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1 Introduction

The central bank (CB) conducts policy in a rapidly evolving macroeconomic environment
affected by many national and international disturbances. The CB could have a limited
understanding of many key features of this environment while private agents may not well
understand how the complex economy functions as a whole.

The limited knowledge the CB and private agents have on the macroeconomic environ-
ment implies a great challenge for the conduct of monetary policy. The optimal monetary
policy designed by assuming that all agents perfectly know the structure of the economy
might not perform well in practice. Recent research suggests that the design of optimal
monetary policy should carefully take into account the limited knowledge of the economy
through a robust control approach and/or modeling the learning behavior of private agents.
As highlighted by Schmidt-Hebbel and Walsh (2009), a key lesson learned from the research
on monetary policy is that neither uncertainty nor learning can be ignored.

To deal with uncertain macroeconomic environment, policy makers should determine
the model that is best describing the evolution of the economy and what the main drivers
are as it changes rapidly over time. The robust control approach introduced by Hansen
and Sargent (2001, 2003, 2007) gives the tools to design policy that would be robust to
plausible deviations from the benchmark model such as the New Keynesian model (Clarida,
Gali and Gertler 1999). Without a complete description of reality, central bankers are more
inclined to base policy on principles that remain valid even if the model’s assumptions are
not well founded. In this scope, the optimal monetary policy is designed to perform well in
worst-case scenarios by minimizing the consequences of misspecification in the policymaker’s
reference model. Generally, optimal interest rate policy is more aggressive under the robust
control approach in both closed and open economy (Leitemo and Séderstrém 2008 a,b). This
approach is related to (but is different from) the seminal contribution of Brainard (1967)

who considers the impact of parameter uncertainty and advocates that the CB should be



cautious by using less each policy instrument following an attenuation principle.!

Substituting the rational expectations (RE) hypothesis by the assumption that private
agents use adaptive learning algorithms better reflects their limited knowledge of the econ-
omy. Molnar and Santoro (2014), and André and Dai (2017) have shown that adaptive
learning gives rise to an intertemporal trade-off for the CB, leading monetary policy decisions
and economic dynamics to radically differ from those under RE. One important conclusion
found by André and Dai (2017) is that under learning, the CB should be liberal instead of
being conservative. André and Dai (2018) have examined in a closed economy the design
of optimal robust monetary policy when private agents are learning and find that learning
significantly limits the possibility for the CB to conduct robust policy compared to RE.

This paper examines optimal robust discretionary monetary policy in a small open econ-
omy New Keynesian model with private agents who form expectations using adaptive learn-
ing algorithm. The aim of the paper is to study how adaptive learning affects the optimal
robust monetary policy in the worst-case model. The robust control approach focuses on
the worst-case scenario within a set of admissible models as economic agents are not able to
attach probabilities to all plausible outcomes, which is translated into the presence of mis-
specification in the Phillips curve in the closed economy. In the open economy, the CB fears
misspecification not only in the Phillips curve but also in the IS equation and the uncovered
interest rate parity (UIP) because any shocks will affect the intratemporal trade-off through
the presence of the exchange rate in the Phillips curve. Consequently, the equilibrium values
of inflation, the output gap, the exchange rate and the interest rate depend on all sorts of
shocks and model misspecification in all equations.

Our main results are: 1) Compared to the RE equilibrium, the possibility to conduct

robust monetary policy is extremely limited in the open economy when private agents are

!The attenuation principle is also named the “conservatism principle” by Blinder (1998). According to
this principle, the CB has to be cautious based on the fact that the choice of the instrument can have more
severe consequences than in the absence of parameter uncertainty. Researchers who study robust monetary
policy have reversed the meaning of “cautious” so that “being cautious or precautionary” signifies “to do
more”. In other words, the CB struggles to avoid worst outcomes by responding more aggressively to shocks
(Soderstrom 2002, Gianonni 2007).



learning; 2) The misspecification that can be introduced into all equations of the model is
very small and approaches zero at high speed as the learning gain rises.

The small open economy New Keynesian model used in this paper is based on Gali and
Monacelli (2005) and Leitemo and Soderstrom (2008b). Regarding the assumptions used
and the main results obtained, our paper is closely related to two strands of literature. The
first is the literature on optimal robust monetary policy under RE and the second studies
the implications of adaptive learning for the design of monetary policy.

The robust control approach adopted in this paper considers additive model misspec-
ification. Taking worst-case scenarios into consideration, the CB tends to amplify rather
than attenuate the response of optimal policy to shocks in a closed economy (e.g., Giannoni
and Woodford 2002, Onatski and Stock 2002, Giordani and Soderlind 2004, Leitemo and
Soderstrom 2008a, and Gonzalez and Rodriguez 2013). The fact that the central banker
is more aggressive to avoid particularly costly outcomes triggers inflation persistence (Qin,
Sidiropoulos and Spyromitros 2013). Such persistence justifies appointing a dovish central
banker if he has a greater concern about misspecification of the Phillips curve (Dai and
Spyromitros 2010). However, if the CB fears misspecification in the true degree of shock
persistence orthe potential output (Tillmann 2009, 2014), it should be more hawkish.

An alternative approach to robustness is to consider multiplicative Knightian uncertainty
implying that the uncertainty is located in one or more specific parameters of the model, and
the true values of these parameters are bounded between minimum and maximum plausible
values (Giannoni 2002, 2007, Onatski and Stock 2002, and Tetlow and von zur Muehlen
2004). Numerical simulations show that under parameter uncertainty, the robust interest
rate rule generally reacts more strongly to changes in inflation and the output gap, with
greater inertia than in the absence of such uncertainty. The CB is less cautious than in
Brainard’s model, as it fears worst-case scenarios.

A growing number of studies in the literature on monetary policy shares with our paper

the assumption of adaptive learning (Evans and Honkapohja 2009). The main motivation for



incorporating such an assumption is that the RE hypothesis is unrealistic because it requires
private agents to be highly skilled in collecting and processing data, and understanding
the structure of the economy, particularly when the economic environment is uncertain. As
Bernanke (2007) has stressed, the traditional RE model of inflation and inflation expectations
is less helpful for thinking about an economy whose structure is constantly evolving in ways
that are imperfectly understood by both the public and policymakers. Moreover, model
uncertainty makes it even more difficult for private agents to properly forecast how economic
variables evolve, providing thus a stronger rationale for learning behavior. However, adopting
learning assumption does not mean that we put into question the rationality of private
agents but suggests the latter is limited. It is acknowledged that DSGE models with learning
assumption outperform these with the RE hypothesis (Slobodyan and Wouters 2012, Ormenio
and Molnar 2015).2

The emergence of learning as a working hypothesis raises a tremendous challenge for
monetary authorities because when private agents are learning, the optimal monetary policy
designed with the RE hypothesis could perform poorly (Milani 2008, and Orphanides and
Williams 2008). When monetary policy is conducted through exogenous Taylor rules, it is
shown that learning helps selecting among all possible equilibria obtained under RE, and in
this sense it can be viewed as a process that converges towards RE equilibrium (Bullard and
Mitra 2002, Evans and Honkapohja 2003, 2006, Machado 2013, Airaudo, Nistico and Zanna
2015). An advantage of learning is that it solves the disinflationary-booms anomaly in the
New Keynesian model under RE (Moore 2016). By considering optimal monetary policy
decisions, our paper is closely linked to Molnar and Santoro (2014) who investigate optimal
discretionary monetary policy when agents are learning in the benchmark New Keynesian
model, and Evans and Honkapohja (2006) and Mele, Molnar and Santoro (2014) who study

the implications of learning for monetary policy under commitment.

2The assumption of adaptive learning is supported by empirical studies. According to Trehan (2011),
Trehan and Lynch (2013), and Ormeno and Molnér (2015), consumers and firms react sluggishly to persistent
shifts in the inflation rate, suggesting that they slowly adapt their inflation forecast.



The remainder of the paper is structured as follows. Section 2 outlines the model. Section
3 derives equilibrium solutions under RE. Section 4 explores the effects of constant-gain

learning on robust monetary policy and the equilibrium. Section 5 concludes.

2 The model

We use a New Keynesian model of a small open economy similar to the one derived by Gali
and Monacelli (2005) and Leitemo and Soderstrom (2008b) for the baseline. We consider
following Leitemo and Soéderstrém the robust control problem of the CB that conducts
policy under discretion, implying that the CB fears misspecification in all structural model
equations. As Leitemo and Soderstrom, we also add a time-varying premium on foreign
bond holdings. This time-varying premium is an important source of uncertainty in open
economies and represents misspecification (specification errors) in the terminology of Hansen
and Sargent (2001) in the UIP condition. The optimal monetary results from a sequential
Nash game between the CB conducting robust policy to minimize the social loss and the
nature (or malevolent agent) determining the level of model misspecification to maximize

the social loss.?

2.1 The structural equations

The small domestic country freely trades with the rest of the world (foreign country), consti-
tuted of a continuum of foreign economies. We assume that foreign and domestic countries
share preferences and technology. Domestic and foreign firms produce traded consumption
goods, using labor as the sole input. Households derive their utility from consuming both
domestic and foreign goods, and have a marginal decreasing disutility in labor supply to

firms.

3 Alternatively, the CB and the malevolent agent can play a Stackelberg game with the first acting as a
Stackelberg leader. Notice that if the malevolent agent is the Stackelberg leader, the CB could adjust its
policy according to the scenario designed by the malevolent agent (Hansen and Sargent, 2003). It results
that the approach in terms of model misspecification would lose its interest.



Denote by e; the log-linearized real exchange rate, defined in terms of domestic-price

level. We have by definition

€y = S¢ ‘HU{ - Pt (1)

with s; being the nominal exchange rate, pf the price level of the goods produced in the
foreign country and p; the price level of domestically produced goods.
The real exchange rate is directly related to the inflation rate in the domestic goods

4

sector, m;,* via the New Keynesian Phillips curve:®

T = PE{ 1 + KTy — ¢er + hi + €7, (2)

where z; denotes the output gap representing the log deviation of the flexible-price equi-
librium level of domestic output from the steady-state output, 0 < S < 1 the discount
factor, and the expectation operator E; stands for private agents’ expectations conditional
on information set available at time t with the asterisk signaling that these agents may
form rational expectations or not. The composite parameter  is the output-gap elasticity
of inflation and encompasses the effects of the output gap on real marginal costs and thus

on inflation. We have k = &(n + ), with 7 representing the elasticity of the representa-

(1=9)(1-98)

tive household’s labor supply, and & = 5

(1 + ¢). Here, ¢ reflects the inverse of
steady-state Frisch elasticity of labor supply and ¢ the share of firms that do not optimally
adjust but simply update in period ¢ their previous price by the steady-state inflation rate.

The real exchange rate affects the Phillips curve via real marginal costs with a composite

_ fw(l=w)(1+p)[1-(2-w)d] 6

coefficient ¢ = 5

When households choose labor supply, they care

4Note that m; is different from the inflation rate of the consumer price index that also takes into account
the inflation of foreign goods consumed by residents. In the closed economy, m; represents both producer
and consumer price inflation rates.

®For the microfoundations of the model, see Leitemo and Stderstréom (2008b).

5The composite parameter ¢ is positive as long as (1 — w) + (2 — w)w(o > 1. The latter is generally true
according to Leitemo and Séderstrom (2008b). Notice that estimating a variant of the Phillips curve of Gali
and Monacelli (2005), Mihailov, Rumler and Scharler (2011) found that inflation can be either positively or
negatively correlated with the expected change in the real exchange rate with the coefficients ranging from
—0.26 to 0.47 for different European countries.



about the purchasing power of their wage deflated by the consumer price index that also
includes prices of imported goods, implying that the equilibrium wage depends on the real
exchange rate. The noise 7 ~ N (0, ¢2) is an 4d cost-push shock. The term A] represents
the misspecification in the Phillips curve.

The New Keynesian IS equation is given by
2y = Efwyyy — 0 (ry — Efmsn) — 6 (Ef e — ) + hi + <7, (3)

where 7, the nominal short-term interest rate. Notice that ¢ = ﬁ with & represent-
ing the risk aversion of households, 0 < w < 1 the share of foreign goods in domes-
tic consumption, and § a composite parameter defined by § = % [(1?—@ — 1] with Q =
(1 —w)[(1 —w)+ (2 —w)wc]|, where ¢ stands for the elasticity of substitution across do-
mestic and foreign goods. The composite parameter ¢ is the elasticity of the output gap with
respect to the expected change in the real exchange rate, reflecting the substitution effect
induced by such a change on the demand of domestically produced goods.” We introduce
an #d demand shock 7 ~ N(0, 02) and a term h? denoting the misspecification in the IS
equation.

Finally, we define the real UIP condition, where the expected rate of real depreciation is

related to the real interest rate differential:
re = Bima = Efe — e+ hy + ¢, (4)

where foreign variables are set to zero; hy denotes the misspecification in the UIP equation,
and €/ ~ N(0, 62) an 4id real exchange rate disturbance. When ¢ > 0, it means that
investors require a positive risk premium on domestic bonds compared to foreign bonds.

Here, we consider the worst-case model where the CB sets the interest rate to minimize

"Note that 2 and ¢ are positive if (1 — w) + (2 — w)w(o > 1, which is shown by Leitemo and Séderstrém
(2008b) to be typically satisfied.



its loss function while a fictitious malevolent agent in the sense of Hansen and Sargent (2007)
selects the specification errors to maximize loss.® Such an agent represents the policy maker’s
worst fears about model misspecification.

The worst-case scenario is the outcome that the CB is most afraid of and against which
it conducts robust policy. The model misspecification cannot arise independently of random
noises that affect model equations and are positively dependent on the variance of such
noises (Giordani and Soderlind 2004). This is because if the variance of the disturbance
in one equation was null, then the misspecification would be detected at once. Therefore,
the larger the variance of the disturbance, the larger the specification error that cannot be
detected.

The key factor that differentiates the behavior of the open economy from that of the
closed economy and hence their transmission mechanism of monetary policy is the presence
or not of the real exchange rate in the Phillips curve.

In the present model, movements in the exchange rate negatively affect inflation, for a
given output gap. An increase in the exchange rate (depreciation of domestic currency)
raises domestic consumer prices and reduces the real wage for a given nominal wage. This
incites households to supply less labor and enjoy more leisure. Meanwhile, the depreciation
increases the relative price of foreign goods in terms of domestic goods and hence foreign
and domestic demands for domestic products due to substitution effects. This pushes firms
to hire more workforces to increase production.

The resulting disequilibrium in the labor market is corrected by an increase in nominal
wages, leading to higher production costs and hence inflation of product prices. Given
expected future exchange rate, a depreciation of domestic currency increases the output gap
and has a negative effect on inflation since such depreciation will increase the aggregate

demand for domestically produced goods that must be equal to national production. This

8 An alternative approach is to consider the ‘approximating model’ (Hansen and Sargent 2007) postulating
that while the policy rule and agents’ expectations reflect the CB’s preference for robustness, there is no
model misspecification in the reference model that turns out to be correct.



constraint imposed in the Small Open Economy model of Leitemo and Séderstrom (2008b)
implies that the price of domestic goods must be lower. A decrease in the inflation rate
of domestic producer prices is needed given the parameter values of the model to ensure a
higher real wage in the current period, allowing thus domestic firms to hire more workers
and produce more goods.’

The fact that the transmission mechanism of monetary policy is qualitatively different
from those of a closed economy crucially depends on the formulation of the open-economy
Phillips curve. In Gali and Monacelli (2005), the open-economy model with perfect interna-
tional risk sharing and a Phillips curve that does not incorporate the real exchange rate is
isomorphic to the closed economy, so that all closed-economy results are qualitatively similar
to those in the open economy.

Following Leitemo and Soderstrom (2008b), the present framework keeps the real ex-
change rate in the Phillips curve and assumes imperfect access to international capital
markets. These features imply that both demand shocks in the IS equation and the risk
premium shocks on foreign exchange become new sources of macroeconomic volatility that
are not present in the closed economy.'® They break the isomorphism result and justify the
study of robustness against misspecification in both the IS equation and the UIP condition

besides the misspecification in the Phillips curve.

9The negative relationship between inflation and the real exchange rate obtained by Leitemo and Sdder-
strom (2008b) is somewhat counter-intuitive. We notice that Walsh (1999), and Razin and Yuen (2002)
among others obtain a positive relationship between these two variables. However, both types of relation-
ships could find empirical justification since Mihailov, Rumler and Scharler (2011) found that inflation can
be either positively or negatively correlated with the expected change in the real exchange rate. Here, to
facilitate the comparaison with the resultts of Leitemo and Séderstrém, we posit that the sign associated
with e; in the Phillips curve is negative.

1Tn the close economy, demand shocks do not contribute to macroeconomic volatility when the CB
conducts optimal monetary policy since their effect on the aggregate demand is fully offset by an adequate
change in the policy interest rate. This is impossible in the open economy since such shocks affect the
trade-off between inflation and the output gap through the exchange rate due to the latter’s presence in the
Phillips curve.



2.2 Monetary policy objectives

The CB is assumed to have the same preference for inflation and output-gap stabilization as

the society, whose expected loss function is given by:

1 =
Li = éEtZﬂZ (7Tt2+i + O‘xt?ﬂ') ; (5)
i=0

where a > 0 denotes the relative weight assigned to the objective of stabilizing the output
gap. For simplicity, we assume that inflation target is equal to zero. The overly ambitious
output target, which is common in the Barro-Gordon framework, is also set to zero in (5).
Thus, the discretionary monetary policy set to minimize social loss (5) would avoid an average
inflation bias when private agents form RE.

Given the model specifications set by the malevolent agent, the CB designs the robust
discretionary policy for the worst possible model within a given set of plausible models. The
CB allocates a budget x?, j =7, x, e, to the malevolent agent, for the misspecification to
be created in the Phillips curve, the IS equation and the UIP condition, respectively.

The specification errors, h{ , with 7 = 7, x, e, monitored by the malevolent agent are

subject to following budget constraints:
400 ' 9
EtZﬁt (h’i_m) S X?? j =T, T, ¢ (6)
j=0

In the absence of robust control, x; = 0 for all j.
Under discretion, the CB designs a robust monetary policy that takes account not only
of different shocks affecting the economy but also of model misspecification. The optimal

robust monetary policy is obtained by solving the min-max problem:

+00
1 .
: CB __ 7 2 2 TLT 2 1T 2 ere 2
min max/l; ——Etg B (mf; + oy, — 07hy 2 — 0°hE S — 6°hT,7) (7)
Tty Tt 85Tt h% 2 i—0

subject to the misspecified Phillips curve (2), IS equation (3), and UIP condition (4), and the
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malevolent agent’s budget constraints (6). The penalty parameter 6/ > 0, with j = 7, z, e,
controls the preference for robustness. The higher are 7, the lower the preference for model
robustness. The specification errors hg, with j = 7, z, e, are inversely proportional to 67.
The absence of concern for robustness corresponds to the case where § — oo, implying
that h{ — 0. In the following, we assume for simplicity that the malevolent agent’s budget

constraints (6) are not binding.

2.3 Learning rules of private agents

Given the complexity and the uncertainty that characterize the economy, it is hard for
private agents to know the actual law of motion (ALM) for inflation, the output gap, and the
exchange rate such that they learn the latter’s evolution using an algorithm.!! Consequently,
they recursively estimate a Perceived Law of Motion (PLM), i.e., a noisy steady state in the
terminology of Evans and Honkapohja (2001), which is consistent with the law of motion
followed by the CB under RE. Believing that the steady-state levels of endogenous variables
only depend on #id exogenous shocks, private agents perceive their expected levels as constant
and know that the conditional and unconditional expectations of these variables are identical.
This rationalizes that private agents estimate these variables via sample means.

Private agents form their expectations using the following learning algorithms (Molnar

and Santoro 2014):

Eimi = ap= a1+ (m—1 — ai1), (8)
Eiriyn = by=biqg +m(rim1 — bioq), 9)
Eieryr = z=2z-1 e — z1), (10)

where v, € (0,1) is the learning gain that is assumed to be constant henceforth, i.e.

" The modern literature on learning algorithms was pioneered by Marcet and Sargent (1989) who studied
the convergence to RE equilibrium when agents form expectations using least-squares learning. For a survey
of the literature, see Evans and Honkapohja (2001).

11



Vg1 = Y = 7.2 It corresponds to the speed of integration of new data into current ex-
pectations. The learning algorithms (8)-(10) establish a positive relationship between a
variable’s expectation and its last period value. Given that the last period value of a vari-
able depends on past cost-push, demand and exchange-rate shocks, these algorithms make

the expectations of endogenous variables dependent on all past shocks.

3 Benchmark equilibrium with rational expectations

We shortly present the benchmark equilibrium that recapitulates, with some small modifi-

cations in notations, the solution of Leitemo and Soderstrém (2008b).

3.1 Optimal monetary policy decisions

The Lagrangian of the min-max problem for the CB is:

“+00
: CB __ i [1 2 2 TT 2 T 2 epe 2
_min max .%, = b g B [72,; + axd,, — 07T 2 — 0%hT 2 — 0°h, 2]
t,Tt,€t,Tt h{ i—0
—Aitti [Tgi — BEMi 140 — KTopi + Gerps — My — €rgs)
-1
—)\2,t+z‘ [$t+i — Bixp4ito (Tt+i - Etﬂ't+1+i)

+0 (Erery14i — €i4i) — hifys — €14q)

—A3,t4i [t4i — Brerrpi + (T — Evmqaga) — by — ety . (11)

Deriving (11) with respect to ry, m, 1, €;, bl with j = 7, x, e yields the first-order conditions

(FOC) that can be arranged to obtain the intratemporal trade-off condition (the optimal

12An alternative approach is to assume that ~; is decreasing over time. Compared to decreasing-gain
learning, constant-gain learning generally yields a better analytical tractability of the model.
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targeting rule) and relate all specification errors with inflation:

hio= eiw”t:_ew [/{C(Yl(i—:'g)é)— o] " (13)
hi = #ﬁaé)ﬂt’ (14)
he = —mm. (15)

The optimal interest rate is obtained using (4), (12) and (14)-(15) to eliminate x; and hY

in (3).

o

”Z"{”m

:| T + (1 —O'F) Etﬂ't+1 —O’(S(Eteprl _et) +0'5tm7 (16)

where I' = £ — a(l"T% > 0. Equation (16) is an optimal implicit instrument rule in the

terminology of Giannonni and Woodford (2003). An increase in the CB’s preference for
robustness in the IS equation (a decrease in %) implies a more agressive response to inflation.
The CB’s preference for robustness in the UIP equation affects the policy interest rate
through the term (Fie; 1 — e;), which negatively depends on h¢ that is inversely related to
°.

Substituting AT, b, and h{ given by (13)-(15) into (3)-(4) respectively, and then using
the resulting equations and equation (12) to obtain the ALMs for inflation, the output gap,

the exchange rate and the interest rate under RE yield

(5 + 0_1) (=BEimi41 + ¢Eer1 — €7) — 9Bxy11 — gef + ¢o el
Tt = A 5 (].7)

L [(6 4071 (BEmi41 — 9Eeri1 + €7) + 0B + et — do e
Tt = A s (18)

ViBEmi1 4+ VaEymiir — (6 + 0 ) VoErer 1 + Vief + Va (eF — 07 1e¥)
et = A ’ (19)

13



- {(ﬁ Bkl (%V f;)}Eth - (V2 - ﬁ%) (Erxi1 +€f)
+oVaEiery1 — Vaef + [qﬂ/}) -5 (V2 — @%%)} e

re = A ’ (20)
_ — K2 1 KOo) od o _ kK
where A = —(5 +071) [1 t e T T 1+05)} +¢ [ T a(itod) 91'(1%5)}7 Vi=g+
) ot led o o o )
(1+U6)<0" _9_1__> ‘/2_1_9ﬂ+“[ (l+a5] and%_"_(a+%+ee)(1+a5 We

have A < 0, V1, Va5, V3 > 0, for standard parameters values calibrated by Gali and Monacelli
(2005) and Leitemo and Soderstrém (2008b) , ie., 6 = (=1, n =3, 9=0.75, and w = 0.4,
which imply x = 0.401, ¢ = 0.057, 6 = 0.4, 0 = 1.667, o = 0.25 and g = 0.99, and for
values of 6% and 6° ensuring the dynamic stability of the economy. The ALMs (17)-(20)
are obtained under a monetary policy regime where the CB does not take into account how
private agents revise their beliefs.

To highlight the key differences, regarding the optimal trade-off condition and the CB’s
worst-case fears for misspecification, between monetary policy in open and closed economies,
we compare equations (12)-(15) with the corresponding solutions in the closed economy in
the following.

The optimal inflation-output trade-off in (12) is independent of the CB’s preference for
robustness. The term a(laTd)crzS) in the composite coefficient associated with m; is due to the
open-economy feature. If the coefficient on the exchange rate in the Phillips curve is null (i.e.,
¢ = 0), the targeting rule (12) is identical to that in the closed economy. In the latter, the
optimal trade-off between 7; and x; only depends on x and «. If monetary policy has stronger
effects on inflation through the output gap (higher ) or if the CB has a stronger preference
for inflation stabilization (smaller «), the CB reduces more aggressively the output gap as
inflation rises. If ¢ > 0, movements in the policy interest rate are transmitted to inflation
through both the output gap and the exchange rate. There is an “exchange rate channel”:
an increase in the policy interest rate yields an appreciation of domestic currency (a decrease

in ;) and thus a higher inflation. As shown by Leitemo and Séderstrom (2008b), the term

_o9p

3od) is less important than £ so that the openness of the economy does not change the sign

14



of the slope of the Phillips curve but only makes it less steep. In other words, the exchange
rate channel attenuates the effects of monetary policy through the demand channel and does
not change the fact that the optimal monetary policy leans against the wind, i.e., reduces
the output gap when inflation is high.

The worst-case specification errors given by equations (13)-(15) measured in absolute
value increase with the deviation of inflation from its steady state value. These specification
errors tend to push inflation even further away and thus force the CB to accept a stronger
variation in the output gap to achieve the desired trade-off between inflation and the output
gap.

In the closed economy, hf is set to zero under optimal robust monetary policy because the
policymaker is able to fully offset any misspecification in the IS equation by an appropriate
adjustment of the policy interest rate. The CB does not fear such misspecification as long as it
does not aim at interest-rate smoothing. In the open economy, the CB cannot entirely offset
demand shocks via appropriate changes in the policy interest rate because of the latter’s
feedback on the exchange rate and hence inflation. Therefore, the exchange rate channel
makes the CB fear about misspecification in the IS equation in the worst-case scenario.

Equation (14) indicates that when the interest-rate elasticity of the demand for domestic
goods is high (o is small), the CB can conduct policy to easily offset specification errors in
the IS equation and hence worries less about hf. In the opposite, equation (15) shows that
higher interest-rate elasticity raises misspecification in the UIP equation. The CB experiences
a growing difficulty to change the policy interest rate to counteract the inflationary effect of
these specification errors that would have larger costly effects on output as o decreases.

According to (14)-(15), a stronger effect of the exchange rate on inflation (larger ¢)
raises the costs of specification errors in both IS and UIP equations. Since the interest rate
movements aiming at offsetting these errors have a stronger direct effect on inflation, the CB
worries more about misspecification in these equations. Meanwhile, a higher interest-rate

elasticity of the demand for domestic goods (larger §) reduces the costs of specification errors
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in these equations, implying that IS and UIP equations are less prone to misspecification.
The complexity in the transmission mechanism of monetary policy introduced by the
exchange rate channel implies that the CB in an open economy has to face a more diffi-
cult intratemporal trade-off than in the closed economy, and the design of monetary policy
that is robust against model misspecification becomes more costly. Moreover, the scope for

misspecification should be extended to both IS and UIP equations besides the Phillips curve.

3.2 The equilibrium of the worst-case model

The state variables are the shocks €], €/ and €. The solution of the worst-case model with

the method of undetermined coefficients (McCallum1983) is assumed to be function of state

variables:

x| [ar ame grE]

7 KR RRE RE

I R

T = |mBF mBE mBE| |t (21)
h dregre oo | |

he RRE pRE RRE

N

Eliminating z; and A7 in the Phillips curve (2) using the targeting rule (12) and equation
(13), and substituting r; and h{ given respectively by the optimal interest rate rule (16) and

equation (15) into the UIP condition (4) yield

Cm = BEm1 — de + €7, (22)

(1 -+ 05) €t = (1 -+ 05) Et€t+1 — D7Tt -+ O'FEtﬂ'tJrl — O’Ef —+ 5?, (23)

where C =60™(14+T'k) —1>0and D = [Fa + em(‘?‘fm;) + 95(1(3-0'5) > 0 if ¢9 with j =, z, e
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are sufficiently large (i.e., when the preference for robustness is sufficiently small).

Using the assumed solution of m; and e; given in (21) and the assumption that all shocks
are serially uncorrelated, i.e., Bl = Eief, = Eef,, = 0, it follows that Eymy =
dBP BT . + dBP Bt + dFF By, = 0 and that B = jEPEET | + jBPEer | +
jEEEee,, = 0. Substituting By = 0 and Eierr; = 0 into (22)-(23), solving the re-
sulting system of equations to obtain the solutions of m; and e;, and then comparing the

latter with the assumed solution of m; and e; given in (21), we obtain

RE _ (1 +00) RE _ po RE _ _ ¢
dn” = (14 06)C — ¢D’ de” = (14 06)C — ¢D’ de” = (14 06)C — ¢D’ (24)
D , Co RE C

‘RE _ _ RE _ _ RE _ 9
I (1+00)C —oD /= (5000 —oD = ~azonc—op B

where (14 06)C' — @D > 0 for sufficiently large 67, with j = 7, x, e, implying that there is a
lower bound for the degree of model robustness that the CB can introduce into the model.
Otherwise, i.e. 67 are such that (1 4+ 06)C — ¢D < 0, inflation will decrease following a
positive cost-push shock and this is counterfactual.

Using (12) and (24), we get the coefficients of the assumed solution of x;:

I'(1+4 09)
RE _ _pgRE — _ 9
& dx (1+06)C — ¢D’ (26)
['po

RE _ _p4RE _ _

b = —lds (1+00)C — ¢D’ (27)
I'¢

RE _ _pgRE — . 9

e de (14 00)C —¢D (28)

Substituting the final solution of 7, e¢;, Fymyyq and Eie;rq into (16) yields

mit = o [Bde + 5jfE] , miE =g [Bde + 0GR 4 1], mit = o [Bdf‘E —|—5j§E} , (29)

™

where B = T + ché)' For sufficiently large 67, with j = 7, z, e, i.e., when the CB’s

preference for robustness is sufficiently low, it is straightforward to show that mZ¥ > 0,
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mPF > 0 and m2F > 0.
Equations (13)-(15) imply that the coefficients in the solution of misspecification b/ with
7 =m, x, e, in the CB’s worst-case scenario are related to the coefficients in the final solution

of inflation, the output gap and the exchange rate given in the above:

&iF = ged, (30)
[ L 1
7 0r (1+00) 7 (81)
~“RE ¢ RE

: S d— 32
Ji 6°(1+00) " (32)

The main results derived by Leitemo and Soderstrém (2008b) under rational expectations
for the worst-case model can be summarized as follows.

First, according to (29), the policy interest rate positively responds not only to positive
cost-push and output-gap shocks as it is well known in the closed economy but also to
positive exchange-rate shocks. In the open economy, monetary policy is tightened to offset
the additional inflationary pressure induced by positive realizations of exchange-rate shocks.

Second, the coefficients given in (24)-(25) show that equilibrium inflation rises (falls)
following positive cost-push and demand (exchange-rate) shocks as we can expect from the
original model without misspecification. Compared to the latter, the effects of these shocks
are amplified by the specification errors (see equations (30)-(32)) and are partly offset through
the optimal response of the policy interest rate (see equation (29)).

Finally, in the worst-case model, a stronger preference for robustness (against misspeci-
fication in any equation) increases the sensitivity of inflation, output, and the exchange rate
to all shocks. This result arises from the CB’s worst fears of misspecification and hence
its fears of more volatile inflation, output gap, and exchange rate than in the reference
model. Such fears are translated into the design of robust monetary policy and then into
the equilibrium values of endogenous variables. This result stands in contrast to the one in

the closed-economy model. Using (13)-(15), we can easily deduce that for ¢ = 0, we have
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hi = h{ = 0 for hf # 0 and 7; # 0. In the closed economy (equivalent to ¢ = 0), the
CB that desires to conduct robust policy fears only that inflation is more volatile than in
the reference model, but not that the output gap is more volatile. This is because demand
shocks do not modify a trade-off for the CB in the closed economy since the policy interest
rate can be used as intensively as it is necessary to fully offset the effects of such shocks
without affecting the CB loss. In the open economy, due to the presence of the real exchange
rate in the Phillips curve, all shocks change the trade-off for monetary policy, inducing the
CB to fear that all variables are more volatile compared to the reference model. Therefore,
in the open economy, the CB should be more precautious than in the closed economy, and

hence more aggressive when setting the policy interest rate.

4 The ALMs under learning

This section studies how constant-gain learning interacts with the conduct of monetary
policy and affects the equilibrium compared to the misspecified benchmark model where
private agents form RE. Since the worst-case closed economy model is extensively studied
under learning by André and Dai (2018), this section focuses on the difference introduced

by opening the economy.

4.1 The min-max problem and the manipulation of private expec-

tations

The learning behavior of private agents gives rise to an intertemporal trade-off and hence
leads the CB to embed expectations interactions in policy decisions. Solving for a discre-
tionary monetary policy amounts to solving the Lagrangian of the min-max problem for the

CB while substituting E;m 1 = ay, Efzi1 = by and Efe, .y = 2 into (3)-(4). The CB’s
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optimization problem is as follows:

i
mgvinH}L?X"%CB B Etgﬁi{% [Wt%rz‘ + Cmt2+z‘ - eﬂhgﬂg - ethﬂ? - thfﬂ'ﬂ
— Al tti [7Tt+i — Bayi — KTy + dey — hi; — é‘ZLJ
— Aot ti [xt+i — i + 0 (i — @) + 0 (2040 — €1) — b — 8f+i}
_)\3,t+i [et+i — Zt4i + (Tt+z‘ - at+i) - hzf+i - 5§+J
— A [Qeg14i — Qo — Veri(Teqi — Qrgs)]

_)\5,t+z‘ [bt+1+z‘ — by — %+z‘($t+z‘ - bt—i—i)]

— 6,04 [Ze414i — Zeri — Veil€eri — Zeri) ]} (33)

where ¥ = {ry, m, xy, €, Q41, bey1, 2e41}, J = T, x,e, and Az, with n = 1, 2,...6 are
Lagrange multipliers that are respectively associated with (2)-(4), and (8)-(10).
Differentiating the Lagrangian (33) with respect to ry, m, @4, €, @11, bir1, Zev1, Y, hY

and h{ leads to the following FOCs

agCB
at =0 = —0'_1)\2,15 — /\3715 = 0, (34)
Tt
agCB
8; =0 = m— A+ =0, (35)
t
ag()B
aat; =0 = axr;+ /{/\17,5 — )\2775 + ’Y>\5,t = O, (36)
t
agCB
82 =0 = =@M+ 060X — A3+ YA =0, (37)
t
a%CB .
Dty =0 = -\, +BE [ﬁkl,tﬂ + 07 Agpqr + A1+ Aggr (1 — ’Y)] =0, (38)
69%03
8bt+1 =0 = —)\5,13 + BEt [)\2,t+1 + )\5,t+1 (1 — ’7)] = 0, (39)
a’%CB
Do =0 = —Xet+ BE; [—0Aopi1 + A1+ Aerr1 (L — )] =0, (40)
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&,?;CB

o =0 = M\,;=0"h], (41)
0.LCB o
a}% =0 = —0°hf + X =0, (42)
0.LC8 o
8}% =0 = —0°hS+X3;=0. (43)

The FOC (34) implies that A\3; 11 = —0 ' Xa;41. Substituting A3;41 into (40) gives —Xg; +
BE: [—(0 + o) Aass1 + Aerr1 (1 —7)] = 0. From the previous equation and (39), we find

that a possible set of solutions for A\s; and g, verifies the following condition:
>\6,t = —(5 + 0_1))\5,75. (44)

After having substituted ¢, given by (44) into (37), and A3; by A3, = —o ' Agy, we
deduce from the resulting equations and the FOC (36) that: A\;; = —%xt and
A5t = %)\g,t + '\/[n(l—i—+£—a¢]xt' Using the expression of \;; into (35) yields that A\,; = —%m —

a(1+d0)
AR(+30)—oq Ut

We now look for the intertemporal trade-off condition implied by the FOC (34) and (38).
Substituting A, ; and A\, obtained in the above into (38) and using the FOC (34) to eliminate
X241 and Agyq; lead to the intertemporal optimal trade-off condition for the CB between

stabilizing inflation and the output gap in periods ¢ and t + 1:

a(d+o 1)
k(6 +071) = 4]

0+ 07" [af?y +aB(l — )]
k(6 +07") — ¢

Ty = 5 (1 — ")/) Et7Tt+1 + Etl't+1. (45)

Ty

One major difference with the misspecified benchmark model with RE is that constant-
gain learning introduces into the CB’s decision process an intertemporal trade-off in addition
to the intratemporal one that already exists under the RE hypothesis. This intertemporal

trade-off is reflected by the terms associated with F;m, 1 and E;z,,, at the right-hand side
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of (45).

a(1+00)

Replacing )\Lt = —m

x; into (41) yields for time t and ¢ + 1:

_ a(l+06) .
M= (L + 08) —od] " (46)

Notice that there is not a simple relationship between h] and 7, under learning.

The FOCs (34) and (42)-(43) can be arranged to obtain % = ngf = —o, implying

91‘
he = h, (47)

ofe

meaning that the coefficients in the solution of h{ are proportional to those in the solution
of hY.
We now replace hT given by (46) and E;m; 1 = a; into the Phillips curve (2) to obtain

a(l+06)
0™ [k (14 06) — o)

= Pa; + |k — Ty — pey + €7 (48)

Then substituting into (45) the expressions of z; and Eyx,.; that are drawn from (48)

while using a¢y1 = a; + y(m — a;) implied by the learning algorithm (8) give:

Eimin = Anme + Avpay + AisErepr + Avger + Preyf, (49)

where

kO™ [K(1 + 0d) — o¢] — a(l — 07)(1 + 0d) + 0" ayB%(1 + d) [1 — v(1 — B)]

A = B(1 =) {kb7 k(1 + 00) — 0¢] — (1 + 8)} + 67a(1 + 0) [1 — v(1 — B)]’

BO™(1 —~)(1 + o0) [QBQ’y +ap(l— 'y)} —af0™(1+ 00)

Az = 3 (1 =) {k07 [c(1 4 06) — 0¢] — a(1 + 00)} + 07a(l + 06) [1 — (1 — B)]’
e —¢07 (1 + 0d) [af?y + aB(1 — )]

BT 80— ) {07 [(1 + 06) — 0¢] — (1 + 00)} + 07a(1 + 60) [1 — v(1 — B)]’
A, = agd™ (1 + 0d)

14 —

B(1 =) {kb7 k(1 + 00) — 0] — (1 + 08)} + 67a(1 + 00) [1 — v(1 — B)]’
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a(l+00)0™
B(L =) {r07 [s(1 + 00) — 0d] — a(l+ 8)} + 071 + 00) [1 — v(1 — B)]°

P =-

Inserting r, — E;m; 1 given by (4), h{ given by (47), Efzyyq = by and Efe,q = 2 into

the IS equation (3) and rearranging the terms lead to

T

z=b—(0+07") (2 —e) hf — o 'ef + hi +€F. (50)

_I_ -
o20e

Using (36) and (39), A5 = %)\Q,t + 3

[K(l+f)—a¢]$t’ and (42) to eliminate the Lagrange

multipliers, we get

oo
0% [k(1 + 00) — o]

afop (1 —7)

= 0 w1 + 00) — 00

ry + BER, +

] EtZL't+1. (51)

Substituting Efm 1 = ar, Efery1 = e, and h$ given by (47) into (4) yields

r

Tt:at+2t—€t——hf+€§. (52)
ob°

We use the system of equations (8)-(10) and (48)--(52) to solve for the equilibrium solu-
tions of ay, by, 2, 7, T4, 14, €, and hf and then using (46) and (47) to obtain the equilibrium
solutions of h] and hy. Since it is impossible to obtain reasonably simple analytical solutions,
we will numerically simulate the model using calibrations proposed by Gali and Monacelli
(2005) and Leitemo and Soéderstrom (2008b) for the baseline framework of a small open
economy.

Notice that in the closed economy, the equilibrium with RE is identical to the equilibrium
when the learning gain v is equal to zero (André and Dai 2018). This is because, when
v = 0, the expected values of m; 1 and x;,; are exogenous and equal to their past values,
and they must be equal to the steady-state values (identical to those under RE so that
a; = by = Eymy1 = Fyargyp = 0) for the model to converge to the steady state equilibrium.

In the open economy, setting v = 0 and a; = by = FEymy1 = Ewryyr = 0, we find that
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the intertemporal optimal trade-off condition (45) will be identical to (12), implying the

equilibrium solution obtained is the same as the one with RE.

4.2 The degree of model robustness ensuring determinacy

As we cannot derive the explicit condition to be imposed on the degree of model robustness
to ensure determinacy, we simulate the model by taking values for the structural parameters
from Gali and Monacelli (2005): ¢ = ( = 1, n = 3, ¥=0.75, § = 0.99, and w = 0.4.
This implies that x = 0.401, ¢ = 0.057, 6 = 0.4, and ¢ = 1.667 according to Leitemo
and Soderstrom (2008). We set the relative weight on output stabilization in the CB’s loss
function to o = 0.25.13

We use the system of equations (8)-(10) and (48)-(52) to simulate the lower bound to
be imposed on ™, 8% and #° for the robust monetary policy not to induce indeterminacy
under RE and for different values of v in the interval (0, 1). The results about the stability
condition obtained in the open economy are not allowing a direct comparison with the those
in the closed economy obtained by André and Dai (2018) since several parameters take the
standard parameter values (i.e., k = 0.024, 0 = 0.157, and a = 0.048) in the literature of
closed-economy New-Keynesian models, and are very different from the calibrations values
used here (i.e., kK = 0.401, 0 = 1.667 and o = 0.25).

Assuming that ™ = 0* = 0°, we have simulated their value under which the economy is
indeterminate. Table 1 shows that the thresholds of 8™, 8%, 6¢, denoted as 6", 6%, §°, ensuring
the determinacy of the equilibrium exponentially increase with the learning gain. This is to
compare with a threshold for 6™ equal to 12.80 when v = 0.99 in the closed-economy, using

open-economy parameters.

13Here, we adopt a = 0.25 following Leitemo and Séderstrém. This is higher than the value set by Gali and
Monacelli who consider an objective function derived as a second-order approximation to the household’s
utility, the value of @ = (1 — 9)(1 — BY)(1 + n)/(e?), where € is the elasticity of substitution across the
differentiated domestic goods. Using € = 6, they obtain o = 0.0572.
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|~ | o0 [ o001 | 005 | o010 [ 020 | 050 | 099 |
| 07,6%,6° [ 1.8139 | 331.393 | 5528.009 | 20304.969 | 77582.851 | 471216.826 | 1829645.999 |

Table 1: The thresholds for the central bank’s preference for robustness.

As previously discussed, the learning equilibrium with v = 0 is identical to the equilibrium
with RE given that the initial expectations must be equal to the steady state expectations.

Summarizing the results reported in Table 1 leads to the following proposition.

Proposition 1: The degree of openness of the economy puts an additional constraint on
the conduct of robust monetary policy. The more the economy is open to the rest of the
world, the less wide the set of worst-case scenarios against which the monetary policy should
be robust. Moreover, the set of worst-case scenarios drastically decreases with the learning

gain.

This result demonstrates that the hypothesis of constant-gain learning in an open econ-
omy substantially reduces the possibility for the CB to conduct robust policy. As shown in
Table 1, the threshold for the CB’s preference for robustness that ensures dynamic stability
for v = 0.01 is 0™ = 6* = #° = 331.393. Even in this case, the misspecification that is
allowed in the Phillips curve, the IS equation and the UIP condition is related to cost-push,
demand and exchange-rate shocks, and is given respectively as follows: hy = 0.000117¢e7,
hy = —0.000070e7, h] = 0.002043¢7; hf = —0.000004¢<§, hy = 0.000002¢§, h] = —0.000069¢7;
hi = 0.000006e7, hy = —0.000004€f, hy = 0.000114¢7. This means that under learning, the
misspecification is insignificant for all shocks and all equations of the model, and even more
so as 7y rises to a value between 0.2 and 0.5, i.e. the interval commonly used in the learning
literature. For v = 0, which is a proxy for the case of RE equilibrium, we have approximately
07,0 6° = 1.8139. This comparison suggests that the CB should be less afraid of model
misspecification under learning than under RE. Two factors explain this difference. The first
is that learning is one kind of model misspecification so that to deal with the fact that pri-
vate agents are learning, the CB should have less concern for the worst-case scenarios. The

second is that the openness of the economy increases the volatility of inflation and the output
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gap not only in response to cost-push shocks but also to demand and exchange-rate shocks
according to numerical simulations, meaning that adding too much model misspecification
would feed too much volatility into the economy.

The key factor for which the thresholds of ™, 0% 0° are so sensitive to an increase in
v is the openness of the economy. Some simulation exercises can show that the threshold
for 67,0, 0° increases significantly as ¢ rises, and to a lesser extent as ¢ decreases. This
is because a rise in ¢ deteriorates the intertemporal trade-off and a decrease in § makes it
less effective for the CB to use the interest rate policy to react to an exchange-rate shock,
making the economy more volatile and dissuading thus the CB to introduce very bad worst-
case scenarios.

Notice that in the closed economy, for a set of different parameter values, André and Dai
(2018) find that the threshold of 6™ is 83.33 for v < 1, compared to a threshold of 6™ = 45.45
under RE. André and Dai have assumed that the misspecification in the IS equation is set
to zero. This assumption is justified since Leitemo and Soderstrom (2008a) have found that
the CB would optimally set h* = 0 and Dai and Spyromitros (2012) confirm this result even

when asset prices are included into the closed-economy model.

4.3 Learning effects on the equilibrium

To the difference of a closed economy, we cannot explicitly obtain the ALMs for inflation,
the output gap, the exchange rate and the interest rate that depend on private expectations
of inflation, the output gap, the exchange rate, and cost-push, demand and exchange-rate
shocks. With the help of Dynare, we simulate the equilibrium solutions using previously
given parameters values. Note that we have simulated the model with values of ™ = 6* =
0¢(= 1867240) ensuring the determinacy of the equilibrium for v € (0, 1). Dynare gives
transition functions of inflation, the output gap, the exchange rate and the interest rate with

one period lag as follows:
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m dz?  dy?  def dof &7 df dgz dg@ d
cg cg cg el cg cg cg a-1 cg cg cg et

¢ K9 K kS KK KS kS K kS

= Ti—1| t bi—1 | + 52" (53)

.cg .cg .cg .cg .cg .cg .cg .cg .cg
€t I Jz Je Ja Ib Jz Jem Jez Jee .
cg cg cg €t-1 cg cg cg Ft-1 cg cg cg &t

Tt my  my  me mg’  my my mga 2 mgl

They differ from the ALMs as defined by Evans and Honkapohja (2001). The latter
are defined in terms of current values of private expectations and shocks.!* We establish an

equivalence between these transition functions and the ALMs using (8)-(10). The latter yield

(11—7)7&71, bi_1 = rlwbt - ﬁxtqa Zt—1 =

ai—1, bi—1 and z_1 by their expressions into the transition functions (53), we obtain

_ 1 1 . .
-1 = Gyt — T2t~ (T'_%)et,l. Substituting

mt & A de & Ao de @y Ay d
.c 7.€9 7.C9 -1 7.C. .c 7.€9 & c, cg cg 62’
@ R A P L TS e B e
= ~.Cg '.:Cg 7Cg $t_1 + Ang '.:Cg '.:Cg bt + -cg -Cg -cg etz : (54)
€t I Jx Je Ja Ty Jz Jem Jex Jce
~c ~C ~C €t—1 ~ -~ c ~C ct c c. c Ef
Tt mg?  mg?  mef g’ mbg mzd ms‘?r mgg mEg
Geg — (NI Geg (1) IS = ges
where (9 = (7)1#, Y — M’ and (9 = w) /9 = L with
- z 1—y e 1—y n 1—y

¢ =4d, k, 5, m, and n = a, b, z. We have numerically checked that the absolute values of
the composite coefficients on 7;_1, x;_1 and e;_; in the above equation are extremely close
to zero and more precisely they are generally smaller than 1 x 107 for v € (0, 1) so that
the terms associated with 7,1, x;_1 and e;_; are negligible and equations in (54) can be

considered as the ALMs of endogenous variables.

Proposition 2. In the open economy, the ALMs for inflation, the output gap, the exchange
rate and the interest rate are function of expected inflation, expected output gap, expected

exchange rate, and cost-push, demand and exchange-rate shocks.

UFor example, the ALM for inflation would take the following form: m, = d%a, + Jgg by +d9z + dSeT +
d2ed + dle¢. Despite this difference, equations in (53) allow us to see clearly the effects of learning on the
equilibrium values of endogenous variables.
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This result considerably contrasts with the one obtained in the closed economy. Regarding
the ALM for the interest rate, the difference is also remarkable since in a closed economy
model, it depends on expected inflation, expected output gap, and cost-push shocks (André
and Dai, 2018). Indeed, the demand shocks can be entirely offset by an optimal adjustment
of the interest rate. However, this is not the case in the open economy since an adjustment
of the interest rate affects not only the aggregate demand but also the exchange rate while
the latter affects the Phillips curve and hence the CB’s intratemporal and intertemporal
trade-offs.

The effects of learning on the feedback coefficients in the ALM for inflation are illustrated

in Figure 1.
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Figure 1: The effect of learning on the feedback coefficients in the ALM for 7.

We notice that d¢ > 0, d? > 0, d% < 0, d% > 0, d > 0, and d < 0. Compared to the
equilibrium with RE that can be proxied by v = 0, an increase in the learning gain always
attenuates the response of inflation to by, z, €7, € and €f, Vy € (0, 1) except for a; whose
coefficient sharply decreases for small values of v and continues to decrease until v = 0.25,
and slightly increases with v for v > 0.25.

Figure 2 displays the effects of learning on the feedback coefficients in the ALM for the

output gap and shows that k%9 < 0, ];,gg <0, k%9 >0,k <0, k9 <0, and k9 > 0.
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Figure 2: The effect of learning on the feedback coefficients in the ALM for z;.

Compared to the RE equilibrium, a higher learning gain implies an attenuation in the
response of the output gap to by, z;, €7, €f and €f, ¥y € (0, 1) while the coefficient on
a; sharply decreases for small values of v and then slightly decreases until v = 0.25, and

moderately increases with v fmaking more complexor v > 0.25.

Figure 3: The effect of learning on the feedback coefficients in the ALM for e;.

It follows from Figure 3 depicting the effects of learning on the feedback coefficients in
the ALM for the exchange rate that j<9 < 0, 5,7 < 0, j%9 > 0, j& < 0, j& < 0, and j& > 0.

An increase in the learning gain strengthens (attenuates) the response of the exchange rate
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to a; for v < 0.25 (v > 0.25), and b; , 2 , €7, €f and £f for any 7. Notice that the response
of the exchange rate to b, and z; is amplified by an increase in v but the amplification effect
decelerates with v for v > 0.25.

Figure 4 shows the effects of learning on the feedback coefficients in the ALM for the
interest rate. We remark that m& > 0, m;? > 0, m¥ <0, mZ >0, mZ > 0 and mZ > 0.
An increase in learning gain leads the CB to amplify (attenuate) the response of the interest

rate to a, for v < 0.25 | by, 2, €7, €F for any v (to a; for v > 0.25, and &f for any 7).
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Figure 4: The effect of learning on the feedback coefficients in the ALM for r;.

Proposition 3. Adaptive learning makes robust monetary policy less (more) accommoda-
tie compared to RE in ils response to cost-push and demand (exchange-rate) shocks. In
the worst-case model, the fact that the CB exploits the intertemporal trade-off resulting from
the learning behavior of private agents globally leads an attenuation (amplification) in the re-
sponse of inflation (the output gap, the exchange rate) to inflation, output-gap and exchange-

rate expectations, and cost-push, demand and exchange-rate shocks.

Private agents’ learning behavior modifies the intratemporal trade-off the CB faces and
offers the latter the possibility to manipulate private expectations through its policy. In

general, the higher the value of learning, the more (less) aggressive the monetary policy
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should be in response to cost-push and demand (exchange rate) shocks. An increas in both
el and 7 is inflationary while an increase in €} decreases 7y, feeding thus into higher (lower)

future expected inflation, hence calling for a more (less) aggressive policy for positive €] and

g ()

4.4 Effects of robustness on the equilibrium

In the closed economy model, under RE, an increase in the CB’s preference for robustness
against inflation misspecification (decrease in §7) results in a more aggressive monetary policy
compared to the model without misspecification, while an increase in the CB’s preference
for robustness against output-gap misspecification has no implication for monetary policy
(Leitemo and Soderstrom 2008a, Dai and Spyromitros 2012).

In the open economy model with RE, Leitemo and Séderstrom (2008b) have investigated
the effect of an increase in the CB’s preference against misspecification in model’s equations
and have found that a stronger preference for robustness against inflation and output-gap
misspecification makes monetary policy respond more aggressively to inflation and output
shocks, but less aggressively to exchange rate shocks, whereas a stronger preference for
robustness against exchange rate misspecification has the opposite effects.

Adaptive learning imposes a much more restrictive constraint on monetary policy ro-
bustness to ensure the dynamic stability of the equilibrium than under RE. This is also
true in a closed economy model but to a lesser extent (André and Dai 2018). Opening the
economy with learning agents will sharply reinforce the constraint on the preference for ro-
bustness against a particular misspecification, and more so as the learning gain increases.
The misspecification that the malevolent agent can introduce becomes insignificant and is
hence quite insensitive to the change in the preference for robustness.

In Figures 5-8, simulations show the evolution of feedback coefficients of inflation, the
output gap, the exchange rate and the interest rate according to 0;, j = 7, z, e, for three

values of learning gain, i.e., v = 0.01,y = 0.2,7 = 0.99, represented by the red line, dotted
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green line, and dashed blue line, respectively. The red and green lines begin with relatively

small values of 6§ whereas the blue line begins with a very high value of 6 since this is required

for the determinacy of the equilibrium.
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Figure 6: Feedback coefficients in the ALM for the output gap.
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Figure 8: Feedback coefficients in the ALM for the interest rate.

Proposition 4. The CB’s preference for robustness against model misspecification has no
significant impact on the value of feedback coefficients once its preference is bounded to ensure

the dynamic stability of the equilibrium.
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This result suggests that in the open economy, the CB exploiting the intertemporal
trade-off allowed by the learning behaviors of private agents, cannot introduce much mis-
specification that accounts for worst-case scenarios. Furthermore, due to the bound imposed
on its preference for robustness, increasing such preference has almost no effect on the dy-
namics of the economy. This result is obtained only when the exchange rate affects the

Phillips curve even for a very small parameter value of ¢ (the value retained in this paper is

¢ = 0.057).

5 Conclusion

Using a stylized New Keynesian model of a small open economy, our paper finds that con-
ceiving robust monetary policy with the robust control approach is not such a good idea for
a central bank that is confronted to challenges arising from uncertain economic environment,
openness to foreign trade and capital flows, and the learning behavior of private agents.
These results are expected to hold as long as the central bank influences inflation only
through aggregate demand, and interest rate fluctuations in themselves do not affect social
loss. The mechanism underlying our main result is that the exchange rate affects the Phillips
curve through the wage-setting process,— hence making more complex the intertemporal
trade-off for the central bank introduced by learning. This has crucial consequences on the
dynamic stability of the economy as well as the interactions between endogenous variables
and shocks. Notably, opening the economy reduces very significantly the set of worst-case
scenarios against which monetary policy should be robust, and drastically more so as the
learning gain rises. In a closed economy or an open economy with a Phillips curve not
affected by the exchange rate, the central bank can offset all shocks other than cost-push
shocks. Compared to such economies, the equilibrium values of endogenous variables in the
type of economy examined in this paper are affected by all sorts of disturbances. We find

that misspecification can affect the IS equation and the uncovered interest rate parity, as
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the central bank cannot costless offset demand shocks without affecting inflation through
the exchange rate. However, due to the effect of learning and the openness of the economy,
the central bank’s preference for robustness against model misspecification has no significant
impact on the equilibrium once its preference is bounded to ensure the determinacy of the
equilibrium.

The main results obtained in this paper are based on the assumption of constant-gain
learning. Nevertheless, agents could start learning with a decreasing gain before adopting a
constant gain. The first can be seen as the first step in the expectations process adopted by
most economic agents whereas the second is more suitable for time-varying environments.
One immediate extension to this paper is to consider that private agents are learning with a
gain decreasing over time as studied in Molnar and Santoro (2014). In general, the equilibria
under decreasing-gain learning replicate the equilibria under learning with different constant
gains, this extension will not change significantly the main results.

This paper focuses on the worst-case model, meaning that the malevolent agent chooses
model misspecification to be as damaging as possible, and the central bank’s policy rule
and private agents’ expectations reflect this misspecification. An interesting extension is to
examine the case where the central bank uses the robust control approach to design the
policy interest rate rule but the economy functions according to an approximating model as
in Leitemo and Soderstrom (2008b). Since only the interest rate rule is disturbed to take
account of model misspecification while the true model of the economy remains undisturbed,
it seems that the economy has a smaller risk of being destabilized, meaning that the central

bank could have a higher preference for model misspecification than in the worst-case model.

35



References

[1] Airaudo, M., Nistico, S. & Zanna, L.-F. (2015). “Learning, Monetary Policy, and Asset
Prices.” Journal of Money, Credit and Banking 47, 1273-1307.

[2] André, M. C. & Dai, M. (2017). “Is central bank conservatism desirable under learning?”
Economic Modelling 60, 281 - 296.

[3] André, M. C. & Dai, M. (2018). “Learning, robust monetary policy and the merit of

precaution” The B.E. Journal of Macroeconomics, Forthcoming.

[4] Bernanke, B.S. (2007). “Inflation Expectations and Inflation Forecasting.” Speech at the
Monetary Economics Workshop of the National Bureau of Economic Research Summer

Institute, Cambridge, Massachusetts, July 10.

[5] Blinder A.S. (1998). Central Banking in Theory and Practice. MIT Press: Cambridge,
MA.

[6] Brainard, W. (1967). “Uncertainty and the effectiveness of policy.” American Economic
Review 57(2), 411-425.

[7] Bullard, J., & Mitra, K. (2002). “Learning about monetary policy rules.” Journal of
Monetary Economics 49(6), 1105-1129.

[8] Clarida, R., & Gali J. & Gertler M. (1999). “The Science of Monetary Policy: A New
Keynesian Perspective.” Journal of Economic Literature 37, 1661-1707.

[9] Dai M., & Spyromitros E. (2010). “Accountability and transparency about central bank
preferences for model robustness.” Scottish Journal of Political Economy 57(2), 212-237.

[10] Dai, M., & Spyromitros, E. (2012). “A Note On Monetary Policy, Asset Prices, And
Model Uncertainty.” Macroeconomic Dynamics 16(05), 777-790.

[11] Evans, G. W., & Honkapohja, S. (2001). Learning and expectations in macroeconomics.

Princeton University Press.

[12] Evans, G. W., & Honkapohja, S. (2003). “Adaptive learning and monetary policy de-
sign.” Journal of Money, Credit and Banking 35(6), 1045-1072.

[13] Evans, G. W., & & Honkapohja, S. (2006). “Monetary Policy, Expectations and Com-

mitment.” Scandinavian Journal of Economics 108(1), 15-38.

36



[14] Evans, G. W., & Honkapohja, S. (2009). “Learning and Macroeconomics.” Annual Re-
view of Economics 1, 421-449.

[15] Gali, J., & Monacelli, T. (2005). “Monetary policy and exchange rate volatility in a
small open economy.” Review of Economic Studies 72 (3), 702-734.

[16] Giannoni, M. P. (2002). “Does model uncertainty justify caution? Robust optimal mon-

etary policy in a forward-looking model.” Macroeconomic Dynamics 6(1), 111-144.

[17] Giannoni, M. P. (2007). “Robust optimal monetary policy in a forward-looking model
with parameter and shock uncertainty.” Journal of Applied Econometrics 22(1),
179-213.

|18] Giannoni, M. P., & Woodford, M. (2002). “Optimal interest-rate rules: 1. General the-
ory.” NBER Working Paper No. 9419. National bureau of economic research.

[19] Giordani, P., & Soderlind, P. (2004). “Solution of macromodels with Hansen—Sargent
robust policies: Some extensions.” Journal of Economic Dynamics and Control 28(12),
2367-2397.

[20] Gonzalez, F., & Rodriguez, A. (2013). “Monetary Policy Under Time-Varying Uncer-
tainty Aversion.” Computational Economics 41(1), 125-150.

[21] Hansen, L. P., & Sargent, T. J. (2001). “Acknowledging misspecification in macroeco-
nomic theory.” Review of Economic Dynamics 4(3), 519-535.

[22] Hansen, L. P., & Sargent, T. J. (2003). “Robust control of forward-looking models.”
Journal of Monetary Economics 50, 581-604.

|23] Hansen, L. P., & Sargent, T. J. (2007) Robustness. Princeton, NJ: Princeton University

Press.

|24| Leitemo, K., & Soderstrom, U. (2008a). “Robust monetary policy in the New-Keynesian
framework.” Macroeconomic Dynamics 12(S1), 126-135.

[25] Leitemo, K., & Soderstrom, U. (2008b). “Robust monetary policy in a small open econ-
omy.” Journal of Economic Dynamics and Control 32(10), 3218-3252.

[26] Machado, V.d.G. (2013). “Monetary policy rules, asset prices and adaptive learning.”
Journal of Financial Stability 9(3), 251-258.

37



[27] Marcet, A., & Sargent, T. J. (1989). “Least-squares learning and the dynamics of hy-
perinflation.” In International Symposia in Economic Theory and Econometrics, edited
by William Barnett, John Geweke, and Karl Shell, 119-137.

[28] McCallum, B. (1983). “On Non-Uniqueness in Rational Expectation Models — An At-
tempt at Perspective.” Journal of Monetary Economics 11, 139-168.

[29] Mele, A., Molnar, K. & Santoro, S. (2014). “The suboptimality of commitment equilib-

rium when agents are learning.” Unpublished paper. University of Oxford.

[30] Mihailov, A., Rumler, F. & Scharler, J. (2011). “The Small Open-Economy New Key-
nesian Phillips Curve: Empirical Evidence and Implied Inflation Dynamics.” Open
Economies Review 22(2), 317-337.

[31] Milani, F. (2008). “Learning, monetary policy rules, and macroeconomic stability.” Jour-
nal of Economic Dynamics and Control 32(10), 3148-3165.

[32] Molnar, K., & Santoro, S. (2014). “Optimal Monetary Policy When Agents Are Learn-
ing.” Furopean Economic Review 66, 39-627.

[33] Moore, B. (2016). “Anticipated disinflation and recession in the New Keynesian model

under learning.” Fconomics Letters 142, 49-52.

[34] Onatski, A., & Stock, J. H. (2002). “Robust monetary policy under model uncertainty

in a small model of the U.S. economy.” Macroeconomic Dynamics 6(1), 85-110.

[35] Ormerfio, A., & Molnar, K. (2015). “Using Survey Data of Inflation Expectations in the
Estimation of Learning and Rational Expectations Models.” Journal of Money, Credit,
and Banking 47(4), 673-699.

[36] Orphanides, A., & Williams, J. C. (2008). “Learning, expectations formation, and the
pitfalls of optimal control monetary policy.” Journal of Monetary Economics 55(Sup-
plement), S80-S96.

[37] Qin, L. & Sidiropoulos, M. & Spyromitros, E. (2013). “Robust monetary policy under
model uncertainty and inflation persistence.” Economic Modelling 30(C), 721-728.

[38] Razin, A. & Yuen, C.W. (2002). “The ‘New Keynesian’ Phillips curve: closed economy

versus open economy.” Economics Letters 75(1), 1-9.

38



[39] Schmidt-Hebbel, K. & Walsh, C. E. (2009). “Monetary Policy under Uncertainty and
Learning: An Overview.” Monetary Policy under Uncertainty and Learning, edited by
Klaus Schmidt-Hebbel & Carl E. Walsh & Norman Loayza, 1(13), 1-25. Central Bank
of Chile.

|40] Séderstrom, U. (2002). “Monetary Policy with Uncertain Parameters.” Scandinavian
Journal of Economics 104(1), 125-45.

[41] Slobodyan, S. & Wouters, R. (2012). “Learning in an estimated medium-scale DSGE
model.” Journal of Economic Dynamics and Control 36(1), 26-46.

[42] Tetlow, R. J. and von zur Muehlen, P. (2004). “Avoiding Nash inflation: Bayesian and

robust responses to model uncertainty.” Review of Economic Dynamics 7(4), 869-899.

[43] Tillmann, P. (2009). “The stabilization bias and robust monetary policy delegation.”
Journal of Macroeconomics 31(4), 730-734.

[44] Tillmann, P. (2014). “Robust monetary policy, optimal delegation and misspecified po-
tential output.” Economics Letters 123(2), 244-247.

[45] Trehan, B. (2011). “Household Inflation Expectations and the Price of Oil: It’s Déja Vu
All Over Again.” FRBSF Economic Letter 2011-16.

[46] Trehan, B. & Lynch M. (2013). “Consumer inflation views in three countries.” FRBSF

Economic Letter 2013-35, Federal Reserve Bank of San Francisco.

[47] Walsh, C.E. (1999). “Monetary policy trade-offs in the open economy.” Manuscript,

University of California, Santa Cruz.

39



