✐♦❞ ❛♥❞ ✉-✐♥❣ ✭✶✶✮✱ ✇❡ ❣❡) Et {Ft,t+1Ωt+1} =

Et {Ft,t+1Pt+1(Qt+1 +Dt+1)} = PtQt✳ ❈♦♠❜✐♥✐♥❣ )❤✐- "❡-✉❧) ❛♥❞ ✭✶✹✮ ❧❡❛❞- )♦

β(1− ν)

1− β(1− ν)
Ct = νQt +

1− ν

1− β(1− ν)
Et {Ft,t+1Πt+1Ct+1} , ✭✶✺✮

❚❤❡ ✜"-) )❡"♠ νQt ♦♥ )❤❡ "✐❣❤)✲❤❛♥❞ -✐❞❡ ♦❢ ✭✶✺✮ ❧✐♥❦- )❤❡ -)♦❝❦ ♠❛"❦❡) )♦ )❤❡ "❡❛❧ -✐❞❡ ♦❢

)❤❡ ❡❝♦♥♦♠②✳ ❋♦❧❧♦✇✐♥❣ ❆✐"❛✉❞♦ ❡) ❛❧✳ ✭✷✵✶✺✮✱ ✐) ✐- "❡❢❡""❡❞ )♦ ❛- )❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧)❤ ❝❤❛♥♥❡❧✳

❚❤✉-✱ ❛ ♣♦-✐)✐✈❡ )✉"♥♦✈❡" ν > 0 ♠❡❛♥- )❤❛) )❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧)❤ ❞✐-)♦")- )❤❡ ❝♦♥-✉♠♣)✐♦♥

♣❛)❤✳

❲❡ ❛--✉♠❡ )❤❛)

Et {Ft,t+1} =
1

Rt
, ✭✶✻✮

✇✐)❤ Rt ❞❡♥♦)✐♥❣ )❤❡ "✐-❦❧❡-- ♥♦♠✐♥❛❧ ✐♥)❡"❡-) "❛)❡ -♦ )❤❛) )❤❡"❡ ✐- ♥♦ ❛"❜✐)"❛❣❡ ❜❡)✇❡❡♥ -)♦❝❦-

❛♥❞ -)❛)❡✲❝♦♥)✐♥❣❡♥) ❜♦♥❞- ✇❤❡♥ )❤❡ ✜♥❛♥❝✐❛❧ ♠❛"❦❡) ✐- ✐♥ ❡.✉✐❧✐❜"✐✉♠✳

❚❤❡ ♠❛"❦❡) ❝❧❡❛"✐♥❣ ❝♦♥❞✐)✐♦♥- ✐♥ )❤✐- ❡❝♦♥♦♠② ❛"❡ ✈❡"✐✜❡❞ ✇❤❡♥ )❤❡ ❝♦♥-✉♠♣)✐♦♥ ❡.✉❛❧-

)❤❡ ♦✉)♣✉) ❣❛♣✱ ✐✳❡✳✱ Ct = Yt, ❛♥❞ ✇❤❡♥ )❤❡ ❛❣❣"❡❣❛)❡ ❧❛❜♦" ❞❡♠❛♥❞ ❢♦" ✇❤♦❧❡-❛❧❡ ✜"♠- ✐-

❡.✉❛❧ )♦ )❤❡ ❧❛❜♦" -✉♣♣❧②✳ ❙✐♥❝❡ ❞✐✈✐❞❡♥❞- ❛"❡ ❡.✉❛❧ )♦ ❝♦"♣♦"❛)❡ ♣"♦✜)- ✐♥ )❤❡ ✇❤♦❧❡-❛❧❡

-❡❝)♦"✱ )❤❡♥ Dt = Yt(1−MCt).

✷✳✹ ❚❤❡ ❧✐♥❡❛*✐③❡❞ ♠♦❞❡❧

❚❤❡ ❧✐♥❡❛"✐③❡❞ ♠♦❞❡❧ ✐- ♦❜)❛✐♥❡❞ ❜② ❧♦❣✲❧✐♥❡❛"✐③✐♥❣ )❤❡ ♣"❡✈✐♦✉- ❡.✉✐❧✐❜"✐✉♠ ❝♦♥❞✐)✐♦♥- ❛"♦✉♥❞

)❤❡ ✉♥✐.✉❡ ♥♦♥✲-)♦❝❤❛-)✐❝ -)❡❛❞② -)❛)❡✳ ▲♦✇❡" ❝❛-❡ ❧❡))❡"- ❞❡♥♦)❡ ♣❡"❝❡♥)❛❣❡ ❞❡✈✐❛)✐♦♥- ♦❢

)❤❡ ♦"✐❣✐♥❛❧ ✈❛"✐❛❜❧❡ ❢"♦♠ ✐)- "❡-♣❡❝)✐✈❡ -)❡❛❞②✲-)❛)❡ ✈❛❧✉❡✱ ✐✳❡✳✱ y = log (Yt/Y )✳ ❚❤❡ "❡❞✉❝❡❞

-)"✉❝)✉"❛❧ ♠♦❞❡❧ ✐- ❝♦♠♣♦-❡❞ ♦❢ ❡.✉❛)✐♦♥- "❡♣"❡-❡♥)✐♥❣ )❤❡ ❞❡♠❛♥❞✲-✐❞❡✱ -✉♣♣❧②✲-✐❞❡✱ ❛♥❞

✜♥❛♥❝✐❛❧ -✐❞❡ ♦❢ )❤❡ ❡❝♦♥♦♠②✳

❚❤❡ ◆❡✇ ❑❡②♥❡-✐❛♥ N❤✐❧✐♣- ❝✉"✈❡ ✐- ♦❜)❛✐♥❡❞ ✉-✐♥❣ )❤❡ ❧♦❣✲❧✐♥❡❛"✐③❡❞ ❢♦"♠ ♦❢ )❤❡ -♦❧✉)✐♦♥

♦❢ )❤❡ ♦♣)✐♠❛❧ ♣"✐❝❡ -❡))✐♥❣ ♣"♦❜❧❡♠ ✐♥ )❤❡ ✐♥)❡"♠❡❞✐❛)❡ ❣♦♦❞ -❡❝)♦"✱ )❤❡ ❞❡✜♥✐)✐♦♥ ♦❢ "❡❛❧

✶✵



♠❛"❣✐♥❛❧ ❝♦)*) ❛♥❞ ❡-✉❛*✐♦♥ ✭✶✵✮✿

πt = β̃E∗

t πt+1 + κ (1 + χ) (xt − zt) ✭✶✼✮

✇❤❡"❡ E∗

t ✐) *❤❡ ❡①♣❡❝*❛*✐♦♥ ♦♣❡"❛*♦" *❤❛* )*✐♣✉❧❛*❡) *❤❛* ♣"✐✈❛*❡ ❛❣❡♥*)✬ ❡①♣❡❝*❛*✐♦♥) ❛"❡

❝♦♥❞✐*✐♦♥❛❧ ♦♥ ✐♥❢♦"♠❛*✐♦♥ )❡* ❛✈❛✐❧❛❜❧❡ ❛* *✐♠❡ t✱ ✇✐*❤ *❤❡ ❛)*❡"✐)❦ ✐♥❞✐❝❛*✐♥❣ *❤❛* *❤❡)❡

❛❣❡♥*) ❝❛♥ ❢♦"♠ ❘❊ ♦" ♥♦*✱ πt *❤❡ ✐♥✢❛*✐♦♥ "❛*❡✱ β̃ ≡ β
1+ψ ✇✐*❤ β ∈ (0, 1)✱ xt = yt − yn

*❤❡ ♦✉*♣✉* ❣❛♣ ❜❡*✇❡❡♥ *❤❡ ❛❝*✉❛❧ ♦✉*♣✉* ❛♥❞ *❤❡ ✢❡①✐❜❧❡ ♣"✐❝❡ ❡-✉✐❧✐❜"✐✉♠ ♦✉*♣✉*✱ ❛♥❞ zt

❛♥ ✐✳✐✳❞✳ *❡❝❤♥♦❧♦❣② )❤♦❝❦✳ ❚❤❡ ❝♦❡✣❝✐❡♥* κ (1 + χ)✱ ✇✐*❤ κ ≡
(1−θ)

(

1−θβ̃
)

θ ❛♥❞ χ ≡ N
1−N ✱

♠❡❛)✉"❡) *❤❡ ♦✉*♣✉*✲❣❛♣ ❡❧❛)*✐❝✐*② ❢♦" ✐♥✢❛*✐♦♥ ❛♥❞ ❝❛♣*✉"❡) *❤❡ ❡✛❡❝*) ♦❢ *❤❡ ♦✉*♣✉* ❣❛♣ ♦♥

"❡❛❧ ♠❛"❣✐♥❛❧ ❝♦)*) ❛♥❞ *❤✉) ♦♥ ✐♥✢❛*✐♦♥✳ ❚❤❡ ❝♦♠♣♦)✐*❡ ♣❛"❛♠❡*❡" χ ✐) *❤❡ ✐♥✈❡")❡ ♦❢ *❤❡

)*❡❛❞②✲)*❛*❡ ❋"✐)❝❤ ❡❧❛)*✐❝✐*② ♦❢ ❧❛❜♦" )✉♣♣❧②✳

▲♦❣✲❧✐♥❡❛"✐③✐♥❣ ✭✶✺✮✱ ✭✶✻✮✱ ❛♥❞ Ct = Yt ❛♥❞ ❛""❛♥❣✐♥❣ *❤❡ "❡)✉❧*✐♥❣ ❡-✉❛*✐♦♥) ❣✐✈❡ *❤❡ ■❙

❡-✉❛*✐♦♥✿

xt =
1

1 + ψ
E∗

t xt+1 +
ψ

1 + ψ
qt −

1

1 + ψ
(rt − E∗

t πt+1) + ut, ✭✶✽✮

✇❤❡"❡ qt "❡♣"❡)❡♥*) *❤❡ ❞❡✈✐❛*✐♦♥ ♦❢ )*♦❝❦ ♣"✐❝❡) ❢"♦♠ *❤❡✐" ✢❡①✐❜❧❡✲♣"✐❝❡ ❡-✉✐❧✐❜"✐✉♠ ✈❛❧✉❡✱ ❛♥❞

ut ❛♥ ✐✳✐✳❞✳ ❛❣❣"❡❣❛*❡ ❞❡♠❛♥❞ )❤♦❝❦✳ ❚❤❡ *❡"♠

ψ
1+ψ qt ❝❛♣*✉"❡) *❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧*❤ ❝❤❛♥♥❡❧✳

❚❤❡ )*"❡♥❣*❤ ♦❢ *❤✐) ❝❤❛♥♥❡❧ ❞❡♣❡♥❞) ♦♥ *❤❡ ❝♦♠♣♦)✐*❡ ❝♦❡✣❝✐❡♥* ψ✱ ✇❤✐❝❤ ✐) ❛ ❢✉♥❝*✐♦♥ ♦❢

*❤❡ *✉"♥♦✈❡" "❛*❡ ν✿

ψ(ν) ≡ ν
1− β (1− ν)

(1− ν) ǫ

1 + r

r
> 0, ✭✶✾✮

✇❤❡"❡ r )*❛♥❞) ❢♦" *❤❡ )*❡❛❞②✲)*❛*❡ "❡❛❧ ✐♥*❡"❡)* "❛*❡ ❛♥❞ ✐) )*"✐❝*❧② ✐♥❝"❡❛)✐♥❣ ✐♥ ν✳✻✱ ψ(ν) ❤❛)

*❤❡ ❢♦❧❧♦✇✐♥❣ ♣"♦♣❡"*✐❡)✿

ψ(0) = 0 and ψ′(ν) > 0 ✭✷✵✮

❋"♦♠ *❤❡ ♣"♦♣❡"*✐❡) ❞❡)❝"✐❜❡❞ ✐♥ ✭✷✵✮✱ ✇❡ ❝❛♥ ❡❛)✐❧② ❞❡❞✉❝❡ *❤❡ "♦❧❡ ♣❧❛②❡❞ ❜② *❤❡ *✉"♥♦✈❡"

"❛*❡ ν ✐♥ ✭✶✽✮✳ ■❢ *❤❡ *✉"♥♦✈❡" "❛*❡ ✐♥ *❤❡ ♠❛"❦❡*) ✐) ♥✉❧❧✱ ✐✳❡✳✱ ν = 0✱ ✇❡ ❣❡* ψ = 0 ✱ ♠❡❛♥✐♥❣

*❤❛* ✭✶✽✮ ✇✐❧❧ )✐♠♣❧② *❛❦❡ *❤❡ )*❛♥❞❛"❞ ❢♦"♠ ✐♥ ❛ ❝❛♥♦♥✐❝❛❧ ◆❡✇ ❑❡②♥❡)✐❛♥ ♠♦❞❡❧✳ ❆ ♣♦)✐*✐✈❡

✻

❚❤❡ #♦❧✉'✐♦♥ ♦❢ r ✐# ❞❡'❡,♠✐♥❡❞ ❜② ❆✐,❛✉❞♦ ❡' ❛❧✳ ✭✷✵✶✺✮ ✐♥ ❆♣♣❡♥❞✐① ❆ ❛♥❞ ✐# ❣✐✈❡♥ ❜② r =
ǫ(1−ν)(1−β)+ν[1−β(1−ν)]+

√
Ψ

2β(1−ν)ǫ
✇✐'❤ Ψ = {ǫ (1− ν) (1− β) + ν [1− β (1− ν)]}2 + 4βǫν (1− ν) [1− β (1− ν)]✳

✶✶



 ✉"♥♦✈❡" "❛ ❡ ✭ν > 0✮ *✐❣♥✐✜❡*  ❤❛ ✜♥❛♥❝✐❛❧ ✇❡❛❧ ❤ ❞✐* ♦" *  ❤❡ ♦♣ ✐♠❛❧ ❝♦♥*✉♠♣ ✐♦♥ ♣❛ ❤✳

❚❤❡ * ♦❝❦✲♣"✐❝❡ ❞②♥❛♠✐❝* * ❡♠* ❢"♦♠  ❤❡ ❧✐♥❡❛"✐③❡❞ ❢♦"♠ ♦❢ ✭✶✶✮  ❤❛ ✐* ❝♦♠❜✐♥❡❞ ✇✐ ❤  ❤❡

❧✐♥❡❛"✐③❡❞ ❢♦"♠ ♦❢ ✭✶✵✮ ❛♥❞ ✭✶✺✮✲✭✶✻✮✱ ✇❤✐❧❡ ✉*✐♥❣ Dt = Yt(1−MCt) ❛♥❞

MCt

pt
= Wt

ZtPt
✿

qt = β̃E∗

t qt+1 − ηE∗

t xt+1 − (rt − E∗

t πt+1) + vt, ✭✷✶✮

✇❤❡"❡ η ≡ (1 − β̃) [(ǫ− 1) (1 + χ)− 1]✱ ❛♥❞ vt ✐* ❛♥ ✐✳✐✳❞✳ * ♦❝❦✲♣"✐❝❡ *❤♦❝❦✳ ❆❝❝♦"❞✐♥❣  ♦

✭✷✶✮✱ ❝✉""❡♥ * ♦❝❦ ♣"✐❝❡* qt ❛"❡ ♣♦*✐ ✐✈❡❧② "❡❧❛ ❡❞  ♦  ❤❡✐" ❢✉ ✉"❡ ❡①♣❡❝ ❡❞ ✈❛❧✉❡ E∗

t qt+1✱ ❜✉ 

♥❡❣❛ ✐✈❡❧②  ♦  ❤❡ "❡❛❧ ✐♥ ❡"❡* "❛ ❡ (rt−E∗

t πt+1) ❛♥❞  ❤❡ ❢✉ ✉"❡ ❡①♣❡❝ ❡❞ ♦✉ ♣✉ E∗

t xt+1✳ ❚❤❡

❧❛* "❡❧❛ ✐♦♥*❤✐♣ ✐* ❞✉❡  ♦  ❤❡ ❢❛❝  ❤❛ ❞✐✈✐❞❡♥❞* ❛"❡ ❝♦✉♥ ❡"✲❝②❝❧✐❝❛❧ ✐♥  ❤❡ ◆❡✇ ❑❡②♥❡*✐❛♥

❢"❛♠❡✇♦"❦ ❛**✉♠✐♥❣ ✢❡①✐❜❧❡ ✇❛❣❡* ❛❝❝♦"❞✐♥❣  ♦ ▼✐❧❛♥✐ ✭✷✵✵✽✮✳

✼

❚♦ ❝♦♠♣❧❡ ❡  ❤❡ ♠♦❞❡❧✱ ✇❡ ❛**✉♠❡  ❤❛ ♣"✐✈❛ ❡ ❛❣❡♥ * ❢♦"♠ ❡①♣❡❝ ❛ ✐♦♥* ✉*✐♥❣ ❧❡❛"♥✐♥❣

❛❧❣♦"✐ ❤♠* ✐♥ ❛❝❝♦"❞❛♥❝❡ ✇✐ ❤  ❤❡ ❧❡❛"♥✐♥❣ ❧✐ ❡"❛ ✉"❡ ♣✐♦♥❡❡"❡❞ ❜② ▼❛"❝❡ ❛♥❞ ❙❛"❣❡♥ ✭✶✾✽✾✮✳

✳ ❙✉❝❤ ❛♥ ❛**✉♠♣ ✐♦♥ ✐* ♠♦ ✐✈❛ ❡❞ ❜② ♦❜*❡"✈❡❞ ❧✐♠✐ ❡❞ "❛ ✐♦♥❛❧✐ ② ❛♠♦♥❣ ♣"✐✈❛ ❡ ❛❣❡♥ *✱ ✇❤♦

❤❛✈❡ ❛ "❡* "✐❝ ❡❞ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉  ❤❡ ♣"♦❝❡** ❣♦✈❡"♥✐♥❣  ❤❡ ❡✈♦❧✉ ✐♦♥ ♦❢ ❡♥❞♦❣❡♥♦✉* ✈❛"✐❛❜❧❡*✱

❛ ❧✐♠✐ ❡❞ ❛❝❝❡**  ♦  ❤❡ ✐♥❢♦"♠❛ ✐♦♥ ♥❡❝❡**❛"② ❢♦" ❡①♣❡❝ ❛ ✐♦♥* ❢♦"♠❛ ✐♦♥ ❛* ✇❡❧❧ ❛* ❛ ❧❛❝❦ ♦❢

*❦✐❧❧*  ♦ ✇❡❧❧ ✉*❡ *✉❝❤ ✐♥❢♦"♠❛ ✐♦♥✳ ■ ✐♠♣❧✐❡*  ❤❛ ✱  ♦ ✐♠♣"♦✈❡  ❤❡✐" ❞❡❝✐*✐♦♥*✱ ♣"✐✈❛ ❡ ❛❣❡♥ *

"❡❝✉"*✐✈❡❧② ❡* ✐♠❛ ❡ ❛ N❡"❝❡✐✈❡❞ ▲❛✇ ♦❢ ▼♦ ✐♦♥ ✭N▲▼✮ ✐♥  ❤❡ *❡♥*❡ ♦❢ ❊✈❛♥* ❛♥❞ ❍♦♥❦❛♣♦❤❥❛

✭✷✵✵✶✮✱ ✇❤✐❝❤ ✐* ❝♦♥*✐* ❡♥ ✇✐ ❤  ❤❡ ❧❛✇ ♦❢ ♠♦ ✐♦♥  ❤❛  ❤❡ ❈❇ ❢♦❧❧♦✇* ✉♥❞❡" ❘❊✱ ❜② ✉*✐♥❣  ❤❡

❞❡ ❡"♠✐♥✐* ✐❝ ❧❡❛"♥✐♥❣ ❛❧❣♦"✐ ❤♠*  ❤❛ ❢♦❧❧♦✇ ▼❛"❝❡ ❛♥❞ ◆✐❝♦❧✐♥✐ ✭✷✵✵✸✮✿

E∗

t πt+1 ≡ at = at−1 + γt(πt−1 − at−1), ✭✷✷✮

E∗

t xt+1 ≡ bt = bt−1 + γt(xt−1 − bt−1), ✭✷✸✮

E∗

t qt+1 ≡ st = st−1 + γt(qt−1 − st−1), ✭✷✹✮

✇❤❡"❡ 0 < γt < 1 ❞❡♥♦ ❡* ❛ ❞❡ ❡"♠✐♥✐* ✐❝ *❡X✉❡♥❝❡ ♦❢ ❧❡❛"♥✐♥❣ ❣❛✐♥* *♣❡❝✐❢②✐♥❣  ❤❡ *♣❡❡❞

✼

■♥ ◆✐$%✐❝'✬$ ✭✷✵✶✷✮ ♠♦❞❡❧✱ ✢❡①✐❜❧❡ ✇❛❣❡$ ✇♦✉❧❞ ❣❡♥❡;❛%❡ ❝♦✉♥%❡;❝②❝❧✐❝❛❧ ♣;♦✜%$ ❛♥❞ ❞✐✈✐❞❡♥❞$ ❛♥❞ ❤❡♥❝❡

❡①♣❧❛✐♥ %❤❡ ♥❡❣❛%✐✈❡ $✐❣♥ ❜❡❢♦;❡ η✳ ❍♦✇❡✈❡;✱ %❤❡ $✐❣♥ ❜❡❢♦;❡ η ❝♦✉❧❞ ❜❡ ♣♦$✐%✐✈❡ ✐❢ ❧❛❜♦; ;✐❣✐❞✐%✐❡$ ✇❡;❡ ❛❧❧♦✇❡❞

❢♦;✳ ❚❤✐$ ✐$ ❝♦♥%;❛;② %♦ %❤❡ ❝♦♥✈❡♥%✐♦♥❛❧ ✇✐$❞♦♠✱ ✇❤✐❝❤ ❤❛$ ✐% %❤❛% $%♦❝❦ ;❡%✉;♥$ ❛♥❞ $✉❜$❡F✉❡♥% ❣;♦✇%❤ ;❛%❡$

♦❢ ;❡❛❧ ❛❝%✐✈✐%② ❛;❡ ♣♦$✐%✐✈❡❧② ❧✐♥❦❡❞ ✭❋❛♠❛ ✶✾✾✵✮✳ ❊♠♣✐;✐❝❛❧❧②✱ %❤✐$ ;❡❧❛%✐♦♥$❤✐♣ ❤❛$ ❝♦❧❧❛♣$❡❞ ✐♥ $♦♠❡ ❝♦✉♥%;✐❡$

✐♥ %❤❡ ❡❛;❧② ✶✾✽✵$ ✭❇✐♥$✇❛♥❣❡; ✷✵✵✹✮✱ ✇❤✐❧❡ ✐% ✐$ $✉♣♣♦;%❡❞ ❜② ❚$♦✉♠❛ ✭✷✵✵✾✮ ✉$✐♥❣ ♠♦;❡ ;❡❝❡♥% ❞❛%❛✳

✶✷



♦❢ ✐♥$❡❣'❛$✐♦♥ ♦❢ ♥❡✇ ❞❛$❛ ✐♥$♦ ♣'✐✈❛$❡ ❛❣❡♥$-✬ ❡①♣❡❝$❛$✐♦♥- ✇✐$❤ ❡①♦❣❡♥♦✉- ✐♥✐$✐❛❧ ✈❛❧✉❡-

a0 ❛♥❞ b0✳ ❚❤❡ ❢❛❝$ $❤❛$ γt > 0 ♠❛❦❡- ✐$ ♣♦--✐❜❧❡ ❢♦' ♣♦❧✐❝②♠❛❦❡'- $♦ ♠❛♥✐♣✉❧❛$❡ ❢✉$✉'❡

❡①♣❡❝$❛$✐♦♥- $❤'♦✉❣❤ ♠♦♥❡$❛'② ♣♦❧✐❝②✳ ❯♥❞❡'❧②✐♥❣ $❤❡ ❛❞❛♣$✐✈❡ ❧❡❛'♥✐♥❣ ♠❡❝❤❛♥✐-♠ ✐- $❤❡

✐❞❡❛ $❤❛$ ✐♥✢❛$✐♦♥✱ ♦✉$♣✉$✲❣❛♣ ❛♥❞ -$♦❝❦✲♣'✐❝❡- ❡①♣❡❝$❛$✐♦♥- ❛'❡ ✐♥❝'❡❛-✐♥❣ ✐♥ $❤❡ ♣❛-$ ♣❡'✐♦❞

✐♥✢❛$✐♦♥✱ ♦✉$♣✉$ ❣❛♣ ❛♥❞ -$♦❝❦ ♣'✐❝❡-✱ '❡-♣❡❝$✐✈❡❧②✳

✽

❚♦ ❦❡❡♣ $❤❡ ♠♦❞❡❧ ❛♥❛❧②$✐❝❛❧❧② $'❛❝$❛❜❧❡✱

$❤✐- ♣❛♣❡' ❢♦❝✉-❡- ♦♥ $❤❡ ❝❛-❡ ✇❤❡'❡ $❤❡ ❧❡❛'♥✐♥❣ ❣❛✐♥ ✐- ❝♦♥-$❛♥$✱ ✐✳❡✳✱ γt+1 = γt = γ✳ ■$ ✐-

❢♦✉♥❞ $❤❛$ ♣'✐✈❛$❡ ❛❣❡♥$- ✇♦✉❧❞ ❜❡ ♠♦'❡ ✐♥❝❧✐♥❡❞ $♦ ✉-❡ ❛ ❝♦♥-$❛♥$✲❣❛✐♥ ❧❡❛'♥✐♥❣ ❛❧❣♦'✐$❤♠ ✐❢

$❤❡② ❜❡❧✐❡✈❡ ✐♥ ♣♦--✐❜❧❡ -$'✉❝$✉'❛❧ ❝❤❛♥❣❡- $♦ ❤❛♣♣❡♥ ✐♥ $❤❡ ♥❡❛' ❢✉$✉'❡ ❜❡❝❛✉-❡ $❤✐- ❦✐♥❞ ♦❢

❧❡❛'♥✐♥❣ ✐- ♠♦'❡ -✉✐$❛❜❧❡ $♦ $✐♠❡✲✈❛'②✐♥❣ ❡♥✈✐'♦♥♠❡♥$- ✭❊✈❛♥- ❛♥❞ ❍♦♥❦❛♣♦❤❥❛ ✷✵✵✾✮✳

✾

❚❤❡ ❣♦✈❡'♥♠❡♥$ ❛♥❞ $❤❡ -♦❝✐❡$② -❤❛'❡ ❛ ❝♦♠♠♦♥ ❧♦-- ❢✉♥❝$✐♦♥ ❞❡✜♥❡❞ ✐♥ $❡'♠- ♦❢ ✐♥✢❛$✐♦♥

❛♥❞ ♦✉$♣✉$✲❣❛♣ ✈♦❧❛$✐❧✐$②✿

LSt =
1

2
Et

+∞
∑

i=0

βi(π2t+i + αx2t+i✮, ✭✷✺✮

❚❤❡ ❣♦✈❡'♥♠❡♥$✬- ❧♦-- ❢✉♥❝$✐♦♥ '❡♣'❡-❡♥$- ❛ ✇❡✐❣❤$❡❞ ❛✈❡'❛❣❡ ♦❢ $❤❡ ✈❛'✐❛♥❝❡ ♦❢ ✐♥✢❛$✐♦♥

❛♥❞ $❤❡ ♦✉$♣✉$ ❣❛♣ ❛'♦✉♥❞ $❤❡✐' '❡-♣❡❝$✐✈❡ $❛'❣❡$✳ ❇♦$❤ $❛'❣❡$- ❛'❡ ❛--✉♠❡❞ $♦ ❜❡ ③❡'♦✳

✶✵

❚❤❡ ❣♦✈❡'♥♠❡♥$ ❞❡❧❡❣❛$❡- ♠♦♥❡$❛'② ♣♦❧✐❝② ❞❡❝✐-✐♦♥- $♦ $❤❡ ❈❇ ❛♥❞ ✐♥✢✐❝$- ❛♥ ✐♥✢❛$✐♦♥ ♣❡♥❛❧$②

✇✐$❤ ❛ '❛$❡ τ ♦♥ -$❛♥❞❛'❞ ❞❡✈✐❛$✐♦♥ ♦❢ ✐♥✢❛$✐♦♥ ❢'♦♠ ✐$- $❛'❣❡$✳ ❚❤✐- ♣❡♥❛❧$② ❝❛♥ ❜❡ -❡❡♥ ❛-

❛ ❝❧❛✉-❡ ✐♥ ❛ ♥♦♥✲❧✐♥❡❛' ❝♦♥$'❛❝$ ❜❡$✇❡❡♥ $❤❡ ❣♦✈❡'♥♠❡♥$ ❛♥❞ $❤❡ ❈❇✳ ■$ ❛✐♠- $♦ ♠♦❞✐❢② $❤❡

✐♥❝❡♥$✐✈❡- ❢♦' $❤❡ ❈❇ ❛- ❞♦❡- $❤❡ ❧✐♥❡❛' ✐♥✢❛$✐♦♥ ❝♦♥$'❛❝$ ❞✉❡ $♦ M❡'--♦♥ ❛♥❞ ❚❛❜❡❧❧✐♥✐ ✭✶✾✾✸✮

❛♥❞ ❲❛❧-❤ ✭✶✾✾✺✮ ❡✈❡♥ $❤♦✉❣❤ $❤❡-❡ $✇♦ $②♣❡- ♦❢ ❝♦♥$'❛❝$- ❤❛✈❡ Q✉✐$❡ ❞✐✛❡'❡♥$ ✐♠♣❧✐❝❛$✐♦♥-✳

❚♦ ❦❡❡♣ ❝♦♥-✐-$❡♥❝② ✐♥ ♠♦♥❡$❛'② ♣♦❧✐❝② ❞❡❝✐-✐♦♥-✱ ✐$ ✐- ❛--✉♠❡❞ $❤❛$ 1+τ > 0✱ ✐✳❡✳✱ $❤❡ ♣❡♥❛❧$②

'❛$❡ $❤❛$ ♠✐❣❤$ ❜❡ ♣♦-✐$✐✈❡ ♦' ♥❡❣❛$✐✈❡ ♠✉-$ ❜❡ -✉❝❤ $❤❛$ ✐$ ✇✐❧❧ ♥♦$ ❝❤❛♥❣❡ $❤❡ ❢❛❝$ $❤❛$ ❛

❞❡✈✐❛$✐♦♥ ♦❢ ✐♥✢❛$✐♦♥ ❢'♦♠ ✐$- $❛'❣❡$- ❝♦♥-$✐$✉$❡- ❛ ❧♦-- ❢♦' $❤❡ ❈❇✳

❚❤❡ ❈❇ ❝♦♥❞✉❝$- ❞✐-❝'❡$✐♦♥❛'② ♣♦❧✐❝② $♦ ♠✐♥✐♠✐③❡ $❤❡ ❝♦♥❞✐$✐♦♥❛❧ ❡①♣❡❝$❛$✐♦♥ ♦❢ ✐$- ❧♦--

❢✉♥❝$✐♦♥✿

✽

❚❤❡ ❧❡❛%♥✐♥❣ ♣%♦❝❡,, ❡♠❜♦❞✐❡❞ ✐♥ ✭✷✷✮✲✭✷✹✮ ✐, ❧✐♠✐5❡❞ ❜② 5❤❡ ❢❛❝5 5❤❛5 ❛❣❡♥5, ❢♦❝✉, ♦♥ ♣❛,5 ✐♥❢♦%♠❛5✐♦♥

❛♥❞ ❢♦%❡❝❛,5 ✇✐5❤ ♦♥❡ ♣❡%✐♦❞ ❛❤❡❛❞ ,✐♥❝❡ ❛❝❝♦%❞✐♥❣ 5♦ :%❡,5♦♥ ✭✷✵✵✺✮✱ ❧♦♥❣✲❤♦%✐③♦♥ ❡①♣❡❝5❛5✐♦♥, ♠❛55❡% ❢♦%

♠♦♥❡5❛%② ♣♦❧✐❝② ❞❡❝✐,✐♦♥✳

✾

❇❡%❛%❞✐ ❛♥❞ ●❛❧✐♠❜❡%5✐ ✭✷✵✶✸✮ ❤✐❣❤❧✐❣❤5 5❤❛5 ♠♦,5 ❡❝♦♥♦♠✐❝ ❛❣❡♥5, ♠✐❣❤5 ♥❡✈❡%5❤❡❧❡,, ❛❞♦♣5 ❞❡❝%❡❛,✐♥❣✲

❣❛✐♥ ❧❡❛%♥✐♥❣ ❛, ❛ ✜%,5 ❛♣♣%♦❛❝❤✳

✶✵

❯♥❞❡% ❘❊✱ ,❡55✐♥❣ ❛♥ ♦✉5♣✉5✲❣❛♣ 5❛%❣❡5 ❞✐✛❡%❡♥5 ❢%♦♠ ③❡%♦ ❣✐✈❡, %✐,❡ 5♦ ❛♥ ✐♥✢❛5✐♦♥ ❜✐❛, 5❤❛5 ❝♦✉❧❞ ❜❡

♦✛,❡5 ❜② 5❤❡ ♦♣5✐♠❛❧ ✐♥✢❛5✐♦♥ ❝♦♥5%❛❝5 ❢♦%♠✉❧❛5❡❞ ❜② :❡%,,♦♥ ❛♥❞ ❚❛❜❡❧❧✐♥✐ ✭✶✾✾✸✮ ❛♥❞ ❲❛❧,❤ ✭✶✾✾✺✮✱ ♦% 5❤❡

♥♦♥✲❧✐♥❡❛% ✐♥✢❛5✐♦♥ ♣❡♥❛❧5② ✭❲❛❧,❤ ✷✵✵✸✮✳

✶✸



LCBt =
1

2
Et

+∞
∑

i=0

βi
[

(1 + τ)π2t+i + αxx
2
t+i

]

. ✭✷✻✮

❚❤❡ ❈❇ ❞♦❡+ ♥♦- ❤❛✈❡ ❛♥ ♦❜❥❡❝-✐✈❡ ♦❢ ✜♥❛♥❝✐❛❧ +-❛❜✐❧✐-②✳ ❍♦✇❡✈❡;✱ ✐♥ -❤✐+ ♠♦❞❡❧✱ ♠♦♥❡-❛;②

♣♦❧✐❝② ❞❡❝✐+✐♦♥+ ♠✉+- -❛❦❡ ✐♥-♦ ❛❝❝♦✉♥- -❤❡ ❞❡✈✐❛-✐♦♥ ♦❢ +-♦❝❦ ♣;✐❝❡+ qt ❞✉❡ -♦ -❤❡ ♣;❡+❡♥❝❡ ♦❢

-❤❡ ✜♥❛♥❝✐❛❧ ✇❡❛❧-❤ ❡✛❡❝- ❛❧;❡❛❞② ❡♠❜♦❞✐❡❞ ✐♥ -❤❡ ■❙ ❡D✉❛-✐♦♥ ✭✶✽✮✳

❚❤❡ ❣♦✈❡;♥♠❡♥- ❛♥❞ -❤❡ ❈❇ ♣❧❛② ❛ ❙-❛❝❦❡❧❜❡;❣ ❣❛♠❡✳ ❚❤❡ ❣♦✈❡;♥♠❡♥- +❡-+ ✜;+- -❤❡

✐♥✢❛-✐♦♥ ♣❡♥❛❧-② ;❛-❡✳ ❑♥♦✇✐♥❣ -❤❡ ❧❛--❡;✱ -❤❡ ❈❇ ✐♠♣❧❡♠❡♥-+ ♦♣-✐♠❛❧ ♠♦♥❡-❛;② ♣♦❧✐❝②✳

✸ ❇❡♥❝❤♠❛(❦ ❡*✉✐❧✐❜(✐✉♠ ✉♥❞❡( ❘❊

❚❤✐+ +❡❝-✐♦♥ ❡①❛♠✐♥❡+✱ ✉♥❞❡; -❤❡ ❤②♣♦-❤❡+✐+ ♦❢ ❘❊✱ -❤❡ ♦♣-✐♠❛❧ ♠♦♥❡-❛;② ♣♦❧✐❝②✱ -❤❡ ❡D✉✐❧✐❜✲

;✐✉♠ +♦❧✉-✐♦♥+ ♦❢ ❡♥❞♦❣❡♥♦✉+ ✈❛;✐❛❜❧❡+✱ ❛♥❞ ❤♦✇ -❤❡ ♣;❡+❡♥❝❡ ♦❢ +-♦❝❦ ♣;✐❝❡+ ❛✛❡❝-+ ♠♦♥❡-❛;②

♣♦❧✐❝② ❞❡❧❡❣❛-✐♦♥✳ ❚❤❡ ;❡+✉❧-+ ♣;❡+❡♥-❡❞ ✐♥ -❤✐+ +❡❝-✐♦♥ ✇✐❧❧ ❜❡ ❝♦♠♣❛;❡❞ ✇✐-❤ -❤♦+❡ ♦❜-❛✐♥❡❞

✉♥❞❡; -❤❡ ❛++✉♠♣-✐♦♥ ♦❢ ❛❞❛♣-✐✈❡ ❧❡❛;♥✐♥❣✳

✸✳✶ ❖♣%✐♠❛❧ ♠♦♥❡%❛-② ♣♦❧✐❝②

❚❤❡ ❈❇ ❝♦♥❞✉❝-+ ♣♦❧✐❝② ✉♥❞❡; ❞✐+❝;❡-✐♦♥ ❜② ♠✐♥✐♠✐③✐♥❣ -❤❡ ❧♦++ ❢✉♥❝-✐♦♥ ✭✷✻✮ +✉❜❥❡❝- -♦ ✭✶✼✮✱

✭✶✽✮ ❛♥❞ ✭✷✶✮✳ ❚❤❡ ✜;+-✲♦;❞❡; ❝♦♥❞✐-✐♦♥+ ♦❢ -❤❡ ❈❇✬+ ♠✐♥✐♠✐③❛-✐♦♥ ♣;♦❜❧❡♠ ②✐❡❧❞ -❤❡ ♦♣-✐♠❛❧

✐♥-;❛✲-❡♠♣♦;❛❧ -;❛❞❡✲♦✛ ❝♦♥❞✐-✐♦♥ ♦; ✐♥✢❛-✐♦♥ -❛;❣❡-✐♥❣ ;✉❧❡✿

xt = −
κ(1 + τ) (1 + χ)

α
πt. ✭✷✼✮

❚❤❡ ♦♣-✐♠❛❧ ✐♥-❡;❡+- ;❛-❡ ✐+ ♦❜-❛✐♥❡❞ ✉+✐♥❣ ✭✷✼✮ -♦ ❡❧✐♠✐♥❛-❡ xt ✐♥ ✭✶✽✮✿

rt = E∗

t xt+1 + E∗

t πt+1 +
κ (1 + χ) (1 + ψ)(1 + τ)

α
πt + ψqt + (1 + ψ)ut. ✭✷✽✮

❆❝❝♦;❞✐♥❣ -♦ ✭✷✽✮✱ -❤❡ ♦♣-✐♠❛❧ ♣♦❧✐❝② ✐♥-❡;❡+- ;❛-❡ +❤♦✉❧❞ ;❡+♣♦♥❞ -♦ +-♦❝❦+ ♣;✐❝❡+✳ ❈♦♥✲

❞✐-✐♦♥ ✭✷✵✮ +-❛-❡+ -❤❛- ψ ✐+ ❡D✉❛❧ -♦ ③❡;♦ ✐♥ -❤❡ ❛❜+❡♥❝❡ ♦❢ -✉;♥♦✈❡; ✐♥ -❤❡ ✜♥❛♥❝✐❛❧ ♠❛;❦❡-✱

♦; ❡D✉✐✈❛❧❡♥-❧② ✐♥ ❛ ♠♦❞❡❧ ✇✐-❤ ;❡♣;❡+❡♥-❛-✐✈❡ ✐♥✜♥✐-❡❧②✲❧✐✈❡❞ ❛❣❡♥-✳ ■❢ -❤✐+ ✐+ -❤❡ ❝❛+❡✱ -❤❡

✶✹



✐♥"❡$❡%" $❛"❡ $✉❧❡ ❝♦❧❧❛♣%❡% "♦ "❤❡ ♦♥❡ ✇✐"❤♦✉" $❡❛❝"✐♦♥ "♦ %"♦❝❦ ♣$✐❝❡%✳ ❚❤❡ ❤✐❣❤❡$ "❤❡ "✉$♥♦✈❡$

$❛"❡✱ "❤❡ ♠♦$❡ "❤❡ ✐♥"❡$❡%" $❛"❡ ✇✐❧❧ $❡%♣♦♥❞ "♦ %"♦❝❦ ♣$✐❝❡% ❣✐✈❡♥ "❤❛" ψ ✐♥❝$❡❛%❡% ✇✐"❤ ν✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ♣$♦♣♦%✐"✐♦♥ ❢♦❧❧♦✇% ❢$♦♠ "❤❡%❡ ♦❜%❡$✈❛"✐♦♥%✳

 !♦♣♦$✐&✐♦♥ ✶✳ ❚❤❡ ♦♣%✐♠❛❧ ✐♥%❡+❡,% +❛%❡ +✉❧❡ +❡,♣♦♥❞, %♦ ,%♦❝❦ ♣+✐❝❡, ♦♥❧② ✐❢ %❤❡ ❧❛%%❡+ ❞✐,%♦+%

%❤❡ ♦♣%✐♠❛❧ ❝♦♥,✉♠♣%✐♦♥ ♣❛%❤✱ ✐✳❡✳✱ %❤❡ %✉+♥♦✈❡+ +❛%❡ ✐♥ %❤❡ ✜♥❛♥❝✐❛❧ ♠❛+❦❡% ν ✐, ♣♦,✐%✐✈❡✳ ❚❤❡

❤✐❣❤❡+ ✐, ν ✭✐✳❡✳✱ %❤❡ ❤✐❣❤❡+ ✐, ψ✮✱ %❤❡ ♠♦+❡ +❡,♣♦♥,✐✈❡ %❤❡ ♣♦❧✐❝② ✐♥%❡+❡,% +❛%❡ %♦ ,%♦❝❦ ♣+✐❝❡,✳

❲❤❡♥ ν = 0 ✭♦+ ❡:✉✐✈❛❧❡♥%❧② ψ = 0✮ %❤❡ ♣♦❧✐❝② ✐♥%❡+❡,% +❛%❡ +✉❧❡ ✐, +❡❞✉❝❡❞ %♦ %❤❡ ❢♦+♠ ✐% %❛❦❡,

✐♥ %❤❡ ,%❛♥❞❛+❞ ◆❡✇ ❑❡②♥❡,✐❛♥ ♠♦❞❡❧✳

❚❤❡ $❡%♣♦♥%❡ ♦❢ ♦♣"✐♠❛❧ ♣♦❧✐❝② ✐♥"❡$❡%" $❛"❡ ❛❧❧♦✇% ♦✛%❡"✐♥❣ "❤❡ ❡✛❡❝"% ♦❢ ✜♥❛♥❝✐❛❧ %❤♦❝❦%✳

❆% ❛ $❡%✉❧"✱ ❞✉❡ "♦ ♦♣"✐♠❛❧ ♠♦♥❡"❛$② ♣♦❧✐❝②✱ "❤❡ ❡>✉✐❧✐❜$✐✉♠ ✐♥✢❛"✐♦♥ ❛♥❞ ♦✉"♣✉" ❣❛♣ ✇✐❧❧ ♥♦"

❜❡ ❛✛❡❝"❡❞ ❜② %"♦❝❦ ♣$✐❝❡% ❞❡%♣✐"❡ "❤❡ ❡①✐%"❡♥❝❡ ♦❢ ✜♥❛♥❝✐❛❧ ✇❡❛❧"❤ ❡✛❡❝" ♦♥ "❤❡ ❛❣❣$❡❣❛"❡

❞❡♠❛♥❞✳

✸✳✷ ❊$✉✐❧✐❜)✐✉♠ +♦❧✉-✐♦♥+ ❛♥❞ ♦♣-✐♠❛❧ ✐♥✢❛-✐♦♥ ♣❡♥❛❧-② )❛-❡

❋♦$ ❣✐✈❡♥ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥% E∗

t πt+1 ❛♥❞ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② $❛"❡ τ ✱ %♦❧✈✐♥❣ ✭✶✼✮✱ ✭✶✽✮✱ ✭✷✶✮

❛♥❞ ✭✷✼✮ ②✐❡❧❞% "❤❡ ❆❝"✉❛❧ ▲❛✇% ♦❢ ▼♦"✐♦♥ ✭❆▲▼%✮ "❤❛" ❣♦✈❡$♥ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ ✐♥✢❛"✐♦♥✱ "❤❡

♦✉"♣✉" ❣❛♣✱ %"♦❝❦ ♣$✐❝❡%✱ ❛♥❞ "❤❡ ✐♥"❡$❡%" $❛"❡ $✉❧❡ "❤❛" ✐♠♣❧❡♠❡♥"% "❤❡%❡ ❛❧❧♦❝❛"✐♦♥%✿

πt =
αβ̃

Υ
E∗

t πt+1 −
ακ (1 + χ)

Υ
zt, ✭✷✾✮

xt = −
β̃κ (1 + χ) (1 + τ)

Υ
E∗

t πt+1 +
κ2 (1 + χ)2 (1 + τ)

Υ
zt. ✭✸✵✮

qt = −
1 + η

1 + ψ
E∗

t xt+1 −
β̃κ (1 + χ) (1 + τ)

Υ
E∗

t πt+1 +
β̃

1 + ψ
E∗

t qt+1

+
κ2 (1 + χ)2 (1 + τ)

Υ
zt +

1

1 + ψ
vt − ut, ✭✸✶✮

rt =
1− ηψ

1 + ψ
E∗

t xt+1 +
1

Υ

[

Υ + β̃κ (1 + χ) (1 + τ)
]

E∗

t πt+1 +
ψ

1 + ψ
β̃E∗

t qt+1

−
κ2 (1 + χ)2 (1 + τ)

Υ
zt +

ψ

1 + ψ
vt + ut. ✭✸✷✮

✇❤❡$❡ Υ = α+ κ2 (1 + χ)2 (1 + τ)✳

❚❤❡ ❆▲▼ ✭✸✷✮ ✐% ❛♥ ❡①♣❡❝"❛"✐♦♥%✲❜❛%❡❞ $❡❛❝"✐♦♥ ❢✉♥❝"✐♦♥ ❛♥❞ ❞❡%❝$✐❜❡% "❤❡ ❛♥"✐❝✐♣❛"❡❞
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✉!✐❧✐!② ♣♦❧✐❝② (❡! ❜② ❛ ♣♦❧✐❝②♠❛❦❡. ✇❤♦ ✐❣♥♦.❡( ❤♦✇ ♣.✐✈❛!❡ ❛❣❡♥!( .❡✈✐(❡ !❤❡✐. ❜❡❧✐❡❢( ✐♥ !❤❡

❢✉!✉.❡✳

✶✶

❚❤❡ (②(!❡♠ ♦❢ ❡7✉❛!✐♦♥( ✭✶✼✮✱ ✭✶✽✮✱ ✭✷✶✮ ❛♥❞ ✭✷✼✮ ❤❛( ❛ ✉♥✐7✉❡ ♥♦♥✲❡①♣❧♦(✐✈❡ ❘❊ ❡7✉✐❧✐❜✲

.✐✉♠ ✭❘❊❊✮ (♦❧✉!✐♦♥✱ ❝❛❧❧❡❞ !❤❡ ✏♠✐♥✐♠❛❧ (!❛!❡ ✈❛.✐❛❜❧❡✑ (♦❧✉!✐♦♥ ✭▼❝❈❛❧❧✉♠ ✶✾✽✸✮✱ ✐♥ !❡.♠(

♦❢ (!❛!❡ ✈❛.✐❛❜❧❡ zt✱ ut ❛♥❞ vt✳ ❯♥❞❡. ❘❊✱ ✇✐!❤ E
∗

t = Et✱ !❤❡ (♦❧✉!✐♦♥ ♦❢ πt !❛❦❡( !❤❡ ❢♦❧❧♦✇✐♥❣

❢♦.♠✿ πt = ζ0 + ζ1zt + ζ2ut + ζ3vt✳ ❙✐♥❝❡ ❛❧❧ (❤♦❝❦( ❛.❡ (❡.✐❛❧❧② ✉♥❝♦..❡❧❛!❡❞✱ ✐✳❡✳✱ Etzt+1 =

Etut+1 = Etvt+1 = 0✱ ✐! ❢♦❧❧♦✇( !❤❛! Etπt+1 = ζ0 + ζ1Etzt+1 + ζ2Etut+1 + ζ3Etvt+1 = ζ0✳

❯(✐♥❣ !❤❡ ♠❡!❤♦❞ ♦❢ ✉♥❞❡!❡.♠✐♥❡❞ ❝♦❡✣❝✐❡♥!( ②✐❡❧❞( Etπt+1 = ζ0 = 0✱ ❛♥❞ ζ1 = −ακ(1+χ)
Υ ✳

❙✐♠✐❧❛.❧②✱ ✇❡ ❝❛♥ (❤♦✇ !❤❛! Etxt+1 = Etqt+1 = 0✳ ❚❤✉(✱ ❛! !❤❡ ❘❊❊✱ ✇❡ ♦❜!❛✐♥✿

πt = −
ακ (1 + χ)

Υ
zt, ✭✸✸✮

xt =
κ2 (1 + χ)2 (1 + τ)

Υ
zt, ✭✸✹✮

qt =
κ2 (1 + χ)2 (1 + τ)

Υ
zt − ut +

1

1 + ψ
vt, ✭✸✺✮

rt = −
κ2 (1 + χ)2 (1 + τ)

Υ
zt + ut +

ψ

1 + ψ
vt. ✭✸✻✮

❆! !❤❡ ❡7✉✐❧✐❜.✐✉♠✱ ♦♥❧② !❤❡ !❡❝❤♥♦❧♦❣② (❤♦❝❦ ❛✛❡❝!( ✐♥✢❛!✐♦♥ ❛♥❞ !❤❡ ♦✉!♣✉! ❣❛♣✳ ▼❡❛♥✲

✇❤✐❧❡✱ ❜♦!❤ (!♦❝❦ ♣.✐❝❡( ❛♥❞ !❤❡ ✐♥!❡.❡(! .❛!❡ ❛.❡ ❛✛❡❝!❡❞ ❜② !❤❡ (!♦❝❦✲♣.✐❝❡ (❤♦❝❦ ❛♥❞ !❤❡

❞❡♠❛♥❞ (❤♦❝❦ ❜❡(✐❞❡( !❤❡ !❡❝❤♥♦❧♦❣② (❤♦❝❦✳ ❚❤❡ ♦♣!✐♠❛❧ .❡(♣♦♥(❡ ♦❢ !❤❡ ✐♥!❡.❡(! .❛!❡ !♦

(!♦❝❦✲♣.✐❝❡ ❛♥❞ ❞❡♠❛♥❞ (❤♦❝❦( ♦✛(❡!( !❤❡✐. ❡✛❡❝!( ♦♥ !❤❡ ❡7✉✐❧✐❜.✐✉♠ ✐♥✢❛!✐♦♥ ❛♥❞ ♦✉!♣✉!

❣❛♣ ❛! !❤❡ ❝♦(! ♦❢ ❤✐❣❤❡. ✐♥!❡.❡(!✲.❛!❡ ❛♥❞ (!♦❝❦✲♣.✐❝❡ ✈♦❧❛!✐❧✐!②✳ ❚❤❡ ❤✐❣❤❡. ✐( !❤❡ !✉.♥♦✈❡.

.❛!❡✱ !❤❡ (!.♦♥❣❡. ✭❧♦✇❡.✮ ✐( !❤❡ (❡♥(✐!✐✈❡♥❡(( ♦❢ !❤❡ ❡7✉✐❧✐❜.✐✉♠ ✐♥!❡.❡(! .❛!❡ ✭(!♦❝❦✲♣.✐❝❡(✮ !♦

!❤❡ (!♦❝❦✲♣.✐❝❡ (❤♦❝❦✳

 !♦♣♦$✐&✐♦♥ ✷✳ ❚❤❡ ❡#✉✐❧✐❜(✐✉♠ *♦❧✉,✐♦♥* ♦❢ ✐♥✢❛,✐♦♥ ❛♥❞ ,❤❡ ♦✉,♣✉, ❣❛♣ ❛(❡ ♦♥❧② ❢✉♥❝,✐♦♥

♦❢ ,❤❡ ,❡❝❤♥♦❧♦❣② *❤♦❝❦✳ ❚❤❡ *❡♥*✐,✐✈❡♥❡** ♦❢ ✐♥✢❛,✐♦♥ ,♦ ,❤❡ ❧❛,,❡( ✐* ❛♠♣❧✐✜❡❞ ❜② ❛♥ ✐♥❝(❡❛*❡

✶✶

❚❤❡ ❛♥%✐❝✐♣❛%❡❞ ✉%✐❧✐%② ✭❑/❡♣0 ✶✾✾✽✮✱ ❝♦♠♠♦♥❧② ✉0❡❞ ✐♥ %❤❡ ❧❡❛/♥✐♥❣ ❧✐%❡/❛%✉/❡✱ ✐0 ❞✐0%✐♥❝% ❢/♦♠ ❡①♣❡❝%❡❞

✉%✐❧✐%② ♥❛♠❡❧② ❢♦/ %✇♦ ❝❤❛/❛❝%❡/✐0%✐❝0✳ ❚❤❡ ✜/0% ✐0 %❤❛% ♣/✐✈❛%❡ ❛❣❡♥%0 ❞♦ ♥♦% ❦♥♦✇ %❤❡ %/✉❡ ♠♦❞❡❧✳ ❚❤❡ 0❡❝♦♥❞

✐0 %❤❛%✱ ♣/✐✈❛%❡ ❛❣❡♥%0 ✇❤♦ ❛/❡ ❧❡❛/♥✐♥❣ ❛❜♦✉% %❤❡ ♣❛/❛♠❡%❡/0 ♦/ %❤❡ 0%❛%❡ ♦❢ %❤❡ ❡❝♦♥♦♠② ❝❤♦♦0❡ ♠②♦♣✐❝ ❛❝%✐♦♥0

%♦❞❛② ✉♣♦♥ %❤❡ ✉♣❞❛%✐♥❣ ♦❢ %❤❡✐/ ✐♥❢♦/♠❛%✐♦♥ 0❡%✱ ❛♥❞ ✐❣♥♦/❡ %❤❛% %❤❡② ✇✐❧❧ ❦❡❡♣ ♦♥ ❧❡❛/♥✐♥❣ ✐♥ %❤❡ ❢✉%✉/❡✳

❯♥❞❡/ ❘❊✱ ♣/✐✈❛%❡ ❛❣❡♥%0 ❦♥♦✇ %❤❡ %/✉❡ ♠♦❞❡❧ 0♦ %❤❛% %❤❡✐/ ❝✉//❡♥% ❜❡❧✐❡❢0 /❡✢❡❝% ❛❧❧ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦/♠❛%✐♦♥ ❛♥❞

%❤❡ ♦♣%✐♠❛❧ ❛♥%✐❝✐♣❛%❡❞ ✉%✐❧✐%② ♣♦❧✐❝② ✇♦✉❧❞ ❛❧0♦ ♠❛①✐♠✐③❡ ❡①♣❡❝%❡❞ ✉%✐❧✐%②✱ ♠❡❛♥✐♥❣ %❤❛% ❛♥%✐❝✐♣❛%❡❞ ✉%✐❧✐%②

❝♦✐♥❝✐❞❡0 ✇✐%❤ ❡①♣❡❝%❡❞ ✉%✐❧✐%②✳

✶✻



✐♥ "✉$♥♦✈❡$ $❛"❡ ✐♥ "❤❡ ✜♥❛♥❝✐❛❧ ♠❛$❦❡" ✐❢ α > κ2 (1 + χ)2 (1+ τ) ❛♥❞ "❤❡ 1❛♠❡ ✐1 "$✉❡ ❢♦$ "❤❡

♦✉"♣✉" ❣❛♣✱ 1"♦❝❦ ♣$✐❝❡1 ❛♥❞ "❤❡ ✐♥"❡$❡1" $❛"❡ ❢♦$ ❛♥② ♣❛$❛♠❡"❡$ ✈❛❧✉❡1✳ ❚❤❡ $❡1♣♦♥1❡1 ♦❢ 1"♦❝❦

♣$✐❝❡1 ❛♥❞ "❤❡ ✐♥"❡$❡1" $❛"❡ "♦ ❞❡♠❛♥❞ 1❤♦❝❦1 ❛$❡ ✐♥❞❡♣❡♥❞❡♥" ♦❢ ν✳ ❆♥ ✐♥❝$❡❛1❡ ✐♥ ν ✐♥❝$❡❛1❡1

✭❞❡❝$❡❛1❡1✮ "❤❡ 1❡♥1✐"✐✈❡♥❡11 ♦❢ "❤❡ ❡;✉✐❧✐❜$✐✉♠ ✐♥"❡$❡1" $❛"❡ ✭1"♦❝❦✲♣$✐❝❡1✮ ✐♥ $❡1♣♦♥1❡ "♦ "❤❡

1"♦❝❦✲♣$✐❝❡ 1❤♦❝❦✳

 !♦♦❢✳ ❋"♦♠ ✭✶✾✮✱ ✐+ ❢♦❧❧♦✇/ +❤❛+

∂ψ(ν)
∂ν = 1+r

r

[

1
ǫ(1−ν)2

− β
ǫ

]

> 0✳ ❋"♦♠ +❤❡ ❞❡✜♥✐+✐♦♥ ♦❢ β̃

❛♥❞ κ✱ ✇❡ ♦❜+❛✐♥

∂β̃
∂ν < 0 ❛♥❞

∂κ
∂ν > 0✳ ❉✐✛❡"❡♥+✐❛+✐♥❣ πt✱ xt✱ qt✱ ❛♥❞ rt ❣✐✈❡♥ ❜② ✭✸✸✮✲✭✸✻✮

✇✐+❤ "❡/♣❡❝+ +♦ ν /❤♦✇/ +❤❛+

∂2πt
∂zt∂ν

= −α (1 + χ)Υ−2
[

α− κ2 (1 + χ)2 (1 + τ)
]

∂κ
∂ν < 0 ✐❢ α >

κ2 (1 + χ)2 (1 + τ)✱ ∂2xt
∂zt∂ν

> 0✱

∂2qt
∂zt∂ν

> 0 ❛♥❞

∂2rt
∂zt∂ν

< 0❀

∂2πt
∂ut∂ν

= ∂2xt
∂ut∂ν

= ∂2qt
∂ut∂ν

= ∂2rt
∂ut∂ν

= 0❀

∂2πt
∂vt∂ν

= ∂2xt
∂vt∂ν

= 0✱

∂2qt
∂vt∂ν

< 0 ❛♥❞

∂2rt
∂vt∂ν

> 0✳2

❚♦ ❦♥♦✇ ♣+❡❝✐/❡❧② 2❤❡ ❡✛❡❝2 ♦❢ 2❤❡/❡ /❤♦❝❦/ ♦♥ 2❤❡ ❡6✉✐❧✐❜+✐✉♠✱ ✐2 ✐/ ♥❡❝❡//❛+② 2♦ ❞❡2❡+♠✐♥❡

2❤❡ ♦♣2✐♠❛❧ ✐♥✢❛2✐♦♥ ♣❡♥❛❧2② +❛2❡✳ ❚❤❡ ❧❛22❡+ ✐/ ❞❡2❡+♠✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ✭✷✺✮ 2❛❦✐♥❣ ❛❝❝♦✉♥2

♦❢ 2❤❡ /♦❧✉2✐♦♥/ ♦❢ πt ❛♥❞ xt ❣✐✈❡♥ ❜② ✭✸✸✮✲✭✸✹✮✿

τ = 0. ✭✸✼✮

◆♦2✐❝❡ 2❤❛2 2❤✐/ +❡/✉❧2 ✐/ ♦❜2❛✐♥❡❞ ✉♥❞❡+ 2❤❡ ❤②♣♦2❤❡/✐/ ♦❢ ❘❊ ❛♥❞ ✐♥ 2❤❡ ❛❜/❡♥❝❡ ♦❢ ✐♥✢❛2✐♦♥

❜✐❛/✳

 !♦♣♦$✐&✐♦♥ ✸✳ ❚❤❡ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② -❛%❡ ✐. ❡/✉❛❧ %♦ ③❡-♦ ❛♥❞ ✐. ✐♥❞❡♣❡♥❞❡♥% ♦❢ %❤❡

%✉-♥♦✈❡- -❛%❡ ✐♥ %❤❡ .%♦❝❦ ♠❛-❦❡%✳

✸✳✸ ❉②♥❛♠✐❝ )*❛❜✐❧✐*② ❛♥❞ )♣❡❡❞ ♦❢ ❝♦♥✈❡3❣❡♥❝❡

❊①❛♠✐♥✐♥❣ 2❤❡ ❆▲▼ 2❤❛2 ❣♦✈❡+♥/ 2❤❡ ❡✈♦❧✉2✐♦♥ ♦❢ ✐♥✢❛2✐♦♥ ❣✐✈❡♥ ❜② ✭✷✾✮ ❛♥❞ 2❛❦✐♥❣ ❛❝❝♦✉♥2

♦❢ 2❤❡ +❡/✉❧2 τ = 0✱ ✇❡ ✜♥❞ 2❤❡ /♣❡❡❞ ♦❢ ❝♦♥✈❡+❣❡♥❝❡ ♦❢ ✐♥✢❛2✐♦♥ ✐/ ❞❡2❡+♠✐♥❡❞ ❜② Θ ≡

αβ̃

α+κ2(1+χ)2
< 1✳ ❉✐✛❡+❡♥2✐❛2✐♥❣ Θ ✇✐2❤ +❡/♣❡❝2 2♦ ν ❛♥❞ ✉/✐♥❣ 2❤❡ ❢❛❝2 2❤❛2

∂β̃
∂ν < 0 ❛♥❞

∂κ
∂ν > 0

②✐❡❧❞

∂Θ
∂ν < 0 ❛♥❞ ❤❡♥❝❡ 2❤❡ ❢♦❧❧♦✇✐♥❣ ♣+♦♣♦/✐2✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✹✳ ❆ ♣♦.✐%✐✈❡ %✉-♥♦✈❡- -❛%❡ ✐♥ %❤❡ .%♦❝❦ ♠❛-❦❡% ❛❝❝❡❧❡-❛%❡. %❤❡ .♣❡❡❞ ♦❢ ❝♦♥✈❡-✲

❣❡♥❝❡ ♦❢ ✐♥✢❛%✐♦♥ ✐♥ -❡.♣♦♥.❡ %♦ ❛ ❢✉%✉-❡ .❤♦❝❦ %❤❛% ❛✛❡❝%. ✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥. ❝♦♠♣❛-❡❞ %♦
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✐!" ❞②♥❛♠✐❝ ♣❛!❤ ✐♥ !❤❡ "!❛♥❞❛,❞ ◆❡✇ ❑❡②♥❡"✐❛♥ ♠♦❞❡❧✳

❆ ❤✐❣❤❡% &✉%♥♦✈❡% %❛&❡ ❝♦%%❡-♣♦♥❞- &♦ ❛ ❧♦✇❡% ❞✐-❝♦✉♥& ❢❛❝&♦% β̃✱ ✐♠♣❧②✐♥❣ &❤❛& ✭♣❡%-✐-&❡♥&✮

-❤♦❝❦- ❛✛❡❝&✐♥❣ ❢✉&✉%❡ ✐♥✢❛&✐♦♥ ❡①♣❡❝&❛&✐♦♥- ❤❛✈❡ -♠❛❧❧❡% ✐♠♣❛❝&- ♦♥ &❤❡ ❝✉%%❡♥& ✐♥✢❛&✐♦♥✳

❚❤✉-✱ &❤❡ ❝✉%%❡♥& ✐♥✢❛&✐♦♥ ❝♦♥✈❡%❣❡- ♠♦%❡ >✉✐❝❦❧② &♦ ✐&- -&❡❛❞②✲-&❛&❡ ✈❛❧✉❡✳ ❍♦✇❡✈❡%✱ &❤❡

❡✛❡❝& ♦♥ &❤❡ -♣❡❡❞ ♦❢ ❝♦♥✈❡%❣❡♥❝❡ ♦❢ &❤❡ ♦✉&♣✉& ❣❛♣✱ -&♦❝❦ ♣%✐❝❡- ❛♥❞ &❤❡ ✐♥&❡%❡-& %❛&❡ ✐-

❛♠❜✐❣✉♦✉- ❛♥❞ ❞❡♣❡♥❞- ♦♥ -&%✉❝&✉%❛❧ ♣❛%❛♠❡&❡% ✈❛❧✉❡-✳

✹ ❊"✉✐❧✐❜'✐✉♠ ✇✐*❤ ❝♦♥/*❛♥*✲❣❛✐♥ ❧❡❛'♥✐♥❣

❚❤✐- -❡❝&✐♦♥ ❛♥❛❧②③❡- ❤♦✇ ❝♦♥-&❛♥&✲❣❛✐♥ ❧❡❛%♥✐♥❣ ✐♥&❡%❛❝&- ✇✐&❤ ♠♦♥❡&❛%② ❞❡❧❡❣❛&✐♦♥ ❛♥❞

♠❛❝%♦❡❝♦♥♦♠✐❝ -&❛❜✐❧✐③❛&✐♦♥ ✇❤❡♥ -&♦❝❦ ♣%✐❝❡- ❛%❡ ✐♥&%♦❞✉❝❡❞ ❝♦♠♣❛%❡❞ &♦ &❤❡ ❜❡♥❝❤♠❛%❦

❝❛-❡ ✇❤❡%❡ ♣%✐✈❛&❡ ❛❣❡♥&- ❢♦%♠ ❘❊✳ ❆- &❤❡ ❧❡❛%♥✐♥❣ ❡>✉✐❧✐❜%✐✉♠ ✇✐&❤♦✉& -&♦❝❦ ♣%✐❝❡- ✐- ❡①&❡♥✲

-✐✈❡❧② -&✉❞✐❡❞ ✐♥ &❤❡ ❛❜-❡♥❝❡ ♦❢ ♠♦♥❡&❛%② ❞❡❧❡❣❛&✐♦♥ ❜② ▼♦❧♥F% ❛♥❞ ❙❛♥&♦%♦ ✭✷✵✶✹✮ ❛♥❞ ✉♥❞❡%

❞❡❧❡❣❛&✐♦♥ ❜② ❆♥❞%L ❛♥❞ ❉❛✐ ✭✷✵✶✼❛✮✱ &❤✐- -❡❝&✐♦♥ ❢♦❝✉-❡- ♦♥ &❤❡ ❞✐✛❡%❡♥❝❡ ✐♥&%♦❞✉❝❡❞ ❜② &❤❡

✜♥❛♥❝✐❛❧ ✇❡❛❧&❤ ❝❤❛♥♥❡❧ &❤%♦✉❣❤ ✇❤✐❝❤ &❤❡ %❡-♣♦♥-❡ ♦❢ ♠♦♥❡&❛%② ♣♦❧✐❝② &♦ -&♦❝❦ ♣%✐❝❡- ❛✛❡❝&-

&❤❡ %❡❛❧ ❡❝♦♥♦♠②✳

✹✳✶ ❖♣%✐♠❛❧ ✐♥✢❛%✐♦♥ %❛-❣❡%✐♥❣ -✉❧❡

❲❤❡♥ ❛❣❡♥&- ❛%❡ ❧❡❛%♥✐♥❣✱ &❤❡ ❈❇ ✇✐❧❧ &❛❦❡ ❛❝❝♦✉♥& ♦❢ &❤❡ ❡✛❡❝&- ♦❢ ✐&- ♣♦❧✐❝② ❞❡❝✐-✐♦♥- ♦♥

❢✉&✉%❡ ❡①♣❡❝&❛&✐♦♥-✳ ❯♥❞❡% ❞✐-❝%❡&✐♦♥✱ ♠♦♥❡&❛%② ♣♦❧✐❝② ✐- &❤❡%❡❢♦%❡ ❝♦♥❞✉❝&❡❞ &♦ ♠✐♥✐♠✐③❡ &❤❡

❧♦-- ❢✉♥❝&✐♦♥ ✭✷✻✮ -✉❜❥❡❝& &♦ &❤❡ ✉-✉❛❧ ❝♦♥-&%❛✐♥&- ✭✶✼✮✱ ✭✶✽✮ ❛♥❞ ✭✷✶✮ ❛- ✇❡❧❧ ❛- &❤❡ ❧❡❛%♥✐♥❣

❛❧❣♦%✐&❤♠- ✭✷✷✮✲✭✷✹✮✳ ❙✉❜-&✐&✉&✐♥❣ E∗

t πt+1 = at✱ E
∗

t xt+1 = bt ❛♥❞ E
∗

t qt+1 = st ✐♥&♦ ✭✶✼✮✱ ✭✶✽✮

✶✽



❛♥❞ ✭✷✶✮✱ ✇❡ ✇*✐,❡ ,❤❡ ▲❛❣*❛♥❣✐❛♥ ♦❢ ,❤❡ ❈❇✬5 ♠✐♥✐♠✐③❛,✐♦♥ ♣*♦❜❧❡♠ ❛5 ❢♦❧❧♦✇5✿

L
CB
t = Et

+∞
∑

i=0

βi
{

1
2

[

αx2t+i + (1 + τ)π2t+i
]

−λ1,t+i

[

πt+i − β̃at+i − κ (1 + χ) (xt − zt)
]

−λ2,t+i

[

xt+i −
1

1 + ψ
bt+i −

ψ

1 + ψ
qt+i +

1

1 + ψ
(rt+i − at+i)− ut+i

]

−λ3,t+i

[

qt+i − β̃st+i + ηbt+i + (rt+i − at+i)− vt+i

]

−λ4,t+i [at+i+1 − at+i − γt+i+1(πt+i − at+i)]

−λ5,t+i [bt+i+1 − bt+i − γt+i+1(xt+i − bt+i)]

−λ6,t+i [st+i+1 − st+i − γt+i+1(qt+i − st+i)]} ,

✇❤❡*❡ λi,t, ✇✐,❤ ✐❂✶✱ ✷✱✳✳✳✻ ❛*❡ ▲❛❣*❛♥❣✐❛♥ ♠✉❧,✐♣❧✐❡*5 ❛55♦❝✐❛,❡❞ ✇✐,❤ ✭✶✼✮✱ ✭✶✽✮✱ ✭✷✶✮✱ ❛♥❞

✭✷✷✮✲✭✷✹✮✱ *❡5♣❡❝,✐✈❡❧②✳ ❚❤❡ ✜*5,✲♦*❞❡* ❝♦♥❞✐,✐♦♥5 ❛*❡ ♦❜,❛✐♥❡❞ ❜② ❞✐✛❡*❡♥,✐❛,✐♥❣ ,❤❡ ▲❛✲

❣*❛♥❣✐❛♥ ✇✐,❤ *❡5♣❡❝, ,♦ πt✱ xt✱ rt✱ qt✱ at+1✱ bt+1✱ ❛♥❞ st+1✿

(1 + τ)π − λ1,t + λ4,tγt+1 = 0, ✭✸✽✮

αxt + λ1,t (1 + χ)κ− λ2,t + λ5,tγt+1 = 0, ✭✸✾✮

1

1 + ψ
λ2,t + λ3,t = 0, ✭✹✵✮

ψ

1 + ψ
λ2,t − λ3,t + λ6,tγt+1 = 0, ✭✹✶✮

β̃βEtλ1,t+1 + β̃Etλ2,t+1 + βEtλ3,t+1 − λ4,t + βEtλ4,t+1(1− γt+2) = 0, ✭✹✷✮

β̃Etλ2,t+1 − βηEtλ3,t+1 − λ5,t + βEtλ5,t+1(1− γt+2) = 0, ✭✹✸✮

β̃βEtλ3,t+1 − λ6,t + βEtλ6,t+1(1− γt+2) = 0. ✭✹✹✮

❯5✐♥❣ ✭✹✵✮✱ ✇❡ ♦❜,❛✐♥ λ3,t = − 1
1+ψλ2,t✳ ❙✉❜5,✐,✉,✐♥❣ ,❤✐5 *❡5✉❧, ✐♥,♦ ✭✹✶✮ ②✐❡❧❞5 λ2,t =

−λ6,tγt+1 ❛♥❞ λ3,t =
1

1+ψλ6,tγt+1✳ ❚❤❡5❡ *❡5✉❧,5 ❛♥❞ ✭✹✸✮✲✭✹✹✮ ✐♠♣❧② ,❤❛, λ2,t = λ3,t = λ5,t =

λ6,t = 0✳ ●✐✈❡♥ ,❤✐5✱ ✇❡ ❣❡, ❢*♦♠ ✭✸✾✮ ,❤❛, λ1,t = − αxt
(1+χ)κ ✳ ❈♦♠❜✐♥✐♥❣ ,❤✐5 *❡5✉❧, ✇✐,❤ ✭✸✽✮

❣✐✈❡5 ,❤❡ ♦♣,✐♠❛❧ ✐♥✢❛,✐♦♥ ,❛*❣❡,✐♥❣ *✉❧❡ ✇❤❡♥ ❛❣❡♥,5 ❛*❡ ❧❡❛*♥✐♥❣✿

✶✾



xt = −
κ (1 + χ) (1 + τ)

α
πt −

(1 + χ)κ

α
γt+1λ4,t. ✭✹✺✮

❚❤❡ ♦♣)✐♠❛❧ )❛.❣❡)✐♥❣ .✉❧❡ ✭✹✺✮ ✐2 ❝♦♠♣❛.❛❜❧❡ )♦ ✭✷✼✮ ❡①❝❡♣) ❢♦. )❤❡ ❧❛2) )❡.♠ ♦♥ )❤❡

.✐❣❤)✲❤❛♥❞ 2✐❞❡ ♦❢ ✭✹✺✮ )❤❛) ❡♠❜♦❞✐❡2 )❤❡ ❡✛❡❝) ♦❢ ❧❡❛.♥✐♥❣ ♦♥ ♦♣)✐♠❛❧ ♠♦♥❡)❛.② ♣♦❧✐❝②✳ ❚❤❡

▲❛❣.❛♥❣❡ ♠✉❧)✐♣❧✐❡. λ4,t ✐♥ ✭✹✺✮ 2)❛♥❞2 ❢♦.✱ ❢♦❧❧♦✇✐♥❣ ▼♦❧♥B. ❛♥❞ ❙❛♥)♦.♦ ✭✷✵✶✹✮✱ )❤❡ ♠❛.❣✐♥❛❧

❡✛❡❝) ♦❢ ❛♥ ✐♥❝.❡❛2❡ ✐♥ ✐♥✢❛)✐♦♥ ❡①♣❡❝)❛)✐♦♥2 ♦♥ ✇❡❧❢❛.❡ ❧♦22 ❛) )✐♠❡ t + 1. ❚❤✐2 ❡✛❡❝) ✐2

.❡2♣♦♥2✐❜❧❡ ❢♦. )❤❡ ✐♥)❡.)❡♠♣♦.❛❧ ).❛❞❡✲♦✛ ❢♦. ♠♦♥❡)❛.② ♣♦❧✐❝② ✐♥).♦❞✉❝❡❞ ❜② ❧❡❛.♥✐♥❣✳ ❙✐♥❝❡

γt+1 > 0✱ )❤❡ 2✐❣♥ ♦❢ λ4,t ✐2 ❝♦♥❞✐)✐♦♥❛❧ ♦♥ )❤❡ 2✐❣♥ ♦❢ ✐♥✢❛)✐♦♥ ❡①♣❡❝)❛)✐♦♥2 ❢♦.♠❡❞ ✐♥ )❤❡

❝✉..❡♥) ♣❡.✐♦❞ at✳ ❚❤❡ ♣♦22✐❜✐❧✐)② ♦❢ ❤❛✈✐♥❣ ❛ ♣♦2✐)✐✈❡ at ✐2 ❛2 ❧❛.❣❡ ❛2 )❤❛) ♦❢ ❤❛✈✐♥❣ ❛ ♥❡❣❛)✐✈❡

♦♥❡ ❣✐✈❡♥ )❤❛) ✇❡ ❤❛✈❡ 2❡) ❢♦. 2✐♠♣❧✐❝✐)② )❤❡ ✐♥✢❛)✐♦♥ )❛.❣❡) )♦ ③❡.♦✳ ❈♦♥2❡J✉❡♥)❧②✱ )❤❡ 2✐❣♥

♦❢ at ✐2 ❝♦♥❞✐)✐♦♥❛❧ ♦♥ )❤❡ ♥❛)✉.❡ ♦❢ ♣❛2) 2❤♦❝❦2✳ ❋♦. ❛ ♣♦2✐)✐✈❡ ✭♥❡❣❛)✐✈❡✮ at✱ λ4,t ✐2 ♣♦2✐)✐✈❡

✭♥❡❣❛)✐✈❡✮ ❜❡❝❛✉2❡ ❛ .✐2❡ ✐♥ at ♠♦✈❡2 ❢✉)✉.❡ ✐♥✢❛)✐♦♥ ❡①♣❡❝)❛)✐♦♥2 ❢✉.)❤❡. ❛✇❛② ❢.♦♠ ✭❝❧♦2❡.

)♦✮ )❤❡ ✐♥✢❛)✐♦♥ )❛.❣❡) ❛♥❞ ✐♠♣❧✐❡2 ❧♦✇❡. ✭❤✐❣❤❡.✮ 2♦❝✐❛❧ ✇❡❧❢❛.❡✳

❚❤❡ ▲❛❣.❛♥❣❡ ♠✉❧)✐♣❧✐❡. λ4,t ❝❛♥ ❜❡ ❡①♣.❡22❡❞ ✉2✐♥❣ ✭✹✺✮ ❛2 λ4,t = − α
κ(1+χ)γt+1

xt−
(1+τ)
γt+1

πt✳

❯2✐♥❣ )❤❡ ❧❛))❡.✱ )❤❡ 2♦❧✉)✐♦♥ ♦❢ λ1,t✱ ✭✹✷✮ ❛♥❞ λ2,t+1 = λ3,t+1 = 0✱ ✇❡ ♦❜)❛✐♥ )❤❡ ♦♣)✐♠❛❧

✐♥)❡.)❡♠♣♦.❛❧ ).❛❞❡✲♦✛ ❝♦♥❞✐)✐♦♥ ❜❡)✇❡❡♥ 2)❛❜✐❧✐③✐♥❣ ✐♥✢❛)✐♦♥ ✭)❤❡ ♦✉)♣✉) ❣❛♣✮ ❛) ♣❡.✐♦❞ t

❛♥❞ ❛) ♣❡.✐♦❞ t+ 1✱ ♦. ♦♣)✐♠❛❧ ✐♥✢❛)✐♦♥ )❛.❣❡)✐♥❣ .✉❧❡✿

(1 + τ)πt +
α

κ (1 + χ)
xt =

αβγt+1[1− (1− β̃)γt+2]

κ (1 + χ) γt+2
Etxt+1 +

γt+1β(1 + τ)(1− γt+2)

γt+2
Etπt+1.

✭✹✻✮

❚❤❡ ❛22✉♠♣)✐♦♥ ♦❢ ❝♦♥2)❛♥)✲❣❛✐♥ ❧❡❛.♥✐♥❣✱ ✐✳❡✳✱ γt+2 = γt+1 = γ✱ ❛❧❧♦✇2 ✉2 )♦ .❡✇.✐)❡ )❤❡

♣.❡✈✐♦✉2 .✉❧❡ ❛2

(1 + τ)πt +
α

κ (1 + χ)
xt =

αβ[1− γ(1− β̃)]

κ (1 + χ)
Etxt+1 + β(1 + τ)(1− γ)Etπt+1. ✭✹✼✮

❚❤❡ P❤✐❧❧✐♣2 ❝✉.✈❡ ✭✶✼✮ ❛♥❞ )❤❡ .✉❧❡ ✭✹✼✮ ❛❧❧♦✇ ❞❡)❡.♠✐♥✐♥❣ )❤❡ ❡J✉✐❧✐❜.✐✉♠ 2♦❧✉)✐♦♥✳
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✹✳✷ ❚❤❡ ❆▲▼) ❢♦, ❡♥❞♦❣❡♥♦✉) ✈❛,✐❛❜❧❡)

❲❡ "♦❧✈❡ &❤❡ ♠♦❞❡❧ ❢♦❧❧♦✇✐♥❣ &❤❡ ♠❡&❤♦❞♦❧♦❣② ♦❢ ▼♦❧♥12 ❛♥❞ ❙❛♥&♦2♦ ✭✷✵✶✹✮✳ ❚❤❡ ❆▲▼ ❢♦2 ✐♥✲

✢❛&✐♦♥ ❡"&❛❜❧✐"❤✐♥❣ ❛ ❢❡❡❞❜❛❝❦ 2❡❧❛&✐♦♥"❤✐♣ ❜❡&✇❡❡♥ ❝✉22❡♥& ✐♥✢❛&✐♦♥ ❛♥❞ ✐♥✢❛&✐♦♥ ❡①♣❡❝&❛&✐♦♥"

✭❛♥❞ &❡❝❤♥♦❧♦❣② "❤♦❝❦"✮ ✇❤❡♥ ❛❣❡♥&" ❛❞♦♣& ❝♦♥"&❛♥&✲❣❛✐♥ ❧❡❛2♥✐♥❣ ✐" ❣✐✈❡♥ ❜② ✭❆♣♣❡♥❞✐❝❡"

❆✳✶ ❛♥❞ ❆✳✷✮✿

πt = ccgπ at + dcgπ zt, ✭✹✽✮

✇✐&❤

ccgπ =
−p1−

√

p21−4p2p0

2p2
> 0, ✭✹✾✮

dcgπ = − ακ(1+χ)

Υ+αγ2β̃2(1+ψ)
(

β̃−ccgπ

)

+β̃γ(1+ψ)(1−γ)
(

αβ̃−ccgπ Υ
) < 0, ✭✺✵✮

✇❤❡2❡

p0 = αβ̃
{

1− β̃ (1 + ψ) (1− γ)
[

1− γ
(

1− β̃
)]}

> 0,

p2 = β̃γ (1 + ψ)
{

α
[

1− γ
(

1− β̃
)]

+ κ2 (1 + χ)2 (1− γ)(1 + τ)
}

> 0,

p1 = −κ2 (1 + χ)2 (1 + τ)
[

1− β̃ (1 + ψ) (1− γ)
]

−α(1− β̃)
{

1− β̃ (1 + ψ)
[

1− γ
(

1− β̃
)]}

− p0 − p2 < 0.

❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥& ❢♦2 ✐♥✢❛&✐♦♥ ❡①♣❡❝&❛&✐♦♥" ✐♥ &❤❡ ❆▲▼ ❢♦2 ✐♥✢❛&✐♦♥ ✐" ♣♦"✐&✐✈❡

✇❤❡2❡❛" &❤❡ ♦♥❡ ❢♦2 &❤❡ &❡❝❤♥♦❧♦❣② "❤♦❝❦" ✐" ♥❡❣❛&✐✈❡✳ ■& ✐" "❤♦✇♥ &❤❛& 0 < ccgπ < 1 ❛♥❞

dcgπ < 0 ✭❆♣♣❡♥❞✐① ❆✳✸✮✳ ❚❤❡ 2❡"♣♦♥"❡ ♦❢ ♠♦♥❡&❛2② ♣♦❧✐❝② &♦ "&♦❝❦ ♣2✐❝❡" ❝❛♥ ♦✛"❡& &❤❡✐2

❡✛❡❝& ♦♥ &❤❡ ❆▲▼ ❢♦2 ✐♥✢❛&✐♦♥ ❜✉& ♥♦& &❤❡ "&2✉❝&✉2❛❧ ❡✛❡❝&" ♦❢ "&♦❝❦ ♣2✐❝❡" ♦♥ &❤❡ O❤✐❧❧✐♣"

❝✉2✈❡✱ 2❡✢❡❝&❡❞ ❜② &❤❡ ❢❛❝& &❤❛& β̃ = β
1+ψ < β ❛♥❞ ψ > 0 ❛2❡ ♣2❡"❡♥& ✐♥ ❜♦&❤ "♦❧✉&✐♦♥" ♦❢ ccgπ

❛♥❞ dcgπ ✇❤❡♥ &❤❡ &✉2♥♦✈❡2 2❛&❡ ✐" ♣♦"✐&✐✈❡✳ ◆♦&✐❝❡ &❤❛& β̃ = β ❛♥❞ ψ = 0 ✇❤❡♥ &❤❡ &✉2♥♦✈❡2

2❛&❡ ✐" ❡R✉❛❧ &♦ ③❡2♦✳

❚❤❡ &✐♠❡ ❤♦2✐③♦♥ ✇✐&❤✐♥ ✇❤✐❝❤ ♣2✐✈❛&❡ ❛❣❡♥&"✬ ❜❡❧✐❡❢" ❝♦♥✈❡2❣❡ &♦ ❘❊ ✐" ❞❡&❡2♠✐♥❡❞ ❜② &❤❡

❧❡❛2♥✐♥❣ ❣❛✐♥✳ ❚❤❡ ❧❛&&❡2 ✐♥❞✉❝❡" &❤❡ ♣❡2"✐"&❡♥❝❡ ♦❢ ✐♥✢❛&✐♦♥ ❡✈❡♥ ✇❤❡♥ "❤♦❝❦" ❛2❡ "&♦❝❤❛"&✐❝

❛♥❞ ❛✛❡❝&" &❤❡ ♣♦""✐❜✐❧✐&② ♦❢ ✐♥&❡2&❡♠♣♦2❛❧ &2❛❞❡✲♦✛ ❢♦2 &❤❡ ❈❇✳

✷✶



■❢ γ = 0✱ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥- ❛.❡ ❝♦♥-'❛♥' ♦✈❡. '✐♠❡ ✇✐'❤ at = at−1 ❛♥❞ bt = bt−1✳

❲❡ ♦❜-❡.✈❡ '❤❡ ❝♦♥✈❡.❣❡♥❝❡ ♦❢ '❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥'- '♦✇❛.❞- '❤❡ ❘❊❊✱ ❜② ❝♦♠♣❛.✐♥❣ '❤❡

❝♦❡✣❝✐❡♥'- ✐♥ ✭✷✾✮ ❛♥❞ '❤♦-❡ ❣✐✈❡♥ ❜❡❧♦✇✿

ccgπ =
αβ̃

Υ
, ✭✺✶✮

dcgπ = −
ακ (1 + χ)

Υ
. ✭✺✷✮

❚❤❡ ❝♦❡✣❝✐❡♥'- ✐♥ '❤❡ ❆▲▼ ❢♦. ✐♥✢❛'✐♦♥ ❣✐✈❡♥ ❜② ✭✺✶✮✲✭✺✷✮ ❛.❡ ❡J✉❛❧ '♦ '❤❡ ❝♦..❡-♣♦♥❞✐♥❣

♦♥❡- ✐♥ ✭✷✾✮✱ ✐✳❡✳✱ '❤❡ ❆▲▼ ❢♦. ✐♥✢❛'✐♦♥ ✉♥❞❡. ❘❊✳

❋♦. γ = 1✱ ✐✳❡✳✱ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥- ❛.❡ -'❛'✐❝ ✇✐'❤ at = πt−1 ❛♥❞ bt = xt−1✱ ✇❡ ❤❛✈❡

ccgπ =
αβ̃3(1+ψ)+Υ−

√

[

αβ̃3(1+ψ)+Υ
]2

−4α2β̃3(1+ψ)

2αβ̃2(1+ψ)
, ✭✺✸✮

dcgπ = − ακ(1+χ)

Υ+αβ̃2(1+ψ)
(

β̃−ccgπ

) . ✭✺✹✮

❲❤❡♥ '❤❡ ❧❡❛.♥✐♥❣ ❣❛✐♥ γ ❤✐'- ✶✱ ✐♥✢❛'✐♦♥ ✐- -❡❧❢✲-✉-'❛✐♥❡❞ ❜❡❝❛✉-❡ ♣.✐✈❛'❡ ❛❣❡♥'-✬ ✐♥✢❛'✐♦♥

❡①♣❡❝'❛'✐♦♥- ❛.❡ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ ♣❛-' ✐♥✢❛'✐♦♥✳

■♥-❡.'✐♥❣ πt ❣✐✈❡♥ ❜② ✭✹✽✮ ✐♥'♦ ✭✶✼✮ ②✐❡❧❞- '❤❡ ❆▲▼ ❢♦. '❤❡ ♦✉'♣✉'✲❣❛♣✿

xt = ccgx at + dcgx zt, ✭✺✺✮

✇❤❡.❡ ccgx = − β̃−ccgπ
κ(1+χ) ❛♥❞ dcgx = 1 + dcgπ

κ(1+χ) .

❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥' ♦♥ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥- ✐♥ ✭✺✺✮ ✐- ♥❡❣❛'✐✈❡ ✇❤✐❧❡ '❤❡ ❢❡❡❞❜❛❝❦

❝♦❡✣❝✐❡♥' ♦♥ '❤❡ '❡❝❤♥♦❧♦❣② -❤♦❝❦ ✐- ♣♦-✐'✐✈❡ ❜✉' -♠❛❧❧❡. '❤❛♥ ✶✳ ■' ✐- -'.❛✐❣❤'❢♦.✇❛.❞ '♦

✜♥❞ '❤❡ ❝♦..❡-♣♦♥❞✐♥❣ ✈❛❧✉❡- ♦❢ ccgx ❛♥❞ dcgx ❢♦. '❤❡ ❧✐♠✐' ❝❛-❡-✱ ✐✳❡✳✱ γ = 0 ♦. γ = 1 ✉-✐♥❣

✭✺✶✮✲✭✺✹✮✳ ❲❡ ♥♦'✐❝❡ '❤❛' -✐♥❝❡ κ ✐- ✈❡.② -♠❛❧❧✱ '❤❡ ✐♠♣❛❝' ♦❢ ❛ ♣♦-✐'✐✈❡ ✐♥✢❛'✐♦♥ ♣❡♥❛❧'② .❛'❡

♦♥ '❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥'- ♦♥ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥- ❛♥❞ '❤❡ '❡❝❤♥♦❧♦❣② -❤♦❝❦- ✐♥ '❤❡ ❆▲▼

❢♦. '❤❡ ♦✉'♣✉' ❣❛♣ ✐- -✉❜-'❛♥'✐❛❧❧② ❣.❡❛'❡. '❤❛♥ '❤❛' ♦♥ ❝♦..❡-♣♦♥❞✐♥❣ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥'- ✐♥

'❤❡ ❆▲▼ ❢♦. ✐♥✢❛'✐♦♥✳

✷✷



❈♦♠❜✐♥✐♥❣ ✭✶✽✮✱ ✭✷✶✮✲✭✷✹✮✱ ✭✹✽✮ ❛♥❞ ✭✺✺✮ ❛❧❧♦✇4 ♦❜5❛✐♥✐♥❣ 5❤❡ ❆▲▼ ❢♦< 5❤❡ ✐♥5❡<❡45 <❛5❡✿

rt = ccgr at + δxbt + δqst + ut + δvvt + dcgr zt ✭✺✻✮

✇✐5❤ ccgr = 1 + β̃−ccgπ
κ(1+χ) ✱ δx = 1−ψη

1+ψ ✱ δq =
ψβ̃
1+ψ ✱ δv =

ψ
1+ψ ✱ ❛♥❞ d

cg
r = −1− dcgπ

κ(1+χ) ✳

❲❡ ✜♥❞ 5❤❡ ❆▲▼ ❢♦< 45♦❝❦ ♣<✐❝❡4 ✉4✐♥❣ 5❤❡ ❆▲▼4 ✭✹✽✮✱ ✭✺✺✮ ❛♥❞ ✭✺✻✮ ❝♦♠❜✐♥❡❞ ✇✐5❤ ✭✶✽✮

❛♥❞ ✭✷✶✮✿

qt = ccgq at + ωxbt + ωqst + ωuut + ωvvt + dcgq zt, ✭✺✼✮

✇❤❡<❡ ccgq = − β̃−ccgπ
κ(1+χ) = ccgx ✱ ωx = −

(

1+η
1+ψ

)

✱ ωq = β̃
(1+ψ) ✱ ωu = −1✱ ωv = 1

(1+ψ) ✱ ❛♥❞ d
cg
q =

1 + dcgπ
κ(1+χ) .

✹✳✸ ❚❤❡ ❡✛❡❝() ♦❢ ❧❡❛.♥✐♥❣ ❛♥❞ (✉.♥♦✈❡. .❛(❡ ♦♥ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥()

❚❤❡ ❡✛❡❝5 ♦❢ ❧❡❛<♥✐♥❣ ❣❛✐♥ ♦♥ 5❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥5 ♦♥ ✐♥✢❛5✐♦♥ ❡①♣❡❝5❛5✐♦♥4 ✐♥ 5❤❡ ❆▲▼

❢♦< ✐♥✢❛5✐♦♥ ✐4 ♦❜5❛✐♥❡❞ ❜② ❞✐✛❡<❡♥5✐❛5✐♥❣ ✭✹✾✮ ✇✐5❤ <❡4♣❡❝5 5♦ γ ❛4 ✭4❡❡ ❆♣♣❡♥❞✐① ❆✳✹✮✿

∂ccgπ
∂γ

= αβ̃−Υccgπ

αβ̃2p2

√

p21−4p2p0

(

p0
∂p1
∂γ − p1

∂p0
∂γ

)

,

✇❤❡<❡

∂p2
∂γ

= αβ̃ (1 + ψ)
[

1− 2γ(1− β̃)
]

+ β̃κ2 (1 + χ)2 (1− 2γ) (1 + ψ) (1 + τ),

∂p0
∂γ

= αβ̃2 (1 + ψ)
[(

1− β̃
)

(1− γ) + 1− γ
(

1− β̃
)]

> 0,

∂p1
∂γ

= −2β̃ (1− γ) (1 + ψ)
[

α+ κ2 (1 + χ)2 (1 + τ)
]

− 2αγβ̃3 (1 + ψ) < 0.

❉✐✛❡<❡♥5✐❛5✐♥❣ ✭✺✵✮ ✇✐5❤ <❡4♣❡❝5 5♦ γ ②✐❡❧❞4

∂dcgπ
∂γ

=
αβ̃(1+ψ)κ(1+χ)

{

2αγβ̃
(

β̃−ccgπ

)

+(1−2γ)
(

αβ̃−ccgπ Υ
)

−γ
[

αγβ̃+(1−γ)Υ
]

∂c
cg
π

∂γ

}

Υ+αγ2β̃2(1+ψ)
(

β̃−ccgπ

)

+β̃γ(1+ψ)(1−γ)
(

αβ̃−ccgπ Υ
) .

●✐✈❡♥ 5❤❡ ❧✐♥❦ ❜❡5✇❡❡♥ 5❤❡ ❆▲▼ ❢♦< ✐♥✢❛5✐♦♥ ❛♥❞ 5❤❡ ❆▲▼4 ❢♦< 5❤❡ ♦✉5♣✉5 ❣❛♣✱ 45♦❝❦

♣<✐❝❡4 ❛♥❞ 5❤❡ ✐♥5❡<❡45 <❛5❡✱ ✐5 ✐4 ❡❛4② 5♦ ✜♥❞ 5❤❛5

∂ccgx
∂γ = −∂ccgr

∂γ =
∂ccgq
∂γ = 1

κ(1+χ)
∂ccgπ
∂γ ❛♥❞

✷✸



∂dcgx
∂γ = −dcgr

∂γ =
∂dcgq
∂γ = 1

κ(1+χ)
∂dcgπ
∂γ ✳

 !♦♣♦$✐&✐♦♥ ✹✳ ❋♦" ❛ ♣♦%✐'✐✈❡ ❧❡❛"♥✐♥❣ ❣❛✐♥✱ '❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥' ♦♥ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥%

✐♥ '❤❡ ❆▲▼% ❢♦" ✐♥✢❛'✐♦♥✱ '❤❡ ♦✉'♣✉' ❣❛♣ ❛♥❞ %'♦❝❦ ♣"✐❝❡% ✭'❤❡ ✐♥'❡"❡%' "❛'❡✮ ✐% ❧♦✇❡" ✭❤✐❣❤❡"✮

'❤❛♥ ✉♥❞❡" ❘❊✱ ❢♦" ❛ ❣✐✈❡♥ ✐♥✢❛'✐♦♥ ♣❡♥❛❧'② "❛'❡✳ ❚❤❡ ❤✐❣❤❡" ✐% '❤❡ ❧❡❛"♥✐♥❣ ❣❛✐♥✱ '❤❡ ❣"❡❛'❡"

'❤❡ ❞❡✈✐❛'✐♦♥ ♦❢ '❤❡%❡ ❝♦❡✣❝✐❡♥'% ❢"♦♠ '❤❡✐" ❝♦""❡%♣♦♥❞✐♥❣ ♦♥❡% ♦❜'❛✐♥❡❞ ✉♥❞❡" ❘❊ ✐❢

−1 < τ <
αβ̃
[

2− β̃2 (1 + ψ)
]

− α

κ2 (1 + χ)2
− 1 ✭✺✽✮

❛♥❞

✶✷

0 ≤ ν < ν̄. ✭✺✾✮

❋♦" '❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥'% ♦♥ '❤❡ '❡❝❤♥♦❧♦❣② %❤♦❝❦✱ '❤❡ ❡✛❡❝' ♦❢ ❧❡❛"♥✐♥❣ ✐% "❡✈❡"%❡❞ ✉♥❞❡"

'❤❡%❡ ❝♦♥❞✐'✐♦♥%✳

 !♦♦❢✳ )*♦♣♦-✐/✐♦♥ ✹ ❢♦❧❧♦✇- ❢*♦♠ ❞✐✛❡*❡♥/✐❛/✐♥❣ ccgπ ✱ dcgπ ✱ ccgx ✱ dcgx ✱ ccgq ✱ dcgq ✱ ccgr ❛♥❞ dcgr ✱ ✉-✐♥❣

/❤❡✐* *❡-♣❡❝/✐✈❡ ❞❡✜♥✐/✐♦♥✱ ✇✐/❤ *❡-♣❡❝/ /♦ γ✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✹✳2

)*♦♣♦-✐/✐♦♥ ✹ ❣✐✈❡- /❤❡ ❝♦♥❞✐/✐♦♥- ✉♥❞❡* ✇❤✐❝❤

∂ccgx
∂γ = −∂ccgr

∂γ =
∂ccgq
∂γ = 1

κ(1+χ)
∂ccgπ
∂γ < 0✱ ❛♥❞

∂dcgx
∂γ = −dcgr

∂γ =
∂dcgq
∂γ = 1

κ(1+χ)
∂dcgπ
∂γ > 0✳ ■♥ /❤❡ ❝❛-❡ ♦❢ /❤❡ ❆▲▼ ❢♦* ✐♥✢❛/✐♦♥✱

∂ccgπ
∂γ < 0 ♠❡❛♥-

/❤❛/ ❛ ❤✐❣❤❡* ❧❡❛*♥✐♥❣ ❣❛✐♥ ❧❡❛❞- /♦ ❛ -♠❛❧❧❡* *❡-♣♦♥-❡ ♦❢ ✐♥✢❛/✐♦♥ /♦ ✐♥✢❛/✐♦♥ ❡①♣❡❝/❛/✐♦♥-✳

❙✐♥❝❡ ccgπ > 0✱ /❤❡ ❤✐❣❤❡* /❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥ ✐-✱ /❤❡ ❧❛*❣❡* /❤❡ ❞❡✈✐❛/✐♦♥ ♦❢ /❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥/

♦♥ ✐♥✢❛/✐♦♥ ❡①♣❡❝/❛/✐♦♥- ❢*♦♠ ✐/- ❘❊ ❧❡✈❡❧✳ ❋♦*

∂dcgπ
∂γ > 0✱ /❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥/ ♦♥ /❤❡

/❡❝❤♥♦❧♦❣② -❤♦❝❦ ✐♥❝*❡❛-❡- ✇✐/❤ /❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥✳ ❆- dcgπ ✐- ♥❡❣❛/✐✈❡✱ ❛ ♣♦-✐/✐✈❡ /❡❝❤♥♦❧♦❣②

-❤♦❝❦ *❡❞✉❝❡- ❧❡-- ✐♥✢❛/✐♦♥ ❛- /❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥ ✐♥❝*❡❛-❡-✳

❚❤✐- ♣*♦♣♦-✐/✐♦♥ ❢♦❝✉-❡- ♦♥ /❤❡ ❡✛❡❝/ ♦❢ ❧❡❛*♥✐♥❣ ❢♦* ❛ ❣✐✈❡♥ /✉*♥♦✈❡* *❛/❡✳ ❆❝❝♦*❞✐♥❣ /♦

✐/✱ /❤❡ ❛❣❣*❡--✐✈❡♥❡-- ♦❢ /❤❡ ✐♥/❡*❡-/ *❛/❡ ♣♦❧✐❝② ✐♥❝*❡❛-❡- ✇✐/❤ /❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥ ✐❢ ❝♦♥❞✐/✐♦♥-

✭✺✽✮✲✭✺✾✮ ❛*❡ ✈❡*✐✜❡❞✳ ❇② ❜❡✐♥❣ ❛❣❣*❡--✐✈❡✱ ♠♦♥❡/❛*② ♣♦❧✐❝② ✐♠♣*♦✈❡- /❤❡ -/❛❜✐❧✐③❛/✐♦♥ ♦❢

✐♥✢❛/✐♦♥ ❜✉/ ❞❡/❡*✐♦*❛/❡- /❤❡ -/❛❜✐❧✐③❛/✐♦♥ ♦❢ /❤❡ ♦✉/♣✉/ ❣❛♣ ❛♥❞ ✐♥❝*❡❛-❡- /❤❡ ✈♦❧❛/✐❧✐/② ♦❢

-/♦❝❦ ♣*✐❝❡-✳

❈♦♥❞✐/✐♦♥- ✭✺✽✮✲✭✺✾✮ ❛*❡ -❡♥-✐/✐✈❡ /♦ /❤❡ /✉*♥♦✈❡* *❛/❡✳ ❋♦* ǫ = 2.3✱ β = 0.99✱ ✇❡ ♦❜/❛✐♥

/❤❡ /❤*❡-❤♦❧❞ ❢♦* ν -✉❝❤ /❤❛/ ν̄ < 0.082✳ ❚❤✉-✱ /❤❡ ❝♦♥❞✐/✐♦♥ ✭✺✾✮ ✐- ❣❡♥❡*❛❧❧② ✈❡*✐✜❡❞ -✐♥❝❡

✶✷ν̄ ✐! "❤❡ !♦❧✉"✐♦♥ "❤❛" ✈❡+✐✜❡! ν
1−β(1−ν)
(1−ν)ǫ

1+r(ν)
r(ν)

< β − 1 + β
√
1− β✱ ✇❤❡+❡ r(ν) ✐! ❞❡✜♥❡❞ ✐♥ ❢♦♦"♥♦"❡ ✻✳

✷✹



 ❤❡ ✈❛❧✉❡ ❢♦) ν ✐+ ❝❧❡❛)❧② +♠❛❧❧❡)  ❤❛♥ ν̄ ❛❝❝♦)❞✐♥❣  ♦ ❆✐)❛✉❞♦ ❡ ❛❧✳ ✭✷✵✶✺✮✳ ■♥  ❤❡ ❛❜+❡♥❝❡ ♦❢

+ ♦❝❦ ♣)✐❝❡+✱ ✐✳❡✳✱ ψ = ν = 0✱  ❤❡ )✐❣❤ ✲❤❛♥❞ +✐❞❡ ♦❢ ✭✺✽✮ ✇✐❧❧ ❜❡ ❧❛)❣❡❧② ♣♦+✐ ✐✈❡✱ ♠❡❛♥✐♥❣  ❤❛ 

B)♦♣♦+✐ ✐♦♥ ✹ ✐+ ✐♥ ❣❡♥❡)❛❧  )✉❡ ❢♦) ❛❧❧ ✈❛❧✉❡+ ♦❢ γ✳

❯+✐♥❣  ❤❡ ♣❛)❛♠❡ ❡) ✈❛❧✉❡+ α = 0.048✱ β = 0.99✱ σ = 0.157✱ r = 0.01✱ θ = 0.9✱ χ = 1✱

ǫ = 2.3✱ ❛♥❞ τ = 0✱ ✇❡ ❞)❛✇  ❤❡ )❡❧❛ ✐♦♥+❤✐♣ ❜❡ ✇❡❡♥  ❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥ + ✐♥  ❤❡ ❆▲▼+

❢♦)  ❤)❡❡ ✈❛❧✉❡+ ♦❢ ν✱ ✐✳❡✳✱ ν = 0✱ ν = 0.025✱ ❛♥❞ ν = 0.05✱ ✐♥ ❋✐❣✉)❡ ✶✳

❋✐❣✉)❡ ✶✿ ❋❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥ + ♦♥ ✐♥✢❛ ✐♦♥ ❡①♣❡❝ ❛ ✐♦♥+ ❛♥❞  ❡❝❤♥♦❧♦❣② +❤♦❝❦+ ✐♥  ❤❡ ❆▲▼+

✇✐ ❤ τ = 0✳

■ ❢♦❧❧♦✇+ ❢)♦♠ ❋✐❣✉)❡ ✶  ❤❛ ✐♥  ❤❡ ❛❜+❡♥❝❡ ♦❢ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② ✭τ = 0✮✱ ❛♥ ✐♥❝)❡❛+❡

✐♥  ✉)♥♦✈❡) )❛ ❡ )❡❞✉❝❡+ ✭✐♥❝)❡❛+❡+✮  ❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥ + ♦♥  ❤❡  ❡❝❤♥♦❧♦❣② +❤♦❝❦ ✐♥  ❤❡

✷✺



❆▲▼# ❢♦& ✐♥✢❛+✐♦♥ ❛♥❞ +❤❡ ✐♥+❡&❡#+ &❛+❡ ✭+❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ #+♦❝❦ ♣&✐❝❡#✮ ❢♦& ❛❧❧ ✈❛❧✉❡# ♦❢

❧❡❛&♥✐♥❣ ❣❛✐♥✳ ❍✐❣❤❡& +✉&♥♦✈❡& &❛+❡ ✐♠♣❧✐❡# ❛ ❞❡❝&❡❛#❡ ✐♥ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+ ♦♥ ✐♥✢❛+✐♦♥

❡①♣❡❝+❛+✐♦♥# ✐♥ +❤❡ ❆▲▼ ❢♦& ✐♥✢❛+✐♦♥ ❢♦& ❛♥② ❧❡❛&♥✐♥❣ ❣❛✐♥✳ ❆♥ ✐♥❝&❡❛#❡ ✐♥ +✉&♥♦✈❡& &❛+❡

❝❧❡❛&❧② ✐♥❝&❡❛#❡# ✭❞❡❝&❡❛#❡#✮ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+ ♦♥ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥# ✐♥ +❤❡ ❆▲▼# ❢♦&

+❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ #+♦❝❦# ♣&✐❝❡# ✭+❤❡ ✐♥+❡&❡#+ &❛+❡✮ ❢♦& γ > 0.05✳ ❋♦& #♠❛❧❧❡& ❧❡❛&♥✐♥❣ ❣❛✐♥#✱

+❤❡ ❡✛❡❝+ ♦❢ +✉&♥♦✈❡& &❛+❡ ✐# ✐♥#✐❣♥✐✜❝❛♥+ ❛♥❞ &❡✈❡&#❡❞ ❢♦& +❤❡#❡ +❤&❡❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+#✳

❙✐♠✉❧❛+✐♦♥# ❢♦& τ > 0 #❤♦✇# #✐♠✐❧❛& ❡✛❡❝+ ♦❢ ❛♥ ✐♥❝&❡❛#❡ ✐♥ +✉&♥♦✈❡& &❛+❡✳

❋♦& τ < 0✱ +❤❡ ♣&❡✈✐♦✉# ❡✛❡❝+# ❛&❡ #+✐❧❧ ✈❛❧✐❞ ❢♦& ♠♦#+ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+# ❡①❝❡♣+ +❤❛+ ❛♥

✐♥❝&❡❛#❡ ✐♥ +✉&♥♦✈❡& &❛+❡ ❝♦✉❧❞ ❡✐+❤❡& &❛✐#❡ ♦& &❡❞✉❝❡ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+# ♦♥ +❤❡ +❡❝❤♥♦❧♦❣②

#❤♦❝❦ ✐♥ +❤❡ ❆▲▼# ❢♦& +❤❡ ♦✉+♣✉+ ❣❛♣✱ #+♦❝❦ ♣&✐❝❡# ❛♥❞ +❤❡ ✐♥+❡&❡#+ &❛+❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥

❧❡❛&♥✐♥❣ ❣❛✐♥ ❛♥❞ +✉&♥♦✈❡& &❛+❡✳ ▼♦&❡ ♣&❡❝✐#❡❧②✱ ❛♥ ✐♥❝&❡❛#❡ ✐♥ +✉&♥♦✈❡& &❛+❡ &❛✐#❡# ✭&❡❞✉❝❡#✮

+❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+# ♦♥ +❤❡ +❡❝❤♥♦❧♦❣② #❤♦❝❦ ✐♥ +❤❡ ❆▲▼# ❢♦& +❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ #+♦❝❦

♣&✐❝❡# ✭+❤❡ ✐♥+❡&❡#+ &❛+❡✮ ✐❢ +❤❡ ❧❡❛&♥✐♥❣ ❣❛✐♥ ✐# #✉✣❝✐❡♥+❧② ❧♦✇ ✇✐+❤ +❤❡ +❤&❡#❤♦❧❞ ❞❡♣❡♥❞✐♥❣

♦♥ +❤❡ ❧❡✈❡❧ ♦❢ +✉&♥♦✈❡& &❛+❡✳ ❚❤❡#❡ &❡#✉❧+# ❛&❡ #✉♠♠❛&✐③❡❞ ✐♥ +❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦♣♦#✐+✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✺✳ ❋♦# ♣♦%✐'✐✈❡ ✐♥✢❛'✐♦♥ ♣❡♥❛❧'② #❛'❡%✱ ❛♥ ✐♥❝#❡❛%❡ ✐♥ '✉#♥♦✈❡# #❛'❡ %✐❣♥✐✜❝❛♥'❧②

♠✐'✐❣❛'❡% '❤❡ ❛❣❣#❡%%✐✈❡♥❡%% ♦❢ ♠♦♥❡'❛#② ♣♦❧✐❝② ✐♥ #❡%♣♦♥%❡ '♦ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥% ❛% '❤❡

❧❡❛#♥✐♥❣ ❣❛✐♥ ✐% %✉✣❝✐❡♥'❧② ❤✐❣❤ ✭ γ > 0.05✮ ❛♥❞ ❛♠♣❧✐✜❡% ✐' ✐♥ #❡%♣♦♥%❡ '♦ '❤❡ '❡❝❤♥♦❧♦❣② %❤♦❝❦

♣❛#'✐❝✉❧❛#❧② ✇❤❡♥ '❤❡ ❧❡❛#♥✐♥❣ ❣❛✐♥ ✐% #❡❧❛'✐✈❡❧② ❧♦✇ ✭ γ < 0.85✮✳ ❆♥ ✐♥❝#❡❛%❡ ✐♥ '✉#♥♦✈❡# #❛'❡

'❤✉% ❣❡♥❡#❛❧❧② ❛''❡♥✉❛'❡% '❤❡ #❡%♣♦♥%❡% ♦❢ ✐♥✢❛'✐♦♥✱ '❤❡ ♦✉'♣✉' ❣❛♣ ❛♥❞ %'♦❝❦ ♣#✐❝❡% '♦ ❛ ❝❤❛♥❣❡

✐♥ ✐♥✢❛'✐♦♥ ❡①♣❡❝'❛'✐♦♥% ✭ γ > 0.05✮ ❜✉' ❛♠♣❧✐✜❡% '❤♦%❡ '♦ '❤❡ '❡❝❤♥♦❧♦❣② %❤♦❝❦ ✭ γ < 0.85✮✳

✹✳✹ ❚❤❡ ❡✛❡❝'( ♦❢ ✐♥✢❛'✐♦♥ ♣❡♥❛❧'② 2❛'❡ ♦♥ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥'(

■♠♣♦#✐♥❣ ❛♥ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② ✐# ❛ ♠❡❛♥ +♦ ✐♥❞✉❝❡ +❤❡ ❈❇ +♦ ✐♠♣&♦✈❡ +❤❡ +&❛❞❡✲♦✛ ❜❡+✇❡❡♥

✐♥✢❛+✐♦♥ ❛♥❞ +❤❡ ♦✉+♣✉+ ❣❛♣✳ ❚❤❡ ❡✛❡❝+ ♦❢ ❛♥ ✐♥❝&❡❛#❡ ✐♥ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② &❛+❡ ♦♥ +❤❡ ❆▲▼#

❝♦✉❧❞ ❜❡ ♦❜+❛✐♥❡❞ ❜② ❞✐✛❡&❡♥+✐❛+✐♥❣ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+# ✐♥ ✭✹✽✮ ❛♥❞ ✭✺✺✮ ✇✐+❤ &❡#♣❡❝+ +♦

τ ✭❆♣♣❡♥❞✐① ❆✳✺✮✿

∂ccgπ
∂τ

= κ (1 + χ)
∂ccgx
∂τ

=
ccgπ
(

p2
∂p1
∂τ − p1

∂p2
∂τ

)

− p0
∂p2
∂τ

p2
√

p21 − 4p2p0
< 0,

✷✻



∂dcgπ
∂τ

= κ (1 + χ)
∂dcgx
∂τ

=
αβ̃κ(1+ψ)(1+χ)

{

2αγβ̃
(

β̃−ccgπ

)

+(1−2γ)
(

αβ̃−ccgπ Υ
)

−γ
[

αγβ̃+(1−γ)Υ
]

∂c
cg
π

∂γ

}

Υ+αγ2β̃2(1+ψ)
(

β̃−ccgπ

)

+β̃γ(1+ψ)(1−γ)
(

αβ̃−ccgπ Υ
) > 0

✇❤❡#❡

∂p1
∂τ = −κ2 (1 + χ)2

[

1− β̃(1− γ)2 (1 + ψ)
]

< 0✱ ❛♥❞ ∂p2
∂τ = γβ̃κ2 (1 + ψ) (1 + χ)2 (1 −

γ) > 0 ✳

❋♦# γ = 0✱ +❤❡ ❈❇ ❝❛♥♥♦+ ✐♥✢✉❡♥❝❡ ♣#✐✈❛+❡ ❛❣❡♥+5✬ ❡①♣❡❝+❛+✐♦♥5 ❜② ✈❛#②✐♥❣ +❤❡ ❛❝+✉❛❧

✐♥✢❛+✐♦♥ ❣✐✈❡♥ +❤❛+ ♣#✐✈❛+❡ ❡①♣❡❝+❛+✐♦♥5 ❛#❡ 5+❛+✐♦♥❛#② ❛❝❝♦#❞✐♥❣ +♦ ✭✷✷✮✳ ❙✐♥❝❡ +❤❡ ♣♦55✐❜✐❧✐+②

❢♦# +❤❡ ❈❇ +♦ ♠❛♥✐♣✉❧❛+❡ ♣#✐✈❛+❡ ❡①♣❡❝+❛+✐♦♥5 ✐5 ♥✉❧❧✱ +❤❡ ❡✛❡❝+ ♦❢ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② ✇✐❧❧ ❜❡

5♠❛❧❧❡# ✐♥ +❤✐5 ❝❛5❡ +❤❛♥ ✇❤❡♥ γ > 0✳

❲❤❡♥ γ = 1✱ ❛♥ ✐♥❝#❡❛5❡ ✐♥ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② ♠❛❦❡5 +❤❡ ❧❛#❣❡5+ ✐♠♣❛❝+ ✭❝♦♠♣❛#❡❞ +♦

❛♥② ♦+❤❡# ❧❡❛#♥✐♥❣ ❣❛✐♥✮ ♦♥ +❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝+5 ♦❢ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥5 ❛♥❞ +❤❡ +❡❝❤♥♦❧♦❣②

5❤♦❝❦5 ✐♥ +❤❡ ❆▲▼5 ❢♦# ❡♥❞♦❣❡♥♦✉5 ✈❛#✐❛❜❧❡5✳ ◆✉♠❡#✐❝❛❧ 5✐♠✉❧❛+✐♦♥5 5❤♦✇ +❤❛+ ❢♦# γ > 0.20✱

+❤❡ ✐♠♣❛❝+ ♦❢ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② ♦♥ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+5 ♦♥ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥5 ✭+❤❡

+❡❝❤♥♦❧♦❣② 5❤♦❝❦5✮ ✐♥ +❤❡ ❆▲▼5 ✐5 ✈❡#② ❝❧♦5❡ +♦ ✭5+✐❧❧ ❢❛# ❢#♦♠✮ +❤❡ ♦♥❡5 ♦❜+❛✐♥❡❞ ✇❤❡♥ γ = 1✳

❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+5 ♦♥ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥5 ✭+❤❡ +❡❝❤♥♦❧♦❣② 5❤♦❝❦✮ ✐♥ +❤❡ ❆▲▼5 ❢♦#

✐♥✢❛+✐♦♥✱ +❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ 5+♦❝❦ ♣#✐❝❡5✱ ✐✳❡✳✱ ccgπ ✱ c
cg
x ❛♥❞ ccgq ✭dcgπ ✱ d

cg
x ❛♥❞ dcgq ✮✱ ❛#❡ ❞❡❝#❡❛5✐♥❣

✭✐♥❝#❡❛5✐♥❣ #❡5♣❡❝+✐✈❡❧②✮ ✐♥ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② #❛+❡ ✇❤✐❧❡ +❤❡ #❡✈❡#5❡❞ ❡✛❡❝+ ✐5 ♦❜5❡#✈❡❞ ❢♦# +❤❡

❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+5 ✐♥ +❤❡ ❆▲▼ ❢♦# +❤❡ ✐♥+❡#❡5+ #❛+❡ ✭❆♣♣❡♥❞✐① ❆✳✺✮✳ ❋✐❣✉#❡ ✷ 5❤♦✇5 ❤♦✇

❛ ❝❤❛♥❣❡ ✐♥ τ ♠❛❦❡5 +❤❡5❡ ❝♦❡✣❝✐❡♥+5 ✈❛#②✳ ▼♦#❡ 5♣❡❝✐✜❝❛❧❧②✱ ❛♥ ✐♥❝#❡❛5❡ ✐♥ ❜♦+❤ ✐♥✢❛+✐♦♥

♣❡♥❛❧+② #❛+❡ ❛♥❞ ❧❡❛#♥✐♥❣ ❣❛✐♥ #❛✐5❡5 +❤❡ ❛❣❣#❡55✐✈❡♥❡55 ♦❢ +❤❡ ✐♥+❡#❡5+ #❛+❡ ♣♦❧✐❝② ✐♥ #❡5♣♦♥5❡

+♦ ❛ ❝❤❛♥❣❡ ✐♥ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥5 ❛♥❞ +❤❡ +❡❝❤♥♦❧♦❣② 5❤♦❝❦✱ #❡❞✉❝✐♥❣ ✭✐♥❝#❡❛5✐♥❣✮ +❤✉5 +❤❡

❞❡✈✐❛+✐♦♥5 ♦❢ ✐♥✢❛+✐♦♥ ✭+❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ 5+♦❝❦ ♣#✐❝❡5✮ ❝♦♠♣❛#❡❞ +♦ +❤❡ ❘❊❊✳ ❆♥ ✐♥❝#❡❛5❡ ✐♥

✐♥✢❛+✐♦♥ ♣❡♥❛❧+② #❛+❡ #❡❞✉❝❡5 +❤❡ ✈♦❧❛+✐❧✐+② ♦❢ ✐♥✢❛+✐♦♥ ❛♥❞ +❤✉5 +❤❡ 5+❛❜✐❧✐③❛+✐♦♥ ❜✐❛5 ❜✉+ ❛+

+❤❡ ❝♦5+ ♦❢ ✐♥❝#❡❛5✐♥❣ +❤❡ ✈♦❧❛+✐❧✐+② ♦❢ +❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ 5+♦❝❦ ♣#✐❝❡5✳ ❆♥ ✐♥❝#❡❛5❡ ✐♥ ❧❡❛#♥✐♥❣

❣❛✐♥ 5+#❡♥❣+❤❡♥5 +❤❡5❡ +#❡♥❞5 ❛♥❞ ♠♦#❡ 5♦ ❛5 +❤❡ ✐♥✢❛+✐♦♥ ♣❡♥❛❧+② #❛+❡ #✐5❡5✳ ❚❤❡ ❡✛❡❝+ ♦❢

❧❡❛#♥✐♥❣ ✐5 ♥✉❧❧ ✇❤❡♥ τ = 0✳ ❲❡ #❡♠❛#❦ +❤❛+ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+5 ♦♥ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥5

❛#❡ ✈❡#② 5❡♥5✐+✐✈❡ +♦ ❧❡❛#♥✐♥❣ ❣❛✐♥ ✐♥ ❛❧❧ ❆▲▼5✱ ❝♦♥+#❛#② +♦ +❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥+5 ♦♥ +❤❡

+❡❝❤♥♦❧♦❣② 5❤♦❝❦✳

✷✼



❋✐❣✉$❡ ✷✿ ❋❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥01 ♦♥ ✐♥✢❛0✐♦♥ ❡①♣❡❝0❛0✐♦♥1 ❛♥❞ 0❤❡ 0❡❝❤♥♦❧♦❣② 1❤♦❝❦ ✐♥ 0❤❡ ❆▲▼1

❢♦$ ❛ ♣♦1✐0✐✈❡ 0✉$♥♦✈❡$ $❛0❡ ✭ν = 0.025✮✳

❋♦$ 10❛♥❞❛$❞ ♣❛$❛♠❡0❡$ ✈❛❧✉❡1✱ ❋✐❣✉$❡ ✸ 1❤♦✇1 ❤♦✇ 0❤❡ 0✉$♥♦✈❡$ $❛0❡ ❛✛❡❝01 0❤❡ ❡✛❡❝01 ♦❢

✐♥✢❛0✐♦♥ ♣❡♥❛❧0② $❛0❡ ❢♦$ ❛ ❣✐✈❡♥ ❧❡❛$♥✐♥❣ ❣❛✐♥✳ ❆♥ ✐♥❝$❡❛1❡ ✐♥ 0✉$♥♦✈❡$ $❛0❡ ❝❧❡❛$❧② ✇❡❛❦❡♥1

✭$❡✐♥❢♦$❝❡1✮ 0❤❡ ❛♠♣❧✐✜❝❛0✐♦♥ ✭❛00❡♥✉❛0✐♦♥✮ ❡✛❡❝0 ♦❢ ✐♥✢❛0✐♦♥ ♣❡♥❛❧0② $❛0❡ ♦♥ 0❤❡ ❢❡❡❞❜❛❝❦

❝♦❡✣❝✐❡♥01 ✐♥ 0❤❡ ❆▲▼1 ❢♦$ 0❤❡ ♦✉0♣✉0 ❣❛♣✱ 10♦❝❦ ♣$✐❝❡1 ❛♥❞ 0❤❡ ✐♥0❡$❡10 $❛0❡ ✭✐♥✢❛0✐♦♥✮✳

✷✽



❋✐❣✉$❡ ✸✿ ❚❤❡ ❡✛❡❝, ♦❢ ✐♥✢❛,✐♦♥ ♣❡♥❛❧,② ❢♦$ ❛ ❣✐✈❡♥ ❧❡❛$♥✐♥❣ ❣❛✐♥✱ ✐✳❡✱ γ = 0.1.✱ ❛♥❞ ✈❛$✐♦✉9
,✉$♥♦✈❡$ $❛,❡9✳

❋✐❣✉$❡ ✹ ✐❧❧✉9,$❛,❡9 ❤♦✇ ,❤❡ ,✉$♥♦✈❡$ $❛,❡ ❛✛❡❝,9 ,❤❡ ❞❡✈✐❛,✐♦♥ ♦❢ ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,9

✐♥ ,❤❡ ❆▲▼9 ❢$♦♠ ,❤❡✐$ $❡9♣❡❝,✐✈❡ ❘❊ ❡E✉✐❧❜$✐✉♠ ❧❡✈❡❧✳ ❆♥ ✐♥❝$❡❛9❡ ✐♥ ,✉$♥♦✈❡$ $❛,❡ ❣❡♥❡$❛❧❧②

$❡❞✉❝❡9 ,❤❡ ❞❡✈✐❛,✐♦♥9 ♦❢ ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,9 ✐♥ ,❤❡ ❆▲▼9 ❡①❝❡♣, ❢♦$ ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡❢✲

✜❝✐❡♥, ♦♥ ,❤❡ ,❡❝❤♥♦❧♦❣② 9❤♦❝❦ ✐♥ ,❤❡ ❆▲▼ ❢♦$ ✐♥✢❛,✐♦♥✳ ❆9 9❤♦✇♥ ✐♥ ❋✐❣✉$❡ ✹✱ ,❤❡ ❡✛❡❝, ♦❢

,✉$♥♦✈❡$ $❛,❡ ✐9 ♣❛$,✐❝✉❧❛$❧② ✐♠♣♦$,❛♥, ❢♦$ ,❤❡ ♦✉,♣✉, ❣❛♣✱ 9,♦❝❦ ♣$✐❝❡9 ❛♥❞ ,❤❡ ✐♥,❡$❡9, $❛,❡

✇❤✐❧❡ ✐, ✐9 ❛❧♠♦9, ✐♥9✐❣♥✐✜❝❛♥, ❢♦$ ✐♥✢❛,✐♦♥✳

✷✾



❋✐❣✉$❡ ✹✿ ❚❤❡ ✐♠♣❛❝. ♦❢ .❤❡ .✉$♥♦✈❡$ $❛.❡ ♦♥ .❤❡ ❝♦♠❜✐♥❡❞ ❡✛❡❝. ♦❢ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② $❛.❡ ❛♥❞

❧❡❛$♥✐♥❣ ❣❛✐♥✳

❚❤❡ :✐♠✉❧❛.✐♦♥ $❡:✉❧.: ✭❋✐❣✉$❡: ✸ ❛♥❞ ✹✮ ❧❡❛❞ .♦ .❤❡ ❢♦❧❧♦✇✐♥❣ ♣$♦♣♦:✐.✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✻✳ ❚❤❡ ♠♦&❡ ❝♦♥)❡&✈❛,✐✈❡ ,❤❡ ❝❡♥,&❛❧ ❜❛♥❦❡& ✐)✱ ,❤❡ ♠♦&❡ ❛❣❣&❡))✐✈❡ ✐) ,❤❡

✐♥,❡&❡), &❛,❡ ♣♦❧✐❝② ❛♥❞ ,❤❡ ❧♦✇❡& ✭❤✐❣❤❡&✮ ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,) ♦♥ ✐♥✢❛,✐♦♥ ❡①♣❡❝,❛,✐♦♥)

✭♦♥ ,❤❡ ,❡❝❤♥♦❧♦❣② )❤♦❝❦✮ ✐♥ ,❤❡ ❆▲▼) ❢♦& ✐♥✢❛,✐♦♥✱ ,❤❡ ♦✉,♣✉, ❣❛♣✱ ),♦❝❦ ♣&✐❝❡)✳ ❆♥ ✐♥❝&❡❛)❡

✐♥ ❧❡❛&♥✐♥❣ ❣❛✐♥ &❛✐)❡) ,❤❡ ❛❣❣&❡))✐✈❡♥❡)) ♦❢ ,❤❡ ✐♥,❡&❡), &❛,❡ ♣♦❧✐❝②✱ ❛♥❞ &❡❞✉❝❡) ✭✐♥❝&❡❛)❡)✮ ,❤❡

✈♦❧❛,✐❧✐,② ♦❢ ✐♥✢❛,✐♦♥ ✭,❤❡ ♦✉,♣✉, ❣❛♣ ❛♥❞ ),♦❝❦ ♣&✐❝❡)✮ ❞✉❡ ,♦ ❝❤❛♥❣❡) ✐♥ ✐♥✢❛,✐♦♥ ❡①♣❡❝,❛,✐♦♥)

❛♥❞ ,❤❡ ,❡❝❤♥♦❧♦❣② )❤♦❝❦✱ ❛♥❞ ✐♥❝&❡❛)✐♥❣❧② )♦ ❛) ,❤❡ ❞❡❣&❡❡ ♦❢ ❈❇ ❝♦♥)❡&✈❛,✐)♠ ✭♦& ✐♥✢❛,✐♦♥

♣❡♥❛❧,② &❛,❡ τ✮ ✐♥❝&❡❛)❡)✳ ❆ ❤✐❣❤❡& ,✉&♥♦✈❡& &❛,❡ ❣❡♥❡&❛❧❧② ❧❡❛❞) ,♦ )♠❛❧❧❡& ❞❡✈✐❛,✐♦♥) ♦❢ ,❤❡

❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,) ✐♥ ,❤❡ ❆▲▼)✱ ❡①❝❡♣, ❢♦& ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥, ♦♥ ,❤❡ ,❡❝❤♥♦❧♦❣② )❤♦❝❦

✐♥ ,❤❡ ❆▲▼ ❢♦& ✐♥✢❛,✐♦♥✳
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❖♥ "❤❡ ♦♥❡ ❤❛♥❞✱ ❧❡❛*♥✐♥❣ *❡✐♥❢♦*❝❡/ "❤❡ ❡✛❡❝" ♦❢ ❈❇ ❝♦♥/❡*✈❛"✐/♠ ♦♥ ✐♥✢❛"✐♦♥ /"❛❜✐❧✐③❛"✐♦♥

❜✉" ❧❡// "❤❛♥ ♦♥ "❤❡ /"❛❜✐❧✐③❛"✐♦♥ ♦❢ "❤❡ ♦✉"♣✉" ❣❛♣✳ ❖♥ "❤❡ ♦"❤❡* ❤❛♥❞✱ "❤❡ ♦♣"✐♠❛❧ *❡/♣♦♥/❡

♦❢ ♠♦♥❡"❛*② ♣♦❧✐❝② "♦ /"♦❝❦ ♣*✐❝❡/ ✐♠♣❧✐❡/ ❛ ♠♦*❡ ❛❣❣*❡//✐✈❡ ✐♥"❡*❡/" *❛"❡ ♣♦❧✐❝② "❤❛" *❡❞✉❝❡/

♠♦*❡ ❞*❛/"✐❝❛❧❧② ✐♥✢❛"✐♦♥ "❤❛♥ ✐" ✐♥❝*❡❛/❡/ "❤❡ ♦✉"♣✉" ❣❛♣✳ ▼♦*❡♦✈❡*✱ ❛ ♣♦/✐"✐✈❡ "✉*♥♦✈❡*

*❛"❡ ✐♥ "❤❡ /"♦❝❦ ♠❛*❦❡" *❡❞✉❝❡/ "❤❡ ❡✛❡❝" ♦❢ ❧❡❛*♥✐♥❣✳ ❆❧❧ ❡✛❡❝"/ "❛❦❡♥ ✐♥"♦ ❛❝❝♦✉♥"✱ "❤❡

❈❇ ✐♥❝*❡❛/✐♥❣❧② ✐♠♣*♦✈❡/ ✐♥✢❛"✐♦♥ /"❛❜✐❧✐③❛"✐♦♥ ❜✉" ❞❡"❡*✐♦*❛"❡/ ♦✉"♣✉"✲❣❛♣ /"❛❜✐❧✐③❛"✐♦♥ ❛/

✐"/ ❞❡❣*❡❡ ♦❢ ❝♦♥/❡*✈❛"✐/♠ *✐/❡/✳

❚❤❡/❡ ❡✛❡❝"/ ❤❛✈❡ ✐♠♣♦*"❛♥" ✐♠♣❧✐❝❛"✐♦♥/ ❢♦* "❤❡ ♦♣"✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② *❛"❡

❜② "❤❡ ❣♦✈❡*♥♠❡♥" ❛♥❞ ❤♦✇ "❤❡ ❈❇ ♠❛♥❛❣❡/ ❢✉"✉*❡ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/✳ ❇② *❡❞✉❝✐♥❣ "❤❡

❢❡❡❞❜❛❝❦ ❡✛❡❝" ♦❢ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/ ♦♥ ❝✉**❡♥" ✐♥✢❛"✐♦♥✱ ❛ ♣♦/✐"✐✈❡ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② ❝♦✉❧❞

❤❛✈❡ ❛ ❝♦♥"*❛❝"✐♦♥❛*② ❡✛❡❝" ♦♥ ❢✉"✉*❡ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/✱ ✇✐"❤ ✐"/ ✐♠♣♦*"❛♥❝❡ ❞❡♣❡♥❞✐♥❣

♦♥ ❧❡❛*♥✐♥❣ ❣❛✐♥ ❛❝❝♦*❞✐♥❣ "♦ ✭✷✷✮✳ ❚❤✐/ *❡❞✉❝❡/ "❤❡ ♣♦//✐❜✐❧✐"② ❢♦* "❤❡ ❈❇ "♦ ❝♦♥"*♦❧ ❢✉"✉*❡

✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/ "❤*♦✉❣❤ "❤❡ ❢❡❡❞❜❛❝❦ ❜❡"✇❡❡♥ ✐♥✢❛"✐♦♥ ❛♥❞ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/✳ ❆

❤✐❣❤❡* ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② *❛"❡ ✐♥❞✉❝❡/ "❤❡ ❈❇ "♦ ❢♦❝✉/ ♠♦*❡ ♦♥ *❡❞✉❝✐♥❣ ✐♥✢❛"✐♦♥ ✈♦❧❛"✐✶✐"② ✇❤✐❧❡

❛❝❝❡♣"✐♥❣ ❛ ❤✐❣❤❡* ✈♦❧❛"✐❧✐"② ♦❢ "❤❡ ♦✉"♣✉" ❣❛♣ ✐♥ "❤❡ ❡✈❡♥" ♦❢ ♣♦/✐"✐✈❡ "❡❝❤♥♦❧♦❣② /❤♦❝❦/✱

♠❛❦✐♥❣ "❤❡ /"❛❜✐❧✐③❛"✐♦♥ ❜✐❛/ /♠❛❧❧❡*✳ ❍♦✇❡✈❡*✱ ❧❡❛*♥✐♥❣ *❡❞✉❝❡/ "❤❡ ❜❡♥❡✜" ♦❢ /❡""✐♥❣ "❤❡

✐♥✢❛"✐♦♥ ♣❡♥❛❧"② *❛"❡ ❛" ❤✐❣❤❡* ❧❡✈❡❧ /✐♥❝❡ ✐" ❞❡❝*❡❛/❡/ ✐♥✢❛"✐♦♥ ✈♦❧❛"✐❧✐"② ✇❤✐❧❡ ✐♥❝*❡❛/✐♥❣ "❤❡

✈♦❧❛"✐❧✐"② ♦❢ "❤❡ ♦✉"♣✉" ❣❛♣✳ ❚❤❡/❡ ❡✛❡❝"/ ❛*❡ ❛""❡♥✉❛"❡❞ ❜② ❛♥ ✐♥❝*❡❛/❡ ✐♥ "✉*♥♦✈❡* *❛"❡ ✐♥ "❤❡

/"♦❝❦ ♠❛*❦❡"✳ ❚❤✉/✱ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝" "❤❛" ❛ ❞❡❝*❡❛/❡ ✐♥ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② *❛"❡ ❝♦✉❧❞ ✐♠♣*♦✈❡

/♦❝✐❛❧ ✇❡❧❢❛*❡ ❜② ❛❧❧♦✇✐♥❣ "❤❡ ❈❇ "♦ ❝♦**❡❝" ❛ "♦♦ /❡✈❡*❡ ❞❡✈✐❛"✐♦♥ ♦❢ "❤❡ ♦✉"♣✉" ❣❛♣✱ ✐♥❞✉❝❡❞

❜② ❧❡❛*♥✐♥❣✱ ❢*♦♠ ✐"/ ❘❊ ❡K✉✐❧❜*✐✉♠ ❧❡✈❡❧✳

✺ ❖♣#✐♠❛❧ ✐♥✢❛#✐♦♥ ♣❡♥❛❧#② -❛#❡

❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥"/ ✐♥ "❤❡ ❆▲▼/ ❢♦* ✐♥✢❛"✐♦♥ ❛♥❞ "❤❡ ♦✉"♣✉" ❣❛♣ ❞❡♣❡♥❞ ♦♥ ✐♥✢❛"✐♦♥

♣❡♥❛❧"② *❛"❡✱ "✉*♥♦✈❡* *❛"❡ ❛♥❞ ❧❡❛*♥✐♥❣ ❣❛✐♥✳ ❈♦♥/❡K✉❡♥"❧②✱ "❤❡ ❝♦♥"*✐❜✉"✐♦♥ ♦❢ ✐♥✢❛"✐♦♥ ❛♥❞

♦✉"♣✉"✲❣❛♣ ✈♦❧❛"✐❧✐"② "♦ "❤❡ /♦❝✐❛❧ ✇❡❧❢❛*❡ ❧♦// ❛*❡ ❢✉♥❝"✐♦♥ ♦❢ "❤❡/❡ ♣❛*❛♠❡"❡*/✳ ■♥/❡*"✐♥❣ πt
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❛♥❞ xt ❣✐✈❡♥ ❜② ✭✹✽✮ ❛♥❞ ✭✺✺✮ ✐♥.♦ .❤❡ 1♦❝✐❛❧ ❧♦11 ❢✉♥❝.✐♦♥ ✭✷✺✮ ②✐❡❧❞1

Lst =
1

2

+∞
∑

i=0

βi

{[

(ccgπ )2 +
α(ccgπ − β̃)2

κ2 (1 + χ)2

]

Et(a
2
t+i) +

[

(dcgπ )2 +
α [dcgπ + κ (1 + χ)]

2

κ2 (1 + χ)2

]

Et(z
2
t+i)

}

✭✻✵✮

●✐✈❡♥ .❤❛. β̃ < ccgπ ❛♥❞ dcgπ < 1✱ .❤❡ ✈♦❧❛.✐❧✐.② ♦❢ ✐♥✢❛.✐♦♥ ✭.❤❡ ♦✉.♣✉. ❣❛♣✮ ✐1 ❞❡❝=❡❛1✐♥❣

✭✐♥❝=❡❛1✐♥❣ =❡1♣❡❝.✐✈❡❧②✮ ✐♥ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② =❛.❡✳

❋♦= γ = 0✱ ✉1✐♥❣ ccgx = − β̃−ccgπ
κ(1+χ) ✱ d

cg
x = −dcgπ +κ(1+χ)

κ(1+χ) ❛♥❞ ✭✺✶✮✲✭✺✷✮✱ .❤❡ 1♦❝✐❛❧ ❧♦11 ❢✉♥❝.✐♦♥

✭✻✵✮ ✐1 =❡❞✉❝❡❞ .♦

Lst =
1

2

+∞
∑

i=0

βi

{

αβ̃2

[

α (1− α) + κ2 (1 + χ)2
[

α− 2α(1 + τ) + (1 + τ)2
]

κ2 (1 + χ)2 Υ 2

]

Et(a
2
t+i)

+α2





α+ κ2 (1 + χ)2

Υ 2
−

[

2− α− κ2 (1 + χ)2 (1 + τ)
]

Υ



Et(z
2
t+i)







✭✻✶✮

❚❤❡ ♠✐♥✐♠✐③❛.✐♦♥ ♦❢ ✭✻✶✮ ❧❡❛❞1 .❤❡ ❣♦✈❡=♥♠❡♥. .♦ 1❡. .❤❡ ♦♣.✐♠❛❧ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② =❛.❡

❛. τ = 0✳ ❚❤✐1 =❡1✉❧. 1❤♦✇1 .❤❛. ✇❤❡♥ ♣=✐✈❛.❡ ❛❣❡♥.1✬ ❡①♣❡❝.❛.✐♦♥1 ❛=❡ 1.❛.✐♦♥❛=② ✭❛❜1❡♥❝❡ ♦❢

❧❡❛=♥✐♥❣✮✱ .❤❡ ❣♦✈❡=♥♠❡♥. 1❡.1 .❤❡ 1❛♠❡ ♦♣.✐♠❛❧ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② =❛.❡ ❛1 ✉♥❞❡= ❘❊✳ ❚❤✐1 ✐1

❡①♣❧❛✐♥❡❞ ❜② .❤❡ ❢❛❝. .❤❛. ✐♥ ❜♦.❤ ❝❛1❡1✱ ✐♥✢❛.✐♦♥ ❡①♣❡❝.❛.✐♦♥1 ❛=❡ ❛❧✇❛②1 ❡J✉❛❧ .♦ .❤❡ ✐♥✢❛.✐♦♥

.❛=❣❡. ✐♥ .❤❡ ❛❜1❡♥❝❡ ♦❢ ❛♥② ❛✈❡=❛❣❡ ✐♥✢❛.✐♦♥ ❜✐❛1✱ .❤❡ ❣♦✈❡=♥♠❡♥. ❝❛♥♥♦. ✐♥✢✉❡♥❝❡ ✐♥✢❛.✐♦♥

❡①♣❡❝.❛.✐♦♥1 ❛♥❞ ❤❡♥❝❡ ❝✉==❡♥. ✐♥✢❛.✐♦♥ ❜② ✐♠♣♦1✐♥❣ ❛♥ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② ♦♥ .❤❡ ❈❇✳ ■♥❞❡❡❞✱

✐♥ ❜♦.❤ ❝❛1❡1✱ .❤❡ ❈❇ ❝❛♥♥♦. ♠❛❦❡ ❛♥ ✐♥.❡=.❡♠♣♦=❛❧ .=❛❞❡✲♦✛ ❜② ♠❛♥✐♣✉❧❛.✐♥❣ ♣=✐✈❛.❡ ❢✉.✉=❡

❡①♣❡❝.❛.✐♦♥1✳ ❆1 ❛ =❡1✉❧.✱ .❤❡ ✐♠♣♦1✐.✐♦♥ ♦❢ ❛♥ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② ❞✐✛❡=❡♥. ❢=♦♠ ③❡=♦ ✇♦=1❡♥1

1♦❝✐❛❧ ✇❡❧❢❛=❡✳

✸✷



❋✐❣✉$❡ ✺✿ ❚❤❡ ✇❡❧❢❛$❡ .♦❝✐❛❧ ❧♦.. ✈❛$②✐♥❣ ✇✐4❤ τ ❛♥❞ γ

❲❤❡♥ γ > 0✱ 4❤❡ .♦❝✐❛❧ ❧♦.. ❢✉♥❝4✐♦♥ ✭✻✵✮ ✐. 4♦♦ ❝♦♠♣❧❡① 4♦ ❛❧❧♦✇ ❢♦$ ❛♥ ❛♥❛❧②4✐❝❛❧ .♦❧✉4✐♦♥

♦❢ τ ✳ ●✐✈❡♥ 4❤❛4 τ ✐♥ ❡❛❝❤ ♣❡$✐♦❞ ✐. 4✐♠❡ ✐♥❞❡♣❡♥❞❡♥4✱ ✇❡ ❝❛♥ ❝♦♠♣✉4❡ 4❤❡ ♦♣4✐♠❛❧ ❧❡✈❡❧ ♦❢

τ ❜② ❡①❛♠✐♥✐♥❣ 4❤❡ ✉♥❝♦♥❞✐4✐♦♥❛❧ ✭♦$ ❛✈❡$❛❣❡✮ ❡①♣❡❝4❡❞ .♦❝✐❛❧ ❧♦.. ❢✉♥❝4✐♦♥ ✐♥ ♦♥❡ ♣❡$✐♦❞✳

❲❡ ♣$♦❝❡❡❞ 4♦ ♥✉♠❡$✐❝❛❧❧② .✐♠✉❧❛4❡ 4❤❡ .♦❝✐❛❧ ❧♦.. ❢✉♥❝4✐♦♥ ❜② .❡44✐♥❣ α = 0.048✱ β = 0.99✱

σ = 0.157✱ r = 0.01✱ χ = 0.25✱ ǫ = 2.3✱ θ = 0.8752✱ var(a) = 0.5✱ ❛♥❞ var(z) = 0.5 ❢♦$

γ ∈ (0, 1)✱ ❛♥❞ τ ∈ (−1, 1) ❛♥❞ 4✇♦ ❧❡✈❡❧ ♦❢ 4✉$♥♦✈❡$ $❛4❡.✱ ✐✳❡✳✱ ν = 0 ❛♥❞ ν = 0.05✳ ■4 $❡.✉❧4.

❢$♦♠ ❋✐❣✉$❡ ✺ 4✇♦ ✜♥❞✐♥❣.✳ ❋✐$.4✱ 4❤❡ .♦❝✐❛❧ ❧♦.. ✐. .✉❜.4❛♥4✐❛❧❧② ❧♦✇❡$ ❢♦$ ν = 0.05 ❝♦♠♣❛$❡❞

4♦ 4❤❡ ❝❛.❡ ✇❤❡$❡ ν = 0✳ ❙❡❝♦♥❞✱ 4❤❡ ♦♣4✐♠❛❧ ❧❡✈❡❧ ♦❢ ✐♥✢❛4✐♦♥ ♣❡♥❛❧4② $❛4❡ ✐. ♥❡❣❛4✐✈❡ ✇❤❡♥

♣$✐✈❛4❡ ❛❣❡♥4. ❛$❡ ❧❡❛$♥✐♥❣ ❛♥❞ ❞❡❝$❡❛.❡. ❛4 ❛ ❢❛.4❡$ ♣❛❝❡ ❢♦$ ν = 0 4❤❛♥ ✇❤❡♥ ν = 0.05✳

 !♦♣♦$✐&✐♦♥ ✼✳ ■❢ "❤❡ ❧❡❛'♥✐♥❣ ❣❛✐♥ ✐♥ "❤❡ ❧❡❛'♥✐♥❣ ❛❧❣♦'✐"❤♠- ✭✷✷✮✲✭✷✹✮ ✐- ❡.✉❛❧ "♦ ③❡'♦✱ ✐✳❡✳✱

γ = 0✱ "❤❡ ❣♦✈❡'♥♠❡♥" -❡"- "❤❡ ♦♣"✐♠❛❧ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② '❛"❡ "♦ ③❡'♦✱ ❢♦' ❛♥② "✉'♥♦✈❡' '❛"❡

✐♥ "❤❡ -"♦❝❦ ♠❛'❦❡"✳ ❋♦' ♣♦-✐"✐✈❡ ❧❡❛'♥✐♥❣ ❣❛✐♥- γ ∈ (0, 1)✱ "❤❡ ❣♦✈❡'♥♠❡♥" -❡"- ❛♥ ♦♣"✐♠❛❧

✐♥✢❛"✐♦♥ ♣❡♥❛❧"② '❛"❡ "❤❛" ❞❡❝'❡❛-❡- ✇✐"❤ γ -✉❝❤ "❤❛" τ ∈ (−1, 0)✳ ❲❤❡♥ "❤❡ "✉'♥♦✈❡' '❛"❡ '✐-❡-✱

"❤❡ ♦♣"✐♠❛❧ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② '❛"❡ ❜❡❝♦♠❡- ❧❡-- ♥❡❣❛"✐✈❡✱ ❛♥❞ ✐♥❝'❡❛-✐♥❣❧② -♦ ❛- "❤❡ ❧❡❛'♥✐♥❣ ❣❛✐♥

γ "❡♥❞- "♦ ✉♥✐"②✳

❚❛❜❧❡ ✶ .❤♦✇. ♥✉♠❡$✐❝❛❧❧② ❤♦✇ ❝❤❛♥❣❡. ✐♥ 4✉$♥♦✈❡$ $❛4❡ ❛♥❞ ❧❡❛$♥✐♥❣ ❣❛✐♥ ❛✛❡❝4 4❤❡ ♦♣4✐♠❛❧
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γ = 0 γ = 0.2 γ = 1

ν = 0 τ = 0 τ = −0.9232 τ = −0.959

ν = 0.025 τ = 0 τ = −0.8945 τ = −0.9278

ν = 0.5 τ = 0 τ = −0.8639 τ = −0.8942

❚❛❜❧❡ ✶✿ ❖♣)✐♠❛❧ ♣❡♥❛❧)② .❛)❡ ❛❝❝♦.❞✐♥❣ )♦ )✉.♥♦✈❡. .❛)❡5 ❛♥❞ ❧❡❛.♥✐♥❣ ❣❛✐♥5

✐♥✢❛)✐♦♥ ♣❡♥❛❧)② .❛)❡✳

❚♦ ✉♥❞❡.5)❛♥❞ ✇❤②✱ ✇❤❡♥ ♣.✐✈❛)❡ ❛❣❡♥)5 ❛.❡ ❧❡❛.♥✐♥❣✱ ❛♣♣♦✐♥)✐♥❣ ❛ ❝❡♥).❛❧ ❜❛♥❦❡. ✇✐)❤

)❤❡ 5❛♠❡ ♣.❡❢❡.❡♥❝❡5 ❛5 )❤❡ 5♦❝✐❡)② ✐5 ♥♦) 5♦❝✐❛❧❧② ♦♣)✐♠❛❧✱ ✇❡ ♠✉5) ❦♥♦✇ ❤♦✇ ❧❡❛.♥✐♥❣ ❛✛❡❝)5

)❤❡ ✇❛② ♠♦♥❡)❛.② ♣♦❧✐❝② ✐5 ❝♦♥❞✉❝)❡❞✳ ❚❤❡ ❢❛❝) )❤❛) ♣.✐✈❛)❡ ❛❣❡♥)5 ✉5❡ ❧❡❛.♥✐♥❣ ❛❧❣♦.✐)❤♠5 )♦

❝♦..❡❝) ❡①♣❡❝)❛)✐♦♥5 ❡..♦.5 ♠❛❦❡5 ✐) ♣♦55✐❜❧❡ ❢♦. )❤❡ ❈❇ )♦ ♠❛♥✐♣✉❧❛)❡ )❤❡✐. ❢✉)✉.❡ ❡①♣❡❝)❛✲

)✐♦♥5✳ ❍♦✇❡✈❡.✱ ❢.♦♠ )❤❡ 5♦❝✐❛❧ ♣♦✐♥) ♦❢ ✈✐❡✇✱ )❤❡ ❡C✉✐❧✐❜.✐✉♠ ✉♥❞❡. ❛❞❛♣)✐✈❡ ❧❡❛.♥✐♥❣ ✐5 ♥♦)

♦♣)✐♠❛❧ ❜❡❝❛✉5❡ ✐♥✢❛)✐♦♥ ❛♥❞ ♦✉)♣✉)✲❣❛♣ ❡①♣❡❝)❛)✐♦♥5 ❜❛5❡❞ ♦♥ ♣❛5) ✐♥❢♦.♠❛)✐♦♥ ❞❡✈✐❛)❡ ❢.♦♠

❝♦..❡❝) ❡①♣❡❝)❛)✐♦♥5 ❢♦.♠❡❞ ✇✐)❤ )❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ )❤❡ ❞✐5).✐❜✉)✐♦♥ ❧❛✇ ♦❢ ❝♦5)✲♣✉5❤ 5❤♦❝❦5✳

■♠♣♦5✐♥❣ ❛ ♣♦5✐)✐✈❡ ✐♥✢❛)✐♦♥ ♣❡♥❛❧)② .❛)❡ ❞♦❡5 ♥♦) ✐♠♣.♦✈❡ 5♦❝✐❛❧ ✇❡❧❢❛.❡ 5✐♥❝❡ ✐) ❛♠♣❧✐✜❡5

)❤❡ ❞❡✈✐❛)✐♦♥5 ♦❢ )❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥)5 ✐♥ )❤❡ ❆▲▼5 ❢♦. ✐♥✢❛)✐♦♥ ❛♥❞ )❤❡ ♦✉)♣✉) ❣❛♣ ✉♥❞❡.

❛❞❛♣)✐✈❡ ❧❡❛.♥✐♥❣ ❢.♦♠ )❤❡ ❝♦..❡5♣♦♥❞✐♥❣ ♦♥❡ ✉♥❞❡. ❘❊✱ ❛❣❣.❛✈❛)✐♥❣ )❤❡ ♣.♦❜❧❡♠ ♦❢ ❛♥ ❡①✲

❝❡55✐✈❡ .❡❞✉❝)✐♦♥ ♦❢ 5)❛❜✐❧✐③❛)✐♦♥ ❜✐❛5 ✉♥❞❡. ❧❡❛.♥✐♥❣ ❞✉.✐♥❣ )❤❡ ).❛♥5✐)✐♦♥ )♦ )❤❡ 5)❡❛❞②✲5)❛)❡

❡C✉✐❧✐❜.✐✉♠✳ ❚❤❡ ♦♥❧② ♣♦55✐❜❧❡ ❝❤♦✐❝❡ ❢♦. )❤❡ ❣♦✈❡.♥♠❡♥) ✐5 )♦ 5❡) ❛ ♥❡❣❛)✐✈❡ ✐♥✢❛)✐♦♥ ♣❡♥❛❧)②

.❛)❡ )♦ ♣.♦♠♣) )❤❡ ❈❇ )♦ ♠✐♠✐❝ )❤❡ ❘❊❊✳ ❚❤✐5 ✐5 ❡C✉✐✈❛❧❡♥) )♦ ❞❡❧❡❣❛)❡ ♠♦♥❡)❛.② ♣♦❧✐❝② )♦

❛ ❧✐❜❡.❛❧ ❝❡♥).❛❧ ❜❛♥❦❡.✳ ❆♥ ✐♥❝.❡❛5❡ ✐♥ )✉.♥♦✈❡. .❛)❡ ✐♥ )❤❡ 5)♦❝❦ ♠❛.❦❡) ♦✛5❡)5 ♣❛.)✐❛❧❧② )❤❡

❡✛❡❝) ♦❢ ❧❡❛.♥✐♥❣ ❜② .❡❞✉❝✐♥❣ C✉✐)❡ 5✐❣♥✐✜❝❛♥)❧② )❤❡ ❧❡✈❡❧ ♦❢ ✐♥✢❛)✐♦♥ ❛5 ✇❡❧❧ ❛5 )❤❡ ❞❡✈✐❛)✐♦♥

♦❢ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥)5 ✐♥ )❤❡ ❆▲▼ ❢♦. )❤❡ ♦✉)♣✉) ❣❛♣ ❢.♦♠ )❤❡✐. ❝♦..❡5♣♦♥❞✐♥❣ ❧❡✈❡❧5 ❛) )❤❡

❘❊ ❡C✉✐❧❜.✐✉♠ ✭5❡❡ ❋✐❣✉.❡ ✹✮✱ ❛♥❞ ✐♥❝.❡❛5✐♥❣❧② 5♦ ❛5 )❤❡ ❧❡❛.♥✐♥❣ ❣❛✐♥ .✐5❡5✳ ❚❤✐5 ❡①♣❧❛✐♥5

✇❤② )❤❡ ✐♥✢❛)✐♦♥ ♣❡♥❛❧)② .❛)❡ ✐5 ❧❡55 ♥❡❣❛)✐✈❡ ✇❤❡♥ )❤❡ )✉.♥♦✈❡. .❛)❡ ✐5 ♣♦5✐)✐✈❡ )❤❛♥ ✐♥ ✐)5

❛❜5❡♥❝❡✳
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❚❤❡ ♣$❡✈✐♦✉) $❡)✉❧+) )❤♦✇ +❤❛+ +❤❡ +✉$♥♦✈❡$ $❛+❡ ✐♥ +❤❡ )+♦❝❦ ♠❛$❦❡+ )✉❜)+❛♥+✐❛❧❧② ❛✛❡❝+)

♠♦♥❡+❛$② ❞❡❧❡❣❛+✐♦♥ ❛♥❞ ❡❝♦♥♦♠✐❝ ❞②♥❛♠✐❝) ✐♥ ❛ ◆❡✇ ❑❡②♥❡)✐❛♥ ♠♦❞❡❧ ✇❤❡♥ ❛❣❡♥+) ❛$❡

❧❡❛$♥✐♥❣✳ ❲❤✐❧❡ +❤✐) ♣❛♣❡$ ❣✐✈❡) ✐♥+❡$❡)+✐♥❣ ✐♥)✐❣❤+) ✐♥+♦ +❤❡ ✐))✉❡ ♦❢ ❈❇ ❛❝❝♦✉♥+❛❜✐❧✐+② ✇❤❡♥

+❤❡ ❈❇ ♦♣+✐♠❛❧❧② $❡❛❝+) +♦ )+♦❝❦ ♣$✐❝❡)✱ ✐+ ❝❛♥ ❜❡ ❝♦♠♣❧❡+❡❞ ❜② ❢✉+✉$❡ )+✉❞✐❡) +❤❛+ ❡①❛♠✐♥❡

✐♠♣♦$+❛♥+ ✐))✉❡) ♥♦+ ❡①❛♠✐♥❡❞ ✐♥ +❤❡ ❛❜♦✈❡✳
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✐+② ❛) ✐♥ ▼❛❝❤❛❞♦ ✭✷✵✶✸✮✳ ❙✐♥❝❡ +❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝$✐)✐) ❛♥❞ +❤❡ ❣$❡❛+ $❡❝❡))✐♦♥ ♦❢ ✷✵✵✽✲✵✾✱

❛ ❤❡❛+❡❞ ❞❡❜❛+❡ ❤❛) ❛$✐)❡♥ ❛♠♦♥❣ ❡❝♦♥♦♠✐)+) ❛♥❞ ❝❡♥+$❛❧ ❜❛♥❦❡$) ❛❜♦✉+ ❤♦✇ +♦ )+❛❜✐❧✐③❡ +❤❡

✜♥❛♥❝✐❛❧ ♠❛$❦❡+ ❛♥❞ +♦ ❞❡❛❧ ✇✐+❤ +❤❡ ❝♦♥)❡Y✉❡♥❝❡) ♦❢ ✜♥❛♥❝✐❛❧ ✐♥)+❛❜✐❧✐+② ✐♥ +❤❡ ❝♦✉$)❡ ♦❢ ❝♦♥✲

❞✉❝+✐♥❣ ♠♦♥❡+❛$② ♣♦❧✐❝②✳ ■♥❞❡❡❞✱ ✜♥❛♥❝✐❛❧ )+❛❜✐❧✐+② ❝❛♥ ❛✛❡❝+ +❤❡ +$❛❞❡✲♦✛ ❜❡+✇❡❡♥ ✐♥✢❛+✐♦♥

❛♥❞ +❤❡ ♦✉+♣✉+ ❣❛♣ ❛♥❞ ❤❛) ❜❡❝♦♠❡ ❛ ❝$✉❝✐❛❧ ✐))✉❡ ❢♦$ ♠♦♥❡+❛$② ♣♦❧✐❝②✳ ❙✐♥❝❡ )+❛❜✐❧✐③✐♥❣ +❤❡

✜♥❛♥❝✐❛❧ ♠❛$❦❡+ ❤❡❧♣) $❡❞✉❝❡ +❤❡ $✐)❦ ♦❢ ❡❝♦♥♦♠✐❝ ✐♥)+❛❜✐❧✐+②✱ ✐+ ✐) $❡❛)♦♥❛❜❧❡ +♦ ✐♥❝❧✉❞❡ ❛♥

♦❜❥❡❝+✐✈❡ ♦❢ ✜♥❛♥❝✐❛❧ )+❛❜✐❧✐③❛+✐♦♥ ✐♥+♦ +❤❡ ❈❇✬) ♦❜❥❡❝+✐✈❡ ❢✉♥❝+✐♦♥✳ ❍♦✇❡✈❡$✱ +❤❡ )♦❝✐❡+② ❛♥❞

❤❡♥❝❡ +❤❡ ❣♦✈❡$♥♠❡♥+ ♠✐❣❤+ ❜❡ )+✐❧❧ ❢♦❝✉)✐♥❣ ♦♥ )♦❝✐❛❧ ✇❡❧❢❛$❡✳ ❚❤✐) ❞✐✈❡$❣❡♥❝❡ ❜❡+✇❡❡♥ +❤❡

❈❇✬) ♦❜❥❡❝+✐✈❡) ❛♥❞ +❤❡)❡ ♦❢ +❤❡ )♦❝✐❡+② )❤♦✉❧❞ ❧❡❛❞ +❤❡ ❣♦✈❡$♥♠❡♥+ +♦ $❡❝♦♥)✐❞❡$ ♠♦♥❡+❛$②

❞❡❧❡❣❛+✐♦♥✳ ■♥❝❧✉❞✐♥❣ ❛♥ ♦❜❥❡❝+✐✈❡ ♦❢ ✜♥❛♥❝✐❛❧ )+❛❜✐❧✐+② ✐♠♣❧✐❡) ♦♥ +❤❡ ♦♥❡ ❤❛♥❞ ❛ $❡❧❛+✐✈❡

$❡❞✉❝+✐♦♥ ♦❢ +❤❡ ✇❡✐❣❤+ ♦♥ ✐♥✢❛+✐♦♥ )+❛❜✐❧✐③❛+✐♦♥ ❛♥❞ ♦♥ +❤❡ ♦+❤❡$ ❤❛♥❞ ❛ ❜❡++❡$ )+❛❜✐❧✐③❛+✐♦♥

♦❢ ✐♥✢❛+✐♦♥ ❣✐✈❡♥ +❤❛+ +❤❡ ♦❜❥❡❝+✐✈❡ ♦❢ ✜♥❛♥❝✐❛❧ )+❛❜✐❧✐+② ❝❛❧❧) ❢♦$ ❛ ♠♦$❡ ❛❣❣$❡))✐✈❡ ✐♥+❡$❡)+

$❛+❡ ♣♦❧✐❝②✱ ❛♥❞ ❤❛) +❤❡$❡❢♦$❡ ❛♥ ❛♠❜✐❣✉♦✉) ❡✛❡❝+ ♦♥ +❤❡ ♦♣+✐♠❛❧ ❞❡❣$❡❡ ♦❢ ❈❇ ❝♦♥)❡$✈❛+✐)♠✳

■+ ✇✐❧❧ ❜❡ ✐♥+❡$❡)+✐♥❣ +♦ ❡①❛♠✐♥❡ ❤♦✇ ❜♦+❤ ❧✐♥❡❛$ ❛♥❞ ♥♦♥✲❧✐♥❡❛$ ✐♥✢❛+✐♦♥ ❝♦♥+$❛❝+) ❛$❡ ❛✛❡❝+❡❞
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❜② "❤❡ ♦❜❥❡❝"✐✈❡ ♦❢ ✜♥❛♥❝✐❛❧ /"❛❜✐❧✐"② ✇❤❡♥ ❛❣❡♥"/ ❛2❡ ❧❡❛2♥✐♥❣✳

❖✉2 ♣❛♣❡2 ♦♥❧② ❝♦♥/✐❞❡2/ "❤❡ /♦❧✉"✐♦♥ ❝♦♥✈❡2❣✐♥❣ "♦ "❤❡ ❡8✉✐❧✐❜2✐✉♠ ❛♥❞ ❤❡♥❝❡ "❤❡ ❛❜/❡♥❝❡

♦❢ ❜✉❜❜❧❡/ ✐♥ /"♦❝❦ ♣2✐❝❡/✳ ❘❡❝❡♥" ❡①♣❡2✐❡♥❝❡/ ✐♥ /"♦❝❦ ♣2✐❝❡/ ❤❛✈❡ /❤♦✇♥ "❤❛" "❤❡ /♣❡❝✉❧❛"✐♦♥ ✐♥

"❤❡ /"♦❝❦ ♠❛2❦❡" ❝❛♥ ❧❡❛❞ /"♦❝❦ ♣2✐❝❡/ "♦ ❡①❝❡//✐✈❡❧② ❞❡✈✐❛"❡ ❢2♦♠ "❤❡✐2 ❢✉♥❞❛♠❡♥"❛❧ ✈❛❧✉❡/ ❛♥❞

✜♥❛❧❧② "♦ ✐♥❡✈✐"❛❜❧❡ ❝2❛/❤✳ ❚❤❡ ❈❇ ❝❛♥ ❡✐"❤❡2 ❛❞♦♣" ❛ ✏♠♦♣♣✐♥❣ ✉♣ ❛❢"❡2✑ /"2❛"❡❣② "❤❛" ❢♦❝✉/❡/

♦♥ ❞❡❛❧✐♥❣ ♦♥ "❤❡ ❝♦♥/❡8✉❡♥❝❡/ ♦❢ ❜✉❜❜❧❡ ❜✉2/"✐♥❣ ♦♥ "❤❡ ❡❝♦♥♦♠② ♦2 "❤❡ ✏❧❡❛♥✐♥❣ ❛❣❛✐♥/" "❤❡

✇✐♥❞✑ /"2❛"❡❣② "❤❛" "2✐❡/ "♦ ♣2❡✈❡♥" "❤❡ ❢♦2♠❛"✐♦♥ ♦❢ ❜✉❜❜❧❡/ ✭■//✐♥❣ ✷✵✵✾✮✳ ❚❤❡ ♦♣"✐♠❛❧ ❝❤♦✐❝❡

❛♠♦♥❣ "❤❡/❡ "✇♦ /"2❛"❡❣✐❡/ ❝♦✉❧❞ ❞❡♣❡♥❞ ♦♥ "❤❡ ✇❛② ❛❣❡♥"/ ❢♦2♠ "❤❡✐2 ❡①♣❡❝"❛"✐♦♥/✳ ▼♦♥❡"❛2②

❞❡❧❡❣❛"✐♦♥ ❝♦✉❧❞ ❜❡ /✉❜/"❛♥"✐❛❧❧② ❛✛❡❝"❡❞ ❜② /✉❝❤ ❝❤♦✐❝❡ ❛♥❞ "❤❡ /♣❡❡❞ ♦❢ ❧❡❛2♥✐♥❣✳

✼ ❈♦♥❝❧✉'✐♦♥

❚❤✐/ ♣❛♣❡2 /"✉❞✐❡/ ❤♦✇ /"♦❝❦ ♣2✐❝❡/ ❛✛❡❝" ♠♦♥❡"❛2② ❞❡❧❡❣❛"✐♦♥ ✇❤❡♥ ❛❣❡♥"/ ❛2❡ ❧❡❛2♥✐♥❣✳ ❚❤❡

❦❡② ❞❡"❡2♠✐♥❛♥" ♦❢ "❤❡ ✐♥"❡2❛❝"✐♦♥/ ❜❡"✇❡❡♥ ♠♦♥❡"❛2② ♣♦❧✐❝② ✭❤❡♥❝❡ ❞❡❧❡❣❛"✐♦♥✮ ❛♥❞ /"♦❝❦

♣2✐❝❡/ ✐/ "❤❡ "✉2♥♦✈❡2 2❛"❡ ✐♥ "❤❡ /"♦❝❦ ♠❛2❦❡"✳

❇♦"❤ ✉♥❞❡2 2❛"✐♦♥❛❧ ❡①♣❡❝"❛"✐♦♥/ ♦2 ❧❡❛2♥✐♥❣✱ ♦♣"✐♠❛❧ ✐♥"❡2❡/" 2❛"❡ ♣♦❧✐❝② 2❡❛❝"/ "♦ /"♦❝❦

♣2✐❝❡/ ♦♥❧② ✐❢ "❤❡ "✉2♥♦✈❡2 2❛"❡ ✐♥ "❤❡ /"♦❝❦ ♠❛2❦❡" ✐/ ♣♦/✐"✐✈❡✱ ♠❡❛♥✐♥❣ "❤❛" ❤♦❧❞✐♥❣ /"♦❝❦/ ❜②

❤♦✉/❡❤♦❧❞/ ❞✐/"♦2"/ "❤❡ ♦♣"✐♠❛❧ ❝♦♥/✉♠♣"✐♦♥ ♣❛"❤✳ ❚❤❡ 2❡/♣♦♥/✐✈❡♥❡// ♦❢ ♦♣"✐♠❛❧ ♠♦♥❡"❛2②

♣♦❧✐❝② "♦ /"♦❝❦ ♣2✐❝❡/ ✐♥❝2❡❛/❡/ ✇✐"❤ "❤❡ "✉2♥♦✈❡2 2❛"❡✳ ❚❤✐/ "②♣❡ ♦❢ ♣♦❧✐❝② ❡♥/✉2❡/ "❤❡ ❞②♥❛♠✐❝

/"❛❜✐❧✐"② ♦❢ "❤❡ ❡❝♦♥♦♠②✳ ●✐✈❡♥ "❤❛" ♦♣"✐♠❛❧ ♣♦❧✐❝② ❢✉❧❧② ♦✛/❡"/ /"♦❝❦✲♣2✐❝❡ /❤♦❝❦/ ❛♥❞ ❤❡♥❝❡

"❤❡✐2 ❡✛❡❝"/ ♦♥ "❤❡ ❡8✉✐❧✐❜2✐✉♠✱ /✉❝❤ /❤♦❝❦/ ❞♦ ♥♦" ❛✛❡❝" ❡8✉✐❧✐❜2✐✉♠ ✐♥✢❛"✐♦♥ ❛♥❞ ♦✉"♣✉"

❣❛♣✳

❈♦♠♣❛2❡❞ "♦ "❤❡ 2❛"✐♦♥❛❧ ❡①♣❡❝"❛"✐♦♥/ ❡8✉✐❧✐❜2✐✉♠✱ ❧❡❛2♥✐♥❣ ✐♥❝2❡❛/❡/ "❤❡ ❛❣❣2❡//✐✈❡♥❡// ♦❢

"❤❡ ✐♥"❡2❡/" 2❛"❡ ♣♦❧✐❝②✱ "❤✉/ 2❡❞✉❝✐♥❣ ✭✐♥❝2❡❛/✐♥❣✮ "❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝" ♦❢ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/

♦♥ ✐♥✢❛"✐♦♥ ✭"❤❡ ♦✉"♣✉" ❣❛♣ ❛♥❞ /"♦❝❦ ♣2✐❝❡/✮ ✇❤✐❧❡ "❤❡ ✐♠♣❛❝" ✐/ 2❡✈❡2/❡❞ ❢♦2 ❛ ♣♦/✐"✐✈❡

"❡❝❤♥♦❧♦❣② /❤♦❝❦✳ ❙✉❝❤ ❞❡✈✐❛"✐♦♥/ ✐♥❝2❡❛/❡ ✇✐"❤ ❧❡❛2♥✐♥❣ ❣❛✐♥ ❛♥❞ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② 2❛"❡✳ ❆♥

✐♥❝2❡❛/❡ ✐♥ "✉2♥♦✈❡2 2❛"❡ ❣❡♥❡2❛❧❧② ❛""❡♥✉❛"❡/ "❤❡ 2❡/♣♦♥/❡/ ♦❢ ✐♥✢❛"✐♦♥✱ "❤❡ ♦✉"♣✉" ❣❛♣ ❛♥❞

/"♦❝❦ ♣2✐❝❡/ ❛♥❞ "❤❡ ✐♥"❡2❡/" 2❛"❡ "♦ ❛ ❝❤❛♥❣❡ ✐♥ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥/ ❛♥❞ "❤❡ "❡❝❤♥♦❧♦❣②

/❤♦❝❦✳
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●✐✈❡♥ %❤❡ ❞✐(%♦*%✐♦♥( ✐♥%*♦❞✉❝❡❞ ❜② ❧❡❛*♥✐♥❣ ♦♥ %❤❡ ❞②♥❛♠✐❝( ♦❢ %❤❡ ❡❝♦♥♦♠②✱ %❤❡ ❣♦✈❡*♥✲

♠❡♥% (❤♦✉❧❞ ✐♠♣♦(❡ ❛♥ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② *❛%❡ %❤❛% ✐( ♥❡❣❛%✐✈❡ ❛♥❞ ❞❡❝*❡❛(❡( ✇✐%❤ %❤❡

❧❡❛*♥✐♥❣ ❣❛✐♥✳ ❲❤❡♥ %❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥ ❛♣♣*♦❛❝❤❡( ③❡*♦✱ %❤❡ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② *❛%❡ ✐(

❡<✉❛❧ %♦ ③❡*♦ ❛( ✉♥❞❡* *❛%✐♦♥❛❧ ❡①♣❡❝%❛%✐♦♥(✱ ❜✉% %❡♥❞( %♦ ♠✐♥✉( ✉♥✐%② ❛( %❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥

%❡♥❞( %♦ ✉♥✐%②✳ ❆ ❤✐❣❤❡* %✉*♥♦✈❡* *❛%❡ ✐♥ %❤❡ (%♦❝❦ ♠❛*❦❡%✱ ❜② ❣❡♥❡*❛❧❧② ❛%%❡♥✉❛%✐♥❣ %❤❡ ❡✛❡❝%(

♦❢ ❧❡❛*♥✐♥❣ ♦♥ %❤❡ ❞❡✈✐❛%✐♦♥( ♦❢ %❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝%( ♦❢ ✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥( ❛♥❞ %❤❡ %❡❝❤♥♦❧✲

♦❣② ❢*♦♠ %❤❡ ♦♥❡( ✉♥❞❡* ❘❊✱ ✇✐❧❧ ♠❛❦❡ %❤❡ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② *❛%❡ ❧❡(( ♥❡❣❛%✐✈❡ ❢♦* ❛

❣✐✈❡♥ ❧❡❛*♥✐♥❣ ❣❛✐♥✳

❆ ❆!!❊◆❉■❳

❆✳✶ ❋✐♥❞✐♥❣ (❤❡ ❧❛✇ ♦❢ ♠♦(✐♦♥ ✉♥❞❡2 ❧❡❛2♥✐♥❣

❆✳✶✳✶ ❚❤❡ ❆▲▼ ❢♦* ✐♥✢❛/✐♦♥

❯(✐♥❣ ✭✶✼✮ ❛♥❞ %❤❡ ❢❛❝% %❤❛% β̃ ≡ β
1+ψ ⇒ β = (1 + ψ) β̃✱ ✇❡ *❡✇*✐%❡ ✭✹✼✮ ❛(

Etπt+1 = A11,tπt +A12,tat + P1,tzt, ✭❆✳✶✮

✇✐%❤

A11 ≡
α+ αγβ̃2(1 + ψ)[1− γ(1− β̃)] + κ2(1 + χ)2(1 + τ)

(1 + ψ)β̃{α[1− γ(1− β̃)] + κ2(1 + χ)2(1− γ)(1 + τ)}
, ✭❆✳✷✮

A12 ≡ −αβ̃
1− β̃(1 + ψ) (1− γ) [1− γ(1− β̃)]

(1 + ψ) β̃{α[1− γ(1− β̃)] + κ2(1 + χ)2(1− γ)(1 + τ)}
, ✭❆✳✸✮

P1 ≡
ακ(1 + ψ)

(1 + ψ) β̃{α[1− γ(1− β̃)] + κ2(1 + χ)2(1− γ)(1 + τ)}
, ✭❆✳✹✮

✇❤❡*❡ P1 ✐( %❤❡ ❝♦❡✣❝✐❡♥% ♦♥ %❤❡ %❡❝❤♥♦❧♦❣② (❤♦❝❦ zt✳

■% ❢♦❧❧♦✇( ❢*♦♠ %❤❡ ♣*♦♣♦(✐%✐♦♥ ✶ ❢*♦♠ ❇❧❛♥❝❤❛*❞ ❛♥❞ ❑❛❤♥ ✭✶✾✽✵✮ %❤❛% %❤❡ (♦❧✉%✐♦♥ ♦❢ %❤❡

❆▲▼ ❢♦* ✐♥✢❛%✐♦♥ %❛❦❡( %❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦*♠✿

πt = ccgπ at + dcgπ zt. ✭❆✳✺✮

✸✼



❲✐"❤ "❤❡ ❤❡❧♣ ♦❢ ✭✷✷✮ ❛♥❞ ✭❆✳✺✮✱ ✇❡ ♦❜"❛✐♥✿

Etπt+1 = ccgπ [(1− γ)at + γπt] ✭❆✳✻✮

❯8✐♥❣ ✭❆✳✻✮ "♦ ❡❧✐♠✐♥❛"❡ Etπt+1 ✐♥ ✭❆✳✶✮ ❛♥❞ ❛<<❛♥❣✐♥❣ "❡<♠8 ❣✐✈❡✿

πt =
A12 − ccgπ (1− γ)

ccgπ γ −A11
at +

P1

ccgπ γ −A11
zt. ✭❆✳✼✮

❈♦♠♣❛<✐♥❣ "❤✐8 ✇✐"❤ ✭❆✳✺✮ ②✐❡❧❞8

ccgπ =
A12 − ccgπ (1− γ)

ccgπ γ −A11
, ✭❆✳✽✮

dcgπ =
P1

ccgπ γ −A11
. ✭❆✳✾✮

❆✳✶✳✷ ❚❤❡ ❆▲▼) ❢♦, -❤❡ ♦✉-♣✉- ❣❛♣✱ -❤❡ ✐♥-❡,❡)- ,❛-❡ ❛♥❞ )-♦❝❦ ♣,✐❝❡)

❚♦ ♦❜"❛✐♥ "❤❡ ❆▲▼ ❢♦< "❤❡ ♦✉"♣✉" ❣❛♣✱ ✇❡ ❝♦♠❜✐♥❡ "❤❡ H❤✐❧✐♣8 ❈✉<✈❡ ✭✶✼✮ ❛♥❞ "❤❡ ❆▲▼ ❢♦<

✐♥✢❛"✐♦♥ ✭❆✳✺✮ ❛8

xt = ccgx at + dcgx zt, ✭❆✳✶✵✮

✇❤❡<❡ ccgx = − β̃−ccgπ
κ(1+χ) ❛♥❞ d

cg
x = dcgπ +κ(1+χ)

κ(1+χ) .

❯8✐♥❣ "❤❡ ■❙ ❡M✉❛"✐♦♥ ✭✶✽✮ "♦ ♦❜"❛✐♥ ❛♥ ❡①♣<❡88✐♦♥ ♦❢ qt ❛♥❞ ❡M✉❛❧✐♥❣ ✐" "♦ "❤❡ ♦♥❡ ❣✐✈❡♥

❜② 8"♦❝❦✲♣<✐❝❡ ❡M✉❛"✐♦♥ ✭✷✶✮✱ ✇❤✐❧❡ 8✉❜8"✐"✉"✐♥❣ xt ❣✐✈❡♥ ❜② ✭❆✳✶✵✮✱ ✇❡ ♦❜"❛✐♥

rt = ccgr at + δxbt + δqst + ut + δvvt + dcgr zt, ✭❆✳✶✶✮

✇✐"❤ ccgr = 1 + β̃−ccgπ
κ(1+χ) ✱ δx = 1−ψη

1+ψ ✱ δq =
ψβ̃
1+ψ ✱ δv =

ψ
1+ψ ✱ ❛♥❞ d

cg
r = −1− dcgπ

κ(1+χ) ✳

❯8✐♥❣ ✭✷✶✮ ❛♥❞ ✭❆✳✶✶✮✱ ✇❡ ✜♥❞ "❤❡ ❆▲▼ ❢♦< 8"♦❝❦ ♣<✐❝❡8✿

qt = ccgq at + ωxbt + ωqst + ωuut + ωvvt + dcgq zt,

✇❤❡<❡ ccgq = − β̃−ccgπ
κ(1+χ) = ccgx ✱ ωx = − 1+η

1+ψ ✱ ωq =
β̃

1+ψ ✱ ωu = −1✱ ωv =
1

1+ψ ❛♥❞ d
cg
q = 1 + dcgπ

κ(1+χ) ✳

✸✽



❆✳✷ ❚❤❡ ❞②♥❛♠✐❝ -.❛❜✐❧✐.② ✉♥❞❡2 ❧❡❛2♥✐♥❣

 ✉""✐♥❣ ✭✷✷✮ ❛♥❞ ✭❆✳✶✮ ✐♥"♦ ♠❛"0✐① ❢♦0♠ ❧❡❛❞5 "♦

Etyt+1 = Ayt + Pzt, ✭❆✳✶✷✮

✇❤❡0❡

yt ≡ [πt, at] , A ≡







A11 A12

γ 1− γ






, andP ≡







P1

0






.

❚❤❡ ❞②♥❛♠✐❝5 ♦❢ bt ❛♥❞ st ❝❛♥ ❜❡ ❡①♣0❡55❡❞ ✐♥ "❡0♠5 ♦❢ πt ❛♥❞ at 5♦ "❤❛" ✐❢ "❤❡ ❧❛""❡0 ❝♦♥✈❡0❣❡✱

bt ❛♥❞ st ❛❧5♦ ❝♦♥✈❡0❣❡✳ ❙②5"❡♠ ✭❆✳✶✷✮ ❤❛5 "✇♦ ❜♦✉♥❞❛0② ❝♦♥❞✐"✐♦♥5✿ a0 ❛♥❞ lim
s→∞

|Etπt+s| <∞✳

❇♦"❤ "❤❡ "0❛❝❡ ❛♥❞ ❞❡"❡0♠✐♥❛♥" ♦❢ A ❛0❡ ♣♦5✐"✐✈❡✳ ❙✐♥❝❡ at ✐5 ♣0❡❞❡"❡0♠✐♥❡❞ ❛♥❞ πt ✐5

♥♦♥✲♣0❡❞❡"❡0♠✐♥❡❞✱ "❤❡ ♠❛"0✐① A ♠✉5" ❤❛✈❡ ♦♥❡ 0❡❛❧ ❡✐❣❡♥✈❛❧✉❡ ✐♥5✐❞❡ ❛♥❞ ❛♥♦"❤❡0 ♦✉"5✐❞❡

"❤❡ ✉♥✐" ❝✐0❝❧❡ "♦ ❡♥5✉0❡ "❤❡ ❞②♥❛♠✐❝ 5"❛❜✐❧✐"② ♦❢ "❤❡ ❡❝♦♥♦♠②✳ ❉❡♥♦"❡ ❜② µ1 ❛♥❞ µ2 "❤❡ "✇♦

0❡❛❧ ❡✐❣❡♥✈❛❧✉❡5✱ ✐" ✐5 5✉✣❝✐❡♥" "♦ 5❤♦✇ "❤❛" (1− µ1)(1− µ2) < 0 ♦0 ❛❧"❡0♥❛"✐✈❡❧②✿

µ1 + µ2 > 1 + µ1µ2. ✭❆✳✶✸✮

❯5✐♥❣ "❤❡ ❢❛❝" "❤❛" µ1 + µ2 ✐5 ❡G✉❛❧ "♦ "❤❡ "0❛❝❡ ♦❢ A1 ❛♥❞ µ1µ2 ❡G✉❛❧ "♦ ✐"5 ❞❡"❡0♠✐♥❛♥"✱

❛♥❞ 5✉❜5"✐"✉"✐♥❣ (µ1+µ2✮ ❜② (A11+1−γ)✱ ❛♥❞ µ1µ2 ❜② ✭A11(1−γ)−γA12✮ ✐♥"♦ ✭❆✳✶✸✮ ✇✐"❤

A11 ❛♥❞ A12 ❣✐✈❡♥ 0❡5♣❡❝"✐✈❡❧② ❜② ✭❆✳✷✮ ❛♥❞ ✭❆✳✸✮✱ ✇❡ ♦❜"❛✐♥ ❛❢"❡0 0❡❛00❛♥❣✐♥❣ "❡0♠5✿

κ2(1 + τ) (1 + χ)2 [1− β̃(1 + ψ)(1− γ)] + α(1− β̃){1− β̃(1 + ψ)[1− γ(1− β̃)]} > 0. ✭❆✳✶✹✮

❙✐♥❝❡ ψ > 0 ❛♥❞ β̃ ≡ β
1+ψ < 1✱ ✐" ✐5 ❡❛5② "♦ ❝❤❡❝❦ "❤❛" β̃ (1 + ψ) (1 − γ) < 1 ❛♥❞

β̃(1 + ψ)[1− γ(1− β̃)] < 1✳ ❆5 ❛ 0❡5✉❧"✱ ✭❆✳✶✹✮ ✐5 ✈❡0✐✜❡❞ ❢♦0 ❛♥② ψ ❛♥❞ ❤❡♥❝❡ ❢♦0 ❛♥② ν✳

❚❤❡ ✈❡0✐✜❝❛"✐♦♥ ♦❢ ✭❆✳✶✹✮ ♣0♦✈❡5 "❤❛" "❤❡ ♠❛"0✐① A ❤❛5 ❛♥ ❡✐❣❡♥✈❛❧✉❡ ✐♥5✐❞❡ ❛♥❞ ♦♥❡ ♦✉"5✐❞❡

"❤❡ ✉♥✐" ❝✐0❝❧❡✳ ❙✐♥❝❡ ✇❡ ❛0❡ ♥♦" ✐♥"❡0❡5"❡❞ ✐♥ ❡①♣❧♦5✐✈❡ 5♦❧✉"✐♦♥5 ❝♦00❡5♣♦♥❞✐♥❣ "♦ ❛ ❜✉❜❜❧②

❡❝♦♥♦♠②✱ ✇❡ ❧♦♦❦ ❢♦0 "❤❡ ♥♦♥✲❡①♣❧♦5✐✈❡ 5♦❧✉"✐♦♥ ❛♠♦♥❣ ✐♥✜♥✐"❡ 5"♦❝❤❛5"✐❝ 5❡G✉❡♥❝❡5 ♦❢ ccgπ

5❛"✐5❢②✐♥❣ ✭❆✳✽✮✱ ✐✳❡✳✱ "❤❡ ♦♥❡ ❝♦00❡5♣♦♥❞✐♥❣ "♦ "❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ✇✐"❤✐♥ "❤❡ ✉♥✐" ❝✐0❝❧❡✳

✸✾



❆✳✸ ❚❤❡ ♥♦♥✲❡①♣❧♦,✐✈❡ ,♦❧✉0✐♦♥ ♦❢ 0❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥0, ✐♥ 0❤❡ ❆▲▼ ❢♦:

✐♥✢❛0✐♦♥

❘❡✇#✐%✐♥❣ ✭❆✳✽✮ ❛. ccgπ c
cg
π γ − ccgπ A11 − A12 + ccgπ (1 − γ) = 0 ❛♥❞ .✉❜.%✐%✉%✐♥❣ A11 ❛♥❞ A12 ❜②

%❤❡✐# #❡.♣❡❝%✐✈❡ ❡①♣#❡..✐♦♥✱ ✇❡ ♦❜%❛✐♥✿

p2(c
cg
π )2 + p1c

cg
π + p0 = 0 ✭❆✳✶✺✮

✇✐%❤

p0 = αβ̃{1− β̃(1 + ψ) (1− γ) [1− γ(1− β̃)]} > 0,

p1 = β̃ (1 + ψ) (1− γ){α[1− γ(1− β̃)] + κ2 (1 + χ)2 (1− γ)(1 + τ)} − α

−αγβ̃2(1 + ψ)[1− γ(1− β̃)]− κ2 (1 + χ)2 (1 + τ),

p2 = β̃γ(1 + ψ){α[1− γ(1− β̃)] + κ2 (1 + χ)2 (1− γ)(1 + τ)} > 0.

❲❡ ❝❛♥ #❡✇#✐%❡ p1 ❛.

p1 = −κ2 (1 + χ)2 (1+τ)
[

1− β̃ (1 + ψ) (1− γ)
]

−α(1−β̃)
{

1− β̃ (1 + ψ)
[

1− γ(1− β̃)
]}

−p0−p2 < 0.

❚❤❡♥✱ ✐% ❢♦❧❧♦✇. .%#❛✐❣❤%❢♦#✇❛#❞❧② %❤❛% %❤❡ ❞✐.❝#✐♠✐♥❛♥% ♦❢ %❤❡ ♣♦❧②♥♦♠✐❛❧ ✭❆✳✶✺✮ ✐. ♣♦.✐%✐✈❡✳

❚♦ ✜♥❞ %❤❡ ♥❛%✉#❡ ♦❢ %❤❡ .♦❧✉%✐♦♥. ♦❢ ccgπ ✐♥ ✭❆✳✶✺✮✱ ✇❡ #❡✇#✐%❡ %❤❡ ❧❛%%❡# ❛.✿

ccgπ = −
p0 + p2 (c

cg
π )

2

p1
≡ f(ccgπ ) ✭❆✳✶✻✮

■% ✐. .%#❛✐❣❤%❢♦#✇❛#❞ %♦ .❡❡ %❤❛% f(0) = −
p0
p1

> 0 ❛♥❞ f(1) =
p0 + p2
−p1

< 1 ❣✐✈❡♥ %❤❛%

−p1 > p0 + p2 > 0✳ ❚❤✐. ✐♠♣❧✐❡. f(ccgπ ) : [0, 1] → (0, 1)✳ ●✐✈❡♥ %❤❛% f ′(ccgπ ) = −
2p2
p1
ccgπ > 0 ❢♦#

ccgπ ∈ [0, 1]✱ f(ccgπ ) ✐. .%#✐❝%❧② ✐♥❝#❡❛.✐♥❣ ✐♥ %❤✐. ✐♥%❡#✈❛❧✳ ❈♦♥.❡G✉❡♥%❧②✱ ❛♣♣❧②✐♥❣ %❤❡ %❤❡♦#❡♠

♦❢ ❇#♦✉✇❡#✱ ✇❡ ❞❡❞✉❝❡ %❤❛% %❤❡#❡ ✐. ♦♥❡ ✉♥✐G✉❡ .♦❧✉%✐♦♥ ♦❢ ccgπ ✐♥.✐❞❡ %❤❡ ✉♥✐% ✐♥%❡#✈❛❧✿

ccgπ =
−p1 −

√

p21 − 4p2p0
2p2

. ✭❆✳✶✼✮

✹✵



❚❤❡ ♦$❤❡% &♦❧✉$✐♦♥ ccgπ =
−p1+

√

p21−4p2p0

2p2
✐& ❣%❡❛$❡% $❤❛♥ ✉♥✐$② ❛♥❞ ✐& $♦ ❜❡ ❡①❝❧✉❞❡❞ $♦ ❛✈♦✐❞

$❤❛$ ✐♥✢❛$✐♦♥ ❢♦❧❧♦✇& ❛♥ ❡①♣❧♦&✐✈❡ ♣❛$❤✳

❙✉❜&$✐$✉$✐♥❣ A11 ❛♥❞ P1 ✐♥$♦ ✭❆✳✾✮ ❧❡❛❞& $♦

dcgπ = −
ακ (1 + χ)

Υ + αγ2β̃2 (1 + ψ) (β̃ − ccgπ ) + β̃γ (1 + ψ) (1− γ) (αβ̃ −Υccgπ )
. ✭❆✳✶✽✮

❋✉%$❤❡%♠♦%❡✱ ✇❡ ❝❛♥ &❤♦✇ $❤❛$ f(ccgπ ) : [0; αβ̃Υ ] → (0; αβ̃Υ ) ✇✐$❤ Υ ≡ α+κ2 (1 + χ)2 (1+ τ)✳

❑♥♦✇✐♥❣ $❤❛$ f(0) > 0 ❛♥❞ &✉❜&$✐$✉$✐♥❣ ccgπ ❜②

αβ̃
Υ ✐♥$♦ ✭❆✳✶✻✮✱ ✇❡ ✜♥❞

f(αβ̃Υ ) =

αβ̃
Υ

(

Υ
αβ̃
p0 +

αβ̃
Υ p2

)

−p1
. ✭❆✳✶✾✮

❯&✐♥❣ p0 = αβ̃−Υ

αβ̃
p0 +

Υ
αβ̃
p0 ❛♥❞ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ p0✱ p1✱ ❛♥❞ p2 ❣✐✈❡♥ ❛❜♦✈❡✱ ✇❡ ✜♥❞ ❛❢$❡%

&♦♠❡ ❢❛&$✐❞✐♦✉& ❛%%❛♥❣❡♠❡♥$& $❤❛$

−p1 = β̃p2 +
Υ
αβ̃
p0 ✭❆✳✷✵✮

❙✉❜&$✐$✉$✐♥❣ $❤❡ ❛❜♦✈❡ ❡①♣%❡&&✐♦♥ ♦❢ −p1 ✐♥$♦ ✭❆✳✶✾✮✱ ✇❡ ♦❜$❛✐♥✿

f(αβ̃Υ ) =

αβ̃
Υ

{

Υ
αβ̃
p0 +

αβ̃
Υ p2

}

β̃κ2(1+τ)(1+χ)2

Υ p2 +
Υ
αβ̃
p0 +

αβ̃
Υ p2

< αβ̃
Υ .

❙✐♥❝❡ f ′(ccgπ ) = −
2p2
p1
ccgπ > 0 ❢♦% ccgπ ∈ [0, 1]✱ f(ccgπ ) ✐& &$%✐❝$❧② ✐♥❝%❡❛&✐♥❣ ✐♥

(

0; αβ̃
Υ

)

✳ ❚❤✐&

❝❤❛%❛❝$❡%✐&$✐❝ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ f(ccgπ ) : [0; αβ̃
Υ ] → (0; αβ̃

Υ ) ♣%♦✈❡ $❤❡ ❡①✐&$❡♥❝❡ ♦❢ ❛ ✉♥✐I✉❡

♥♦♥✲❡①♣❧♦&✐✈❡ &♦❧✉$✐♦♥ ❢♦% ccgπ &✉❝❤ $❤❛$ 0 < ccgπ < αβ̃
Υ . ❚❤✐& ✐♠♣❧✐❡& $❤❛$ d

cg
π < 0✳

❚❤❡ ❝❛%❡ ✇❤❡'❡ γ = 0✳ ❙✉❜&$✐$✉$✐♥❣ γ = 0 ✐♥$♦ ✭❆✳✷✮✲✭❆✳✹✮ ❛♥❞ ✉&✐♥❣ $❤❡ %❡&✉❧$& ✐♥

✭❆✳✽✮✲✭❆✳✾✮✱ ✇❡ ♦❜$❛✐♥✿

ccgπ =
αβ̃

Υ
✭❆✳✷✶✮

✹✶



dcgπ = −
ακ (1 + χ)

Υ
. ✭❆✳✷✷✮

❚❤❡ ❝❛%❡ ✇❤❡'❡ γ = 1✳ ■♥'❡)*✐♥❣ γ = 1 ✐♥*♦ ✭❆✳✷✮✲✭❆✳✹✮ ❛♥❞ ❝♦♠❜✐♥✐♥❣ *❤❡ )❡'✉❧*' ✇✐*❤

✭❆✳✽✮✲✭❆✳✾✮ ❧❡❛❞ *♦

ccgπ =
αβ̃3 (1 + ψ) + Υ−

√

[αβ̃3 (1 + ψ) + Υ]2 − 4α2β̃3 (1 + ψ)

2αβ̃2 (1 + ψ)
, ✭❆✳✷✸✮

dcgπ = −
ακ (1 + χ)

Υ + αβ̃2 (1 + ψ) (β̃ − ccgπ )
. ✭❆✳✷✹✮

❆✳✹ ❚❤❡ ❡✛❡❝( ♦❢ ❧❡❛-♥✐♥❣ ❣❛✐♥

❉✐✛❡)❡♥*✐❛*✐♥❣ *❤❡ '♦❧✉*✐♦♥ ♦❢ ccgπ ❣✐✈❡♥ ❜② ✭❆✳✶✼✮ ❡♥'✉)✐♥❣ ❛ ♥♦♥✲❡①♣❧♦'✐✈❡ ❡✈♦❧✉*✐♦♥ ♦❢

✐♥✢❛*✐♦♥ ✇✐*❤ )❡'♣❡❝* *♦ γ ❣✐✈❡'

∂ccgπ
∂γ

=

p2

(

−p1−
√

p21−4p2p0
√

p21−4p2p0

)

∂p1
∂γ + 2p2p2

√

p21−4p2p0

∂p0
∂γ +

(

p1 +
p21−2p2p0

√

p21−4p2p0

)

∂p2
∂γ

2p22

❯'✐♥❣ ✭❆✳✷✵✮ ❛♥❞ ✐*' ❞❡)✐✈❛*✐✈❡

∂p1
∂γ = −β̃ ∂p2∂γ − Υ

αβ̃

∂p0
∂γ *♦ *)❛♥'❢♦)♠ *❤❡ ❛❜♦✈❡ ❞❡)✐✈❛*✐✈❡✱

❛♥❞ ❛❢*❡) ❢❛'*✐❞✐♦✉' ❛))❛♥❣❡♠❡♥*' ♦❢ *❡)♠'✱ ✇❡ ✜♥❛❧❧② ♦❜*❛✐♥

∂ccgπ
∂γ

=
1−

Υ
αβ̃

ccgπ

β̃p2

√

p21−4p2p0
H. ✭❆✳✷✺✮

✇❤❡)❡ H ≡ p0
∂p1
∂γ − p1

∂p0
∂γ ✳ ❚❤❡ ❢❛❝* *❤❛* ccgπ < αβ̃

Υ ②✐❡❧❞' 1− Υ
αβ̃
ccgπ > 1− Υ

αβ̃

αβ̃
Υ = 0✳ ❚♦ '❤♦✇

*❤❡ ❝♦♥❞✐*✐♦♥' ✉♥❞❡) ✇❤✐❝❤

∂ccgπ
∂γ < 0✱ ✇❡ ❝♦♥'✐❞❡) *❤❡ ❝❛'❡ ✇❤❡)❡ H < 0 ❢♦) γ = 1✱ ❛♥❞ '❤♦✇

*❤❛*

∂H
∂γ > 0 ✱ ∀γ ∈ (0, 1)✳

❋♦) γ = 1✱ ✇❡ ❤❛✈❡

∂p0
∂γ = αβ̃3 (1 + ψ) > 0✱ ∂p1∂γ = −2αβ̃3 (1 + ψ) < 0✱ p1 = −αβ̃3 (1 + ψ)−

Υ, ❛♥❞ p0 = αβ̃✳ ■* ❢♦❧❧♦✇' *❤❛*✱ ❢♦) γ = 1✱

H = −α2β̃4 (1 + ψ) (2− β2) + αβ̃3
[

α+ κ2(1 + τ) (1 + ψ)
]

.

❲❡ ❝❛♥ ❤❛✈❡ H < 0 ✐❢

✹✷



1 + τ < α
β̃
[

2− β̃2 (1 + ψ)
]

− 1

κ2 (1 + χ)2
> 0, ✭❆✳✷✻✮

✇❤✐❝❤ ✐♠♣❧✐❡.✱ ✉.✐♥❣ β̃ = β
1+ψ 3❤❛3

0 < ψ < β − 1 + β
√

1− β. ✭❆✳✷✼✮

❯'✐♥❣ ✭✶✾✮✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ 4❤6❡'❤♦❧❞ ♦❢ ν̄ 4❤❛4 '♦❧✈❡ 4❤✐' ✐' ❡;✉✐✈❛❧❡♥4 4♦

ν
1− β (1− ν)

(1− ν) ǫ

1 + r(ν)

r(ν)
< β − 1 + β

√

1− β. ✭❆✳✷✽✮

❉✐✛❡6❡♥4✐❛4✐♥❣ H ✇✐4❤ 6❡'♣❡❝4 4♦ γ ②✐❡❧❞'

∂H

∂γ
= p0

∂2p1
∂2γ

− p1
∂2p0
∂2γ

✭❆✳✷✾✮

❉✐✛❡6❡♥4✐❛4✐♥❣ 4✇✐❝❡ p0 ❛♥❞ p1 ✇✐4❤ 6❡'♣❡❝4 4♦ γ✱ ∀γ ∈ (0, 1)✱ ❧❡❛❞' 4♦

∂2p0
∂2γ

= −2αβ̃2
(

1− β̃
)

(1 + ψ) < 0,

∂2p1
∂2γ

= 2αβ̃ (1 + ψ) (1− β̃2) + 2β̃ (1 + ψ)κ2 (1 + χ)2 (1 + τ) > 0.

❙✉❜'4✐4✉4✐♥❣ 4❤❡'❡ '❡❝♦♥❞ ❞❡6✐✈❛4✐✈❡' ❛' ✇❡❧❧ ❛' 4❤❡ ❞❡✜♥✐4✐♦♥ ♦❢ p0 ❛♥❞ p1 ✐♥4♦ ✭❆✳✷✾✮✱ ✇❡

❝❛♥ '❤♦✇ 4❤❛4✱ ∀γ ∈ (0, 1)✱

∂H(γ)

∂γ
= 2α2β̃3

(

1− β̃
)

(1 + ψ)
{

1− β̃ (1 + ψ)
[

1− γ
(

1− β̃
)]}

+2αβ̃3 (1 + ψ)κ2 (1 + χ)2 (1 + τ)
{

1− β̃ (1 + ψ) (1− γ)
}

> 0.

❈♦♥'❡;✉❡♥4❧②✱ ❣✐✈❡♥ 4❤❛4 H < 0 ❢♦6 γ = 1 ✉♥❞❡6 ❝♦♥❞✐4✐♦♥' ✭❆✳✷✻✮ ❛♥❞ ✭❆✳✷✽✮✱ ❛♥❞

∂H
∂γ > 0✱

∀γ ∈ (0, 1)✱ ✇❡ ❞❡❞✉❝❡ ❢6♦♠ ✭❆✳✷✺✮ 4❤❛4

∂ccgπ
∂γ

< 0.

✹✸



❯!✐♥❣ dcgπ ✇✐&❤ (❡!♣❡❝& &♦ γ ②✐❡❧❞!✿

∂dcgπ
∂γ

=
αβ̃ (1 + ψ)κ (1 + χ) {2αγβ̃(β̃ − ccgπ ) + (1− 2γ) (αβ̃ − ccgπ Υ)− γ[αγβ̃ + (1− γ)Υ]∂c

cg
π

∂γ }

Υ+ αγ2β̃2 (1 + ψ) (β̃ − ccgπ ) + β̃γ (1 + ψ) (1− γ) (αβ̃ − ccgπ Υ)
.

❯!✐♥❣ ccgπ < αβ̃

α+κ2(1+τ)(1+χ)2
✱ ✇❡ ✜♥❞ &❤❛& 2αγβ̃(β̃−ccgπ )+(1− 2γ) (αβ̃−ccgπ Υ) > 2αγβ̃(β̃−

ccgπ ) > 0✱ ✐& ❢♦❧❧♦✇! &❤❛&

∂dcgπ
∂γ

> 0.

❯!✐♥❣ &❤❡ ❞❡✜♥✐&✐♦♥ ♦❢ ccgx ✱ d
cg
x ✱ c

cg
q ✱ ❛♥❞ d

cg
q ✱ c

cg
r ❛♥❞ dcgr ✱ ✐& ✐! !&(❛✐❣❤&❢♦(✇❛(❞ &♦ !❤♦✇ &❤❡

!✐❣♥ ♦❢ &❤❡✐( ♣❛(&✐❛❧ ❞❡(✐✈❛&✐✈❡ ✇✐&❤ (❡!♣❡❝& &♦ γ✳

❆✳✺ ❚❤❡ ❡✛❡❝() ♦❢ ✐♥✢❛(✐♦♥ ♣❡♥❛❧(②

❉✐✛❡(❡♥&✐❛&✐♥❣ ccgπ ❣✐✈❡♥ ❜② ✭❆✳✶✼✮ ✇✐&❤ (❡!♣❡❝& &♦ τ ✱ ❛♥❞ ✉!✐♥❣ &❤❡ ❢❛❝& &❤❛& p1 < 0 ✐♠♣❧✐❡!

p1 −
√

p21 − 4p2p0 < 0 ❛♥❞ p1
√

p21−4p2p0
< −1✱ ❛! ✇❡❧❧ ❛! p2 > 0✱ p0 > 0✱ ∂p1∂τ = −κ2 (1 + χ)2 [1−

β̃(1− γ)2 (1 + ψ)] < 0✱ ❛♥❞ ∂p2
∂τ = γβ̃κ2 (1 + ψ) (1 + χ)2 (1− γ) > 0✱ ✇❡ ♦❜&❛✐♥

∂ccgπ
∂τ

=

−p2

(

1 + p1
√

p21−4p2p0

)

∂p1
∂τ +





4p2p0+2p0
(

p1−
√

p21−4p2p0

)

√

p21−4p2p0





∂p2
∂τ

2p22
< 0.

❯!✐♥❣ &❤✐! (❡!✉❧& ❛♥❞ ❞✐✛❡(❡♥&✐❛&✐♥❣ dcgπ ❣✐✈❡♥ ❜② ✭❆✳✶✽✮ ✇✐&❤ (❡!♣❡❝& &♦ τ ✱ ✇❡ ❣❡&

∂dcgπ
∂τ

=
ακ3 (1 + χ)3

[

1− β̃γ (1 + ψ) (1− γ) ccgπ
]

− ακβ̃γ (1 + χ) (1 + ψ) [αγβ̃ + (1− γ)Υ]∂c
cg
π

∂τ

Υ+ αγ2β̃2 (1 + ψ) (β̃ − ccgπ ) + β̃γ (1 + ψ) (1− γ) (αβ̃ − ccgπ Υ)
> 0.

❘❡❢❡#❡♥❝❡&

❬✶❪ ❆✐(❛✉❞♦✱ ▼✳ ✭✷✵✶✸✮✳ ▼♦♥❡&❛(② ♣♦❧✐❝② ❛♥❞ !&♦❝❦ ♣(✐❝❡ ❞②♥❛♠✐❝! ✇✐&❤ ❧✐♠✐&❡❞ ❛!!❡& ♠❛(❦❡&

♣❛(&✐❝✐♣❛&✐♦♥✳ ❏♦✉#♥❛❧ ♦❢ ▼❛❝#♦❡❝♦♥♦♠✐❝- ✸✻✱ ✶✲✷✷✳

❬✷❪ ❆✐(❛✉❞♦✱ ▼✳✱ ❈❛(❞❛♥✐✱ ❘✳✱ ✫ ▲❛♥!✐♥❣✱ ❑✳❏✳ ✭✷✵✶✸✮✳ ▼♦♥❡&❛(② ♣♦❧✐❝② ❛♥❞ ❛!!❡& ♣(✐❝❡! ✇✐&❤

❜❡❧✐❡❢✲❞(✐✈❡♥ ✢✉❝&✉❛&✐♦♥!✳ ❏♦✉#♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝- ❛♥❞ ❈♦♥3#♦❧ ✸✼✭✽✮✱ ✶✹✺✸✲✶✹✼✽✳

✹✹



❬✸❪ ❆✐%❛✉❞♦✱ ▼✳✱ ◆✐./✐❝1✱ ❙✳✱ ✫ ❩❛♥♥❛✱ ▲✳❋✳ ✭✷✵✶✺✮✳ ▲❡❛%♥✐♥❣✱ ♠♦♥❡/❛%② ♣♦❧✐❝②✱ ❛♥❞ ❛..❡/

♣%✐❝❡.✳ ❏♦✉#♥❛❧ ♦❢ ▼♦♥❡②✱ ❈#❡❞✐/ ❛♥❞ ❇❛♥❦✐♥❣✱ ✹✼✭✼✮✱ ✶✷✼✸✲✶✸✵✼✳

❬✹❪ ❆♥❞%G✱ ▼✳❈✳✱ ✫ ❉❛✐✱ ▼✳ ✭✷✵✶✼❛✮✳ ■. ❝❡♥/%❛❧ ❜❛♥❦ ❝♦♥.❡%✈❛/✐.♠ ❞❡.✐%❛❜❧❡ ✉♥❞❡% ❧❡❛%♥✐♥❣❄
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