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*♦ ❡❧✐♠✐♥❛*❡ *❤❡$❡ ❜✐❛$❡$ ❛♥❞ ❤❛✈❡ ❢♦✉♥❞ *❤❛* ❈❇ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✐♥✢❛*✐♦♥ ❝♦♥*)❛❝*$ ✇♦)❦ ❜❡$*✳ ❈❛♥❞❡❧✲

❙P♥❝❤❡③ ❛♥❞ ❈❛♠♣♦②✲▼✐S❛))♦ ✭✷✵✵✹✮ ❛♥❞ ❈❤♦)*❛)❡❛$ ❛♥❞ ▼✐❧❧❡) ✭✷✵✵✼✮ ❤❛✈❡ ❞✐$❝✉$$❡❞ *❤❡ ✐♠♣❧✐❝❛*✐♦♥$ ♦❢

*❤❡ ❝♦$* ♦❢ ✐♥✢❛*✐♦♥ ❝♦♥*)❛❝*✳ ❙❡✈❡)❛❧ $*✉❞✐❡$ ❤❛✈❡ ❡①❛♠✐♥❡❞ ❤♦✇ ❧✐♥❡❛) ✐♥✢❛*✐♦♥ ❝♦♥*)❛❝*$ ❛)❡ ❛✛❡❝*❡❞ ❜②

✉♥❝❡)*❛✐♥*② ❛❜♦✉* *❤❡ ❈❇✬$ ♦✉*♣✉* *❛)❣❡* ✭▼✉$❝❛*❡❧❧✐✱ ✶✾✾✾✮✱ ❛❜♦✉* ♣)❡❢❡)❡♥❝❡ ✇❡✐❣❤*$ *❤❛* *❤❡ ❈❇ ♣✉* ♦♥
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❣♦✈❡$♥♠❡♥'✱ ❛* '❤❡ ♣$✐♥❝✐♣❛❧✱ ❞❡*✐❣♥* ❛♥ ♦♣'✐♠❛❧ ✐♥❝❡♥'✐✈❡ *❝❤❡♠❡ ❢♦$ '❤❡ ❝❡♥'$❛❧ ❜❛♥❦❡$ ✇✐'❤

'❤❡ ✐♥'❡♥'✐♦♥ ♦❢ ♦❜'❛✐♥✐♥❣ ♠♦♥❡'❛$② ♣♦❧✐❝② ♦✉'❝♦♠❡* ❡7✉✐✈❛❧❡♥' '♦ '❤♦*❡ ✉♥❞❡$ ❝$❡❞✐❜❧❡ ❝♦♠✲

♠✐'♠❡♥'✳ ●❡♥❡$❛❧❧②✱ *✉❝❤ *❝❤❡♠❡ ✐♥❝❧✉❞❡* ❛♥ ❡✣❝✐❡♥' ♣✉♥✐*❤♠❡♥' ✭♦$ '$❛♥*❢❡$✮ ♠❡❝❤❛♥✐*♠

'❤❛'✱ ❜② *✉✣❝✐❡♥'❧② $❛✐*✐♥❣ '❤❡ ✇❡❧❢❛$❡ ❝♦*'* ♦❢ *✉$♣$✐*❡ ✐♥✢❛'✐♦♥✱ ❝♦✉♥'❡$❛❝'* '❤❡ ❝❡♥'$❛❧

❜❛♥❦❡$✬* '❡♥❞❡♥❝② '♦ ❝♦♥❞✉❝' ❛ ♠♦$❡ ❛❝❝♦♠♠♦❞❛'✐✈❡ ♠♦♥❡'❛$② ♣♦❧✐❝②✳

■♥*♦❢❛$ '❤✐* ♣$✐♥❝✐♣❛❧✕❛❣❡♥' ❧✐'❡$❛'✉$❡ ✐* ❜✉✐❧' ♦♥ '❤❡ ❤②♣♦'❤❡*✐* ♦❢ $❛'✐♦♥❛❧ ❡①♣❡❝'❛'✐♦♥*

✭❘❊✮✳ ❚❤❡ ♣$❛❝'✐❝❛❧✐'② ♦❢ ♣♦❧✐❝② $❡❝♦♠♠❡♥❞❛'✐♦♥* $❡*✉❧'✐♥❣ ❢$♦♠ '❤✐* ❧✐'❡$❛'✉$❡ ♠✐❣❤' ❜❡

❧✐♠✐'❡❞ *✐♥❝❡ '❤✐* ❤②♣♦'❤❡*✐* $❡7✉✐$❡* ♣$✐✈❛'❡ ❛❣❡♥'* '♦ ❤❛✈❡ ❛ ✈❡$② ❣♦♦❞ ✉♥❞❡$*'❛♥❞✐♥❣ ♦❢

'❤❡ ❡❝♦♥♦♠✐❝ *'$✉❝'✉$❡ ❛♥❞ ❛ ❣$❡❛' ❝❛♣❛❝✐'② ♦❢ ❝♦♠♣✉'❛'✐♦♥✳ ❆* ❲♦♦❞❢♦$❞ $❡♠❛$❦* ✭✷✵✶✸✮✱

❢❛♠✐❧✐❛$ $❡*✉❧'* ✐♥ '❤❡ '❤❡♦$② ♦❢ ♠♦♥❡'❛$② ♣♦❧✐❝② ♦❜'❛✐♥❡❞ ✇✐'❤ '❤✐* ❤②♣♦'❤❡*✐* ❝♦✉❧❞ ❜❡

❝❤❛❧❧❡♥❣❡❞ ❜② ❛❧'❡$♥❛'✐✈❡ ❛♣♣$♦❛❝❤❡* '♦ '❤❡ *♣❡❝✐✜❝❛'✐♦♥ ♦❢ '❤❡ ❡①♣❡❝'❛'✐♦♥* ♦❢ ❡❝♦♥♦♠✐❝

❞❡❝✐*✐♦♥ ♠❛❦❡$*✳ ❖♥❡ ♦❢ '❤❡ ♠♦*' *✐❣♥✐✜❝❛♥' ✐**✉❡* '❤❛' ❤❛✈❡ ❡♠❡$❣❡❞ ✐♥ $❡❝❡♥' ♠♦♥❡'❛$②

♣♦❧✐❝② ❧✐'❡$❛'✉$❡ ✐* ❛❜♦✉' ❤♦✇ ♣$✐✈❛'❡ ❡①♣❡❝'❛'✐♦♥* ❢♦$♠❡❞ ✉*✐♥❣ ❧❡❛$♥✐♥❣ ❛❧❣♦$✐'❤♠* ✇♦✉❧❞

❝❤❛♥❣❡ '❤❡ ♦♣'✐♠❛❧ ❞❡*✐❣♥ ♦❢ ♠♦♥❡'❛$② ♣♦❧✐❝② ❛♥❞ ✐♥*'✐'✉'✐♦♥* ❝♦♠♣❛$❡❞ '♦ ❘❊✳ ❚❤❡ ♠❡❝❤✲

❛♥✐*♠ '❤❛' ✉♥❞❡$❧✐❡* '❤❡ ✜♥❞✐♥❣* ❢$♦♠ *'✉❞✐❡* ❡①❛♠✐♥✐♥❣ '❤✐* ✐**✉❡ ✐* '❤❛' ❧❡❛$♥✐♥❣ ❣✐✈❡*

$✐*❡ '♦ ❛♥ ✐♥'❡$'❡♠♣♦$❛❧ '$❛❞❡✲♦✛✱ ❧❡❛❞✐♥❣ '❤❡ ❈❇ '♦ ❛❝❝♦♠♠♦❞❛'❡ ❧❡** '❤❡ ❡✛❡❝' ♦❢ ✐♥✢❛'✐♦♥

❡①♣❡❝'❛'✐♦♥* ❛♥❞ ❝♦*'✲♣✉*❤ *❤♦❝❦* ♦♥ ✐♥✢❛'✐♦♥ '❤❛♥ ❛' '❤❡ ❘❊ ❡7✉✐❧✐❜$✐✉♠ ✭▼♦❧♥R$ ❛♥❞ ❙❛♥✲

'♦$♦ ✷✵✶✹✱ ▼❡❧❡✱ ▼♦❧♥R$ ❛♥❞ ❙❛♥'♦$♦ ✷✵✶✹✱ ❆✐$❛✉❞♦✱ ◆✐*'✐❝V ❛♥❞ ❩❛♥♥❛ ✷✵✶✺✮✳ ■♥'$♦❞✉❝✐♥❣

❛ ♥♦♥✲❧✐♥❡❛$ ✐♥✢❛'✐♦♥ ❝♦♥'$❛❝' ✇✐'❤ ♥❡❣❛'✐✈❡ ✐♥✢❛'✐♦♥ ♣❡♥❛❧'② ❤❡❧♣* '❤❡ ❈❇ $❡❞✉❝❡ '❤❡ ✉♥❞❡✲

*✐$❛❜❧❡ ❡✛❡❝' ♦❢ ❞✐*'♦$'✐♦♥* ✐♥'$♦❞✉❝❡❞ ❜② ❛❞❛♣'✐✈❡ ❧❡❛$♥✐♥❣ ♦♥ '❤❡ *'❛❜✐❧✐③❛'✐♦♥ ❜✐❛* ✭❆♥❞$Z

❛♥❞ ❉❛✐ ✷✵✶✼✮✳ ❖♥❡ ♠✐❣❤' ✇♦♥❞❡$ ✐❢ '❤✐* $❡*✉❧' ❤♦❧❞* ✇✐'❤ ❛ ❧✐♥❡❛$ ✐♥✢❛'✐♦♥ ❝♦♥'$❛❝'✳

❚❤❡ ✐♥'❡♥'✐♦♥ ♦❢ ♦✉$ ♣❛♣❡$ ✐* '♦ *'✉❞② ❤♦✇ ❛❞❛♣'✐✈❡ ❧❡❛$♥✐♥❣ ❝♦✉❧❞ ❝❤❛♥❣❡ '❤❡ ✇❡❧❧✲❦♥♦✇♥

✜♥❞✐♥❣*✱ ✐♥ '❤❡ ❧✐'❡$❛'✉$❡ ♦♥ ♦♣'✐♠❛❧ ✐♥✢❛'✐♦♥ ❝♦♥'$❛❝'*✱ $❡❣❛$❞✐♥❣ '❤❡ ❞❡*✐❣♥ ♦❢ ♣✉♥✐*❤♠❡♥'

♦$ '$❛♥*❢❡$ ♠❡❝❤❛♥✐*♠ ❛♥❞ '❤❡ ❞②♥❛♠✐❝* ♦❢ ❡♥❞♦❣❡♥♦✉* ✈❛$✐❛❜❧❡*✳ ❆* ✐♥ '❤✐* ❧✐'❡$❛'✉$❡✱ ✇❡

❛**✉♠❡ '❤❛' ❜♦'❤ '❤❡ ❣♦✈❡$♥♠❡♥' ❛♥❞ '❤❡ ❈❇ *❤❛$❡ '❤❡ *❛♠❡ ♣$❡❢❡$❡♥❝❡* ♦✈❡$ ✐♥✢❛'✐♦♥ ❛♥❞

✐!" ✐♥✢❛!✐♦♥ ❛♥❞ ♦✉!♣✉! "!❛❜✐❧✐③❛!✐♦♥ ♦❜❥❡❝!✐✈❡" ✭❇❡❡!"♠❛ ❛♥❞ ❏❡♥"❡♥ ✶✾✾✽✱ ❛♥❞ ▼✉"❝❛!❡❧❧✐ ✶✾✾✽✱ ✶✾✾✾✮✱ ♦;

❛❜♦✉! !❤❡ ❝❡♥!;❛❧ ❜❛♥❦❡;✬" ;❡"♣♦♥"✐✈❡♥❡"" !♦ ✐♥❝❡♥!✐✈❡ "❝❤❡♠❡" ✭❈❤♦;!❛;❡❛" ❛♥❞ ▼✐❧❧❡; ✷✵✵✸✮✳ ■♥ ❛❞❞✐!✐♦♥ !♦

!;❛♥"♣❛;❡♥❝② ✐""✉❡✱ ❉❛✐ ❛♥❞ ❙♣②;♦♠✐!;♦" ✭✷✵✶✷✮ ❝♦♥"✐❞❡; ✐❢ ♠♦❞❡❧ ;♦❜✉"!♥❡"" ❛✛❡❝!" !❤❡ ❞❡"✐❣♥ ♦❢ ✐♥✢❛!✐♦♥

❝♦♥!;❛❝! ❛♥❞ ❈✐❝❝❛;♦♥❡ ❛♥❞ ▼❛;❝❤❡!!✐ ✭✷✵✶✷✮ !❤✐♥❦ ❛❜♦✉! ❝♦♠♠♦♥ ❛❣❡♥❝②✳
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♦❢ ❛❞❛♣"✐✈❡ ❧❡❛/♥✐♥❣ ❢♦/ ♠♦♥❡"❛/② ♣♦❧✐❝② ❞❡❝✐)✐♦♥)✳ ❚❤❡)❡ )"✉❞✐❡) ❡♠♣❤❛)✐③❡ "❤❛" ❧❡❛/♥✐♥❣ ❤❛)
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✜♥❞ "❤❛" "❤❡ ❧❡❛/♥✐♥❣ ♣/♦❝❡)) ♠❛"❝❤❡) /❡♠❛/❦❛❜❧② ✇❡❧❧ )♦♠❡ ♠❛❥♦/ )"②❧✐③❡❞ ❢❛❝") ♦❜)❡/✈❡❞

❞✉/✐♥❣ "❤❡ ❤②♣❡/✐♥✢❛"✐♦♥) ✐♥ "❤❡ ✶✾✽✵✬)✳ ❙❧♦❜♦❞②❛♥ ❛♥❞ ❲♦✉"❡/) ✭✷✵✶✷✮ /❡♣♦/" "❤❛" ✐♥✢❛"✐♦♥

❡①♣❡❝"❛"✐♦♥) ❜❛)❡❞ ♦♥ )♠❛❧❧ ❢♦/❡❝❛)"✐♥❣ ♠♦❞❡❧) /❡♣❧✐❝❛"❡ ✇❡❧❧ "❤❡ )✉/✈❡② ❡✈✐❞❡♥❝❡✱ ❛♥❞ "❤❡

♠♦❞❡❧ ✇✐"❤ ❛♥ ✐♥❡/"✐❛❧ ❚❛②❧♦/ /✉❧❡ ✜") "❤❡ ❞❛"❛ ❜❡""❡/ ✉♥❞❡/ ❛❞❛♣"✐✈❡ ❧❡❛/♥✐♥❣ "❤❛♥ ✉♥❞❡/

❘❊✳ ❙❡✈❡/❛❧ )"✉❞✐❡)✱ ❡✳❣✳✱ ❇✉❧❧❛/❞ ❛♥❞ ▼✐"/❛ ✭✷✵✵✷✮✱ ❛♥❞ ❊✈❛♥) ❛♥❞ ❍♦♥❦❛♣♦❤❥❛ ✭✷✵✵✸✱ ✷✵✵✻✮✱

❛))❡/" "❤❛" ❚❛②❧♦/ /✉❧❡)✱ ✇❤✐❧❡ ❡♥)✉/✐♥❣ ❞❡"❡/♠✐♥❛❝② ✉♥❞❡/ ❘❊✱ ❝❛♥ ❣❡♥❡/❛"❡ ✐♥)"❛❜✐❧✐"② ✐❢

♣/✐✈❛"❡ ❡①♣❡❝"❛"✐♦♥) )❧✐❣❤"❧② ❞❡✈✐❛"❡ ❢/♦♠ /❛"✐♦♥❛❧✐"② ❛♥❞ ❛/❡ ❢♦/♠❡❞ ✉)✐♥❣ ❛❞❛♣"✐✈❡ ❧❡❛/♥✐♥❣

❛❧❣♦/✐"❤♠)✳ ❚❤❡ ❢❛❝" "❤❛" ❞❡♣❛/"✉/❡) ❢/♦♠ ❘❊ ✐♥❝/❡❛)❡ "❤❡ ♣♦"❡♥"✐❛❧ ❢♦/ ❡❝♦♥♦♠✐❝ ✐♥)"❛❜✐❧✐"②

❤❛) ❧❡❞ )♦♠❡ ❛✉"❤♦/) )✉❝❤ ❛) ❋❡//❡/♦ ✭✷✵✵✼✮✱ ●❛)♣❛/✱ ❙♠❡") ❛♥❞ ❱❡)"✐♥ ✭✷✵✶✵✮✱ ▼❛/③✐♦♥✐
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✭✷✵✶✹✮✱ ▼♦♦)❡ ✭✷✵✶✹✮✱ ❛♥❞ ❆✐)❛✉❞♦✱ ◆✐23✐❝5 ❛♥❞ ❩❛♥♥❛ ✭✷✵✶✺✮ 3♦ ❤✐❣❤❧✐❣❤3 3❤❡ ✐♠♣♦)3❛♥❝❡ ♦❢

❛♥❝❤♦)✐♥❣ ✐♥✢❛3✐♦♥ ❡①♣❡❝3❛3✐♦♥2 ❛♥❞ ❛❞✈♦❝❛3❡ ❢♦) ❛ ♠♦)❡ ❛❣❣)❡22✐✈❡ )❡2♣♦♥2❡ ♦❢ 3❤❡ ✐♥3❡)❡23

)❛3❡ ♣♦❧✐❝② 3♦ ❡①♣❡❝3❡❞ ✐♥✢❛3✐♦♥ ✉♥❞❡) ❧❡❛)♥✐♥❣ 3❤❛♥ ✉♥❞❡) ❘❊✳

❚❤❡ )❡23 ♦❢ 3❤❡ ♣❛♣❡) ✐2 ♦)❣❛♥✐③❡❞ ❛2 ❢♦❧❧♦✇2✳ ❚❤❡ ♥❡①3 2❡❝3✐♦♥ 2❡32 ✉♣ 3❤❡ ♠♦❞❡❧✳ ❙❡❝3✐♦♥

✸ ❡23❛❜❧✐2❤❡2 3❤❡ ❝❧♦2❡❞✲❢♦)♠ 2♦❧✉3✐♦♥ 3♦ 3❤❡ ♠♦❞❡❧ ✉♥❞❡) ❘❊✳ ❙❡❝3✐♦♥ ✹ ❣✐✈❡2 3❤❡ ❡L✉✐❧✐❜)✐✉♠
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✼ ❞✐2❝✉22❡2 2♦♠❡ ♣♦22✐❜❧❡ ❡①3❡♥2✐♦♥2✳ ❚❤❡ ❧❛23 2❡❝3✐♦♥ ❝♦♥❝❧✉❞❡2✳

✷ ❚❤❡ ♠♦❞❡❧
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♦✉3♣✉3 ❛♥❞ ✐♥✢❛3✐♦♥ 3❛)❣❡32✱ ✇✐❧❧ ♥♦3 ❛❧3❡) ♦✉) ♠❛✐♥ )❡2✉❧32✳

❚❤❡ ♠♦❞❡❧ ✐2 3❤❡♥ ❝♦♠♣❧❡3❡❞ ❜② ❛ ♣)✐♥❝✐♣❛❧✲❛❣❡♥3 ❢)❛♠❡✇♦)❦ ✐♥ ✇❤✐❝❤ 3❤❡ ❣♦✈❡)♥♠❡♥3

❞❡❧❡❣❛3❡2 ♠♦♥❡3❛)② ♣♦❧✐❝②♠❛❦✐♥❣ 3♦ 3❤❡ ❈❇ ✇✐3❤ 3❤❡ ❤❡❧♣ ♦❢ ❛ ❧✐♥❡❛) ✐♥✢❛3✐♦♥ ❝♦♥3)❛❝3✳

❲❡ ❝❧♦2❡ 3❤❡ ♠♦❞❡❧ ❜② 2♣❡❝✐❢②✐♥❣ 3❤❡ ❧❡❛)♥✐♥❣ ❛❧❣♦)✐3❤♠ ✉2❡❞ ❜② ♣)✐✈❛3❡ ❛❣❡♥32 3♦ ❢♦)♠

❡①♣❡❝3❛3✐♦♥2✳

❚❤❡ 2✉♣♣❧② 2✐❞❡ ♦❢ 3❤❡ ❡❝♦♥♦♠② ✐2 ❝❤❛)❛❝3❡)✐③❡❞ ❜② ❛ ❢♦)✇❛)❞✲❧♦♦❦✐♥❣ W❤✐❧❧✐♣2 ❝✉)✈❡✿

πt = βE∗

t πt+1 + κxt + et, ✭✶✮

✹



✇❤❡#❡ πt ✐% &❤❡ ✐♥✢❛&✐♦♥ #❛&❡✱ E
∗

t πt+1 &❤❡ ❡①♣❡❝&❡❞ #❛&❡ ♦❢ ❢✉&✉#❡ ✐♥✢❛&✐♦♥✱ xt &❤❡ ♦✉&♣✉& ❣❛♣✱

et ∼ N (0,σe✮ ❛ %❡#✐❛❧❧② ✉♥❝♦##❡❧❛&❡❞ %✉♣♣❧② ♦# ❝♦%&✲♣✉%❤ %❤♦❝❦✳ ❚❤❡ ❡①♣❡❝&❛&✐♦♥ ♦♣❡#❛&♦#

E∗

t #❡♣#❡%❡♥&% ♣#✐✈❛&❡ ❡①♣❡❝&❛&✐♦♥% ❝♦♥❞✐&✐♦♥❛❧ ♦♥ ✐♥❢♦#♠❛&✐♦♥ %❡& ❛✈❛✐❧❛❜❧❡ ❛& &✐♠❡ t✱ ✇✐&❤

&❤❡ ❛%&❡#✐%❦ ❞❡♥♦&✐♥❣ &❤❛& ♣#✐✈❛&❡ ❛❣❡♥&% ♠❛② ❢♦#♠ ❘❊ ♦# ♥♦&✳ ❚❤❡ ♣❛#❛♠❡&❡# β ∈ (0, 1)

✐% &❤❡ ❞✐%❝♦✉♥& ❢❛❝&♦#✳ ❚❤❡ ♣❛#❛♠❡&❡# κ %&❛♥❞% ❢♦# &❤❡ ♦✉&♣✉&✲❣❛♣ ❡❧❛%&✐❝✐&② ♦❢ ✐♥✢❛&✐♦♥

❛♥❞ ❝❛♣&✉#❡% &❤❡ ❡✛❡❝&% ♦❢ &❤❡ ♦✉&♣✉& ❣❛♣ ♦♥ #❡❛❧ ♠❛#❣✐♥❛❧ ❝♦%&% ❛♥❞ ❤❡♥❝❡ ♦♥ ✐♥✢❛&✐♦♥✳

❯♥❞❡#♣✐♥♥✐♥❣% &♦ ✭✶✮ ❛#❡ &❤❛& ✐♥ ❛♥ ❡♥✈✐#♦♥♠❡♥& ✇✐&❤ ♠♦♥♦♣♦❧✐%&✐❝❛❧❧② ❝♦♠♣❡&✐&✐♦♥✱ ❡❛❝❤

✜#♠✬% ♣#✐❝❡✲%❡&&✐♥❣ ❞❡❝✐%✐♦♥ ✐% ❞❡#✐✈❡❞ ❢#♦♠ ❛♥ ❡①♣❧✐❝✐& ♦♣&✐♠✐③❛&✐♦♥ ♣#♦❜❧❡♠✳ ❲❤❡♥ ❛ ✜#♠

❤❛% &❤❡ ♦♣♣♦#&✉♥✐&②✱ ✐& %❡&% &❤❡ ♥♦♠✐♥❛❧ ♣#✐❝❡ ♦❢ ✐&% ♣#♦❞✉❝& &♦ ♠❛①✐♠✐③❡ ♣#♦✜&% %✉❜❥❡❝& &♦

&❤❡ ❝♦♥%&#❛✐♥& ♦♥ &❤❡ ❢#❡H✉❡♥❝② ♦❢ ❢✉&✉#❡ ♣#✐❝❡ ❛❞❥✉%&♠❡♥&% ❛% ❞❡✜♥❡❞ ✐♥ ❈❛❧✈♦ ✭✶✾✽✸✮✳

❚❤❡ ❡①♣❡❝&❡❞ %♦❝✐❛❧ ❧♦%% ❢✉♥❝&✐♦♥ ✐% %♣❡❝✐✜❡❞ ✐♥ &❡#♠% ♦❢ ✈❛#✐❛♥❝❡% ♦❢ ✐♥✢❛&✐♦♥ ❛♥❞ &❤❡

♦✉&♣✉& ❣❛♣ ❛% ❢♦❧❧♦✇%✿

Ls
t =

1

2
Et

+∞∑

i=0

βi
[
π2
t+i + α (xt+i − x̃)2

]
, ✭✷✮

✇❤❡#❡ α > 0 ✐% &❤❡ #❡❧❛&✐✈❡ ✇❡✐❣❤& ❛%%✐❣♥❡❞ &♦ ♦✉&♣✉& %&❛❜✐❧✐③❛&✐♦♥✳ ❚❤❡ ♣✉❜❧✐❝ ❦♥♦✇% &❤❡

&#✉❡ ✈❛❧✉❡ ♦❢ α ❛% ✇❡❧❧ ❛% ✐♥✢❛&✐♦♥ ❛♥❞ ♦✉&♣✉& ❣❛♣ &❛#❣❡&%✳ ❚❤❡ ❧❛&&❡# ❛#❡ %❡& &♦ ③❡#♦ ❛♥❞

x̃ > 0 #❡%♣❡❝&✐✈❡❧②✳ ❚❤❡ ❢❛❝& &❤❛& &❤❡ %♦❝✐❡&② ❤❛% ❛♥ ♦✉&♣✉&✲❣❛♣ &❛#❣❡& ❛❜♦✈❡ ✐&% ♣♦&❡♥&✐❛❧

❧❡✈❡❧✱ %❡& &♦ ③❡#♦ ✐♥ &❤✐% ♠♦❞❡❧✱ ✐♠♣❧✐❡% &❤❡ ♣#❡%❡♥❝❡ ♦❢ ❛♥ ✐♥✢❛&✐♦♥ ❜✐❛%✳ ■♥ &❤❡ ❛❜%❡♥❝❡ ♦❢

❛♥ ✐♥✢❛&✐♦♥ ❝♦♥&#❛❝&✱ ❛ ❈❇ &❤❛& %❤❛#❡% &❤❡ ❣♦✈❡#♥♠❡♥&✬% ♦❜❥❡❝&✐✈❡ ❢✉♥❝&✐♦♥ ✇♦✉❧❞ ❝♦♥❞✉❝&

❞✐%❝#❡&✐♦♥❛#② ♠♦♥❡&❛#② ♣♦❧✐❝② &❤❛& ✇♦✉❧❞ ♥♦& ❛✈♦✐❞ &❤❡ &✐♠❡✲✐♥❝♦♥%✐%&❡♥❝② ♣#♦❜❧❡♠ ❛♥❞ &❤❡

❛%%♦❝✐❛&❡❞ ✐♥✢❛&✐♦♥ ❜✐❛%✳ ❚❤❡ ❣♦✈❡#♥♠❡♥&✱ ❛% ❜❡♥❡✈♦❧❡♥& %♦❝✐❛❧ ♣❧❛♥♥❡#✱ ✐♠♣♦%❡% ♦♥ &❤❡

❝❡♥&#❛❧ ❜❛♥❦❡# ❛♥ ✐♥✢❛&✐♦♥ ❝♦♥&#❛❝& %&✐♣✉❧❛&✐♥❣ &❤❛& %❤❡ ♦# ❤❡ #❡❝❡✐✈❡% ❛ ♠♦♥❡&❛#② &#❛♥%❢❡#

♣❛②♠❡♥& ❢#♦♠ &❤❡ ❣♦✈❡#♥♠❡♥& ❛❝❝♦#❞✐♥❣ &♦ ❛ #✉❧❡✱ ✐✳❡✳✱

T = τ0 − τπt ✭✸✮

✇❤❡#❡ τ0 ✐% ✜①❡❞ ✐♥ ❛ ✇❛② &♦ ❡♥%✉#❡ &❤❡ ❈❇✬% ♣❛#&✐❝✐♣❛&✐♦♥ ❛♥❞ τ ✐% &❤❡ ♣❡♥❛❧&② #❛&❡ ❛%%♦❝✐❛&❡❞

✇✐&❤ ✐♥✢❛&✐♦♥ ✭❲❛❧%❤ ✶✾✾✺✮✳ ❙✉❝❤ ❛ ♣❛②♠❡♥& ❝❛♥ ❜❡ ❡✐&❤❡# ❝♦♥%✐❞❡#❡❞ ❛% &❤❡ ❞✐#❡❝& ✐♥❝♦♠❡

✺



♦❢ "❤❡ ❝❡♥"'❛❧ ❜❛♥❦❡' ♦' ❛, "❤❡ ❜✉❞❣❡" ♦❢ "❤❡ ❈❇✳

❚♦ ✐♠♣❧❡♠❡♥" ♦♣"✐♠❛❧ ❞✐,❝'❡"✐♦♥❛'② ♠♦♥❡"❛'② ♣♦❧✐❝②✱ "❤❡ ❈❇ ,♦❧✈❡, "❤❡ ❢♦❧❧♦✇✐♥❣ ♣'♦❜✲

❧❡♠✿

min
xt

LCB
t =

1

2
Et

+∞∑

i=0

βi[α (xt+i − x̃)2 + π2
t+i − ξ (τ0 − τπt+i)], ✭✹✮

,✉❜❥❡❝" "♦ "❤❡ ❝♦♥,"'❛✐♥" ✐♠♣♦,❡❞ ❜② "❤❡ ,"'✉❝"✉'❡ ♦❢ "❤❡ ❡❝♦♥♦♠②✱ ✐✳❡✳✱ "❤❡ A❤✐❧✐♣, ❝✉'✈❡ ✭✶✮✳

❚❤❡ ♣❛'❛♠❡"❡' ξ ✐♥❞✐❝❛"❡, "❤❡ ❡①"❡♥" "♦ ✇❤✐❝❤ "❤❡ ❝❡♥"'❛❧ ❜❛♥❦❡' ❝❛'❡, ❛❜♦✉" "❤❡ ✐♥❝❡♥"✐✈❡

,❝❤❡♠❡ '❡❧❛"✐✈❡ "♦ "❤❡ ,♦❝✐❛❧ ✇❡❧❢❛'❡ ❧♦,,✳ ❚❤❡ ♣❛'"✐❝✐♣❛"✐♦♥ ❝♦♥,"'❛✐♥" ✐, ❛,,✉♠❡❞ "♦ ❤♦❧❞

,✉❝❤ "❤❛" "❤❡ ❈❇ ❛❝❝❡♣", "❤❡ ❝♦♥"'❛❝"✳ ■♥✢❛"✐♦♥ ❝♦♥"'❛❝"✱ ❜② ✐♠♣♦,✐♥❣ ❛ ♣❡♥❛❧"② '❛"❡ ❧✐♥❦❡❞

"♦ ✐♥✢❛"✐♦♥✱ ✐, ❞❡,✐❣♥❡❞ ,✉❝❤ "❤❛" "❤❡ ❤✐❣❤❡' "❤✐, ♣❡♥❛❧"② '❛"❡ ✐,✱ "❤❡ ❝♦,"❧✐❡' ✐" ✐, ❢♦' "❤❡ ❈❇

"♦ ❛❞❥✉," ✐♥✢❛"✐♦♥ "♦ ❛❝❤✐❡✈❡ "❤❡ ♦✈❡'❛♠❜✐"✐♦✉, ♦✉"♣✉"✲❣❛♣ "❛'❣❡"✳

A'✐✈❛"❡ ❛❣❡♥", ❛'❡ ❛,,✉♠❡❞ "♦ ❢♦❧❧♦✇ ❛ ❧❡❛'♥✐♥❣ ❛❧❣♦'✐"❤♠ ❛, ✐♥ ▼❛'❝❡" ❛♥❞ ◆✐❝♦❧✐♥✐

✭✷✵✵✸✮✱ ❛♥❞ ▼♦❧♥K' ❛♥❞ ❙❛♥"♦'♦ ✭✷✵✶✹✮✳ ❚❤✐, ❛,,✉♠♣"✐♦♥ '❡❧✐❡, ♦♥ "❤❡ ✐❞❡❛ ♦❢ ❛ ❧✐♠✐"❡❞

'❛"✐♦♥❛❧✐"② ❛♠♦♥❣ ♣'✐✈❛"❡ ❛❣❡♥",✱ ✇❤✐❝❤ ❝♦''❡,♣♦♥❞, "♦ ❛ '❡,"'❛✐♥❡❞ ❦♥♦✇❧❡❞❣❡ ♦❢ "❤❡ ♣'♦❝❡,,

❣♦✈❡'♥✐♥❣ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ ❡♥❞♦❣❡♥♦✉, ✈❛'✐❛❜❧❡,✳ ❚♦ ✐♠♣'♦✈❡ "❤❡✐' ❞❡❝✐,✐♦♥,✱ ♣'✐✈❛"❡ ❛❣❡♥",

♠❛② '❡❝✉',✐✈❡❧② ❡,"✐♠❛"❡ ❛ A❡'❝❡✐✈❡❞ ▲❛✇ ♦❢ ▼♦"✐♦♥ ✭A▲▼✮ ✐♥ "❤❡ "❡'♠✐♥♦❧♦❣② ♦❢ ❊✈❛♥, ❛♥❞

❍♦♥❦❛♣♦❤❥❛ ✭✷✵✵✶✮✱ ✇❤✐❝❤ ✐, ❝♦♥,✐,"❡♥" ✇✐"❤ "❤❡ ❧❛✇ ♦❢ ♠♦"✐♦♥ "❤❛" "❤❡ ❈❇ ❢♦❧❧♦✇, ✉♥❞❡'

❘❊✱ ❜② ✉,✐♥❣ "❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡"❡'♠✐♥✐,"✐❝ ❧❡❛'♥✐♥❣ ❛❧❣♦'✐"❤♠✿

E∗

t πt+1 ≡ at = at−1 + γt(πt−1 − at−1), ✭✺✮

✇❤❡'❡ γt ∈ (0, 1) ✐, "❤❡ ❧❡❛'♥✐♥❣ ❣❛✐♥ "❤❛" ❝♦✉❧❞ ❜❡ ❝♦♥,"❛♥" ✭,❡❝"✐♦♥, ✹ ❛♥❞ ✺✮ ♦' ❞❡❝'❡❛,✐♥❣

✭,❡❝"✐♦♥ ✻✮✳

✸

❚❤❡ ❧❡❛'♥✐♥❣ ❣❛✐♥ ❞❡✜♥❡, "❤❡ ,♣❡❡❞ ♦❢ ✐♥"❡❣'❛"✐♦♥ ♦❢ ♥❡✇ ❞❛"❛ ✐♥"♦ ❝✉''❡♥"

❡①♣❡❝"❛"✐♦♥,✳ ❚❤❡ ❧❡❛'♥✐♥❣ ❛❧❣♦'✐"❤♠ ✭✺✮ ❡,"❛❜❧✐,❤❡, ❛ ♣♦,✐"✐✈❡ '❡❧❛"✐♦♥,❤✐♣ ❜❡"✇❡❡♥ ✐♥✢❛"✐♦♥

❡①♣❡❝"❛"✐♦♥, ❛♥❞ ❧❛," ♣❡'✐♦❞ ✐♥✢❛"✐♦♥✳ ●✐✈❡♥ "❤❛" ♣❛," ✐♥✢❛"✐♦♥, ❞❡♣❡♥❞ ♦♥ ♣❛," ,❤♦❝❦,✱

✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥, ❜❛,❡❞ ♦♥ ❧❡❛'♥✐♥❣ ❝♦♥"❛✐♥ ❛ ,❤❛'❡ ♦❢ ♣❛," ✐♥✢❛"✐♦♥ ,❤♦❝❦,✳

✸

❈♦♠♣❛%❡❞ (♦ ❞❡❝%❡❛*✐♥❣✲❣❛✐♥ ❧❡❛%♥✐♥❣✱ ❝♦♥*(❛♥(✲❣❛✐♥ ❧❡❛%♥✐♥❣ ❤❛* ❛ ❜❡((❡% ❛♥❛❧②(✐❝❛❧ (%❛❝(❛❜✐❧✐(② ♦❢ (❤❡

♠♦❞❡❧✳ ❚❤✐* ❡①♣❧❛✐♥* ✇❤② ♦✉% ♣❛♣❡% ♠❛✐♥❧② ❢♦❝✉*❡* ♦♥ ❝♦♥*(❛♥(✲❣❛✐♥ ❧❡❛%♥✐♥❣✳
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❯!✐♥❣ ✭✺✮✱ ✇❡ +❡✇+✐,❡ ✭✶✮ ❛!✿

πt = β [at−1 + γt(πt−1 − at−1)] + κxt + et. ✭✻✮

❊2✉❛,✐♦♥ ✭✻✮ +❡❧❛,❡! ,❤❡ ❝✉++❡♥, ✐♥✢❛,✐♦♥ ,♦ ,❤❡ ❝✉++❡♥, ❝♦!,✲♣✉!❤ !❤♦❝❦✱ ,❤❡ ❝✉++❡♥, ♦✉,♣✉,✲

❣❛♣✱ ❛♥❞ ,❤❡ ♣❛!, ✈❛❧✉❡! ♦❢ ✐♥✢❛,✐♦♥ ❛♥❞ ♦❢ ❡①♣❡❝,❡❞ ✐♥✢❛,✐♦♥✳

✸ ❘❛#✐♦♥❛❧ ❡①♣❡❝#❛#✐♦♥, ❡-✉✐❧✐❜0✐✉♠

❚❤❡ ✐♥,❡+❡!, ♦❢ ,❤✐! !❡❝,✐♦♥ +❡!✐❞❡! ✐♥ ♣+♦✈✐❞✐♥❣ ❛ ❜❡♥❝❤♠❛+❦ ❡2✉✐❧✐❜+✐✉♠ !♦❧✉,✐♦♥ ❛♥❞ ♦♣,✐♠❛❧

✐♥✢❛,✐♦♥ ❝♦♥,+❛❝, ❜❛!❡❞ ♦♥ ,❤❡ ❛!!✉♠♣,✐♦♥ ,❤❛, ,❤❡ ♣+✐✈❛,❡ !❡❝,♦+ ❢♦+♠! +❛,✐♦♥❛❧ ✐♥✢❛,✐♦♥

❡①♣❡❝,❛,✐♦♥! ❝♦♥❞✐,✐♦♥❛❧ ♦♥ ✐♥❢♦+♠❛,✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛, ,✐♠❡ t✳ ❚❤❡② !❡+✈❡ ❛! ❛ +❡❢❡+❡♥❝❡ ♣♦✐♥,

❢♦+ ,❤❡ ❞✐!❝✉!!✐♦♥ ❛❜♦✉, ,❤❡ ❡2✉✐❧✐❜+✐✉♠ !♦❧✉,✐♦♥ ✐♥ !❡❝,✐♦♥ ✹ ❛♥❞ ,❤❡ ♦♣,✐♠❛❧ ✐♥✢❛,✐♦♥

❝♦♥,+❛❝, ♦❜,❛✐♥❡❞ ✉♥❞❡+ ❧❡❛+♥✐♥❣ ✐♥ !❡❝,✐♦♥ ✺✳

❙♦❧✈✐♥❣ ,❤❡ ♠✐♥✐♠✐③❛,✐♦♥ ♣+♦❜❧❡♠ ♦❢ ,❤❡ ❈❇ ✉♥❞❡+ ❞✐!❝+❡,✐♦♥ ❣✐✈❡! ,❤❡ ❢♦❧❧♦✇✐♥❣ ,❛+❣❡,✐♥❣

+✉❧❡✿

πt = −
α

κ
(xt − x̃)−

1

2
ξτ. ✭✼✮

❈♦♥❞✐,✐♦♥ ✭✼✮ ✐♥❞✐❝❛,❡! ,❤❛, ,❤❡ ❡2✉✐❧✐❜+✐✉♠ !♦❧✉,✐♦♥ ♦❢ ✐♥✢❛,✐♦♥ ❛♥❞ ,❤❡ ♦✉,♣✉, ❣❛♣ ♥♦✇

❞❡♣❡♥❞! ♦♥ ✐♥✢❛,✐♦♥ ♣❡♥❛❧,② +❛,❡✳ ❆ ♣♦!✐,✐✈❡ ✐♥✢❛,✐♦♥ ♣❡♥❛❧,② +❛,❡✱ ❜② ♠❛❦✐♥❣ ❝♦!,❧✐❡+ ❢♦+

,❤❡ ❈❇ ,♦ ❛❞❥✉!, ✐♥✢❛,✐♦♥ ,♦ ❛❝❤✐❡✈❡ ,❤❡ ♦✉,♣✉,✲❣❛♣ ,❛+❣❡,✱ ✐♠♣❧✐❡! ❛ ❧♦✇❡+ ♦✉,♣✉, ❛♥❞ ❤❡♥❝❡

❛ ❞❡❝+❡❛!❡ ✐♥ ,❤❡ ♦✉,♣✉, ❣❛♣✳

❋♦+ ❣✐✈❡♥ ✐♥✢❛,✐♦♥ ❡①♣❡❝,❛,✐♦♥!✱ !♦❧✈✐♥❣ ✭✶✮ ❛♥❞ ✭✼✮ ②✐❡❧❞! ,❤❡ ❆❝,✉❛❧ ▲❛✇! ♦❢ ▼♦,✐♦♥

✭❆▲▼!✮ ,❤❛, ❣♦✈❡+♥ ,❤❡ ❡✈♦❧✉,✐♦♥ ♦❢ ✐♥✢❛,✐♦♥ ❛♥❞ ,❤❡ ♦✉,♣✉, ❣❛♣ ❛, ,❤❡ ❡2✉✐❧✐❜+✐✉♠✿

πt =
αβ

α + κ2
E∗

t πt+1 −
1

2

κ2

α + κ2
ξτ +

ακ

α + κ2
x̃+

α

α + κ2
et, ✭✽✮

xt = −
βκ

α + κ2
E∗

t πt+1 −
1

2

κξ

α + κ2
τ +

α

α + κ2
x̃−

κ

α + κ2
et. ✭✾✮

✼



❚❤❡ #②#%❡♠ ♦❢ ❡)✉❛%✐♦♥# ✭✶✮ ❛♥❞ ✭✼✮ ❤❛# ❛ ✉♥✐)✉❡ ♥♦♥✲❡①♣❧♦#✐✈❡ ❘❊ ❡)✉✐❧✐❜;✐✉♠ ✭❘❊❊✮

#♦❧✉%✐♦♥✱ ❝❛❧❧❡❞ %❤❡ ✏♠✐♥✐♠❛❧ #%❛%❡ ✈❛;✐❛❜❧❡✑ #♦❧✉%✐♦♥ ✭▼❝❈❛❧❧✉♠ ✶✾✽✸✮✱ ✐♥ %❡;♠# ♦❢ #%❛%❡

✈❛;✐❛❜❧❡ et ❛# ✇❡❧❧ ❛# τ ❛♥❞ x̃✳ ❯♥❞❡; ❘❊✱ ✐✳❡✳✱ E∗

t = Et✱ %❤❡ #♦❧✉%✐♦♥ ♦❢ πt %❛❦❡# %❤❡ ❢♦;♠✿

πt = ζ0 + ζ1et✳ ❙✐♥❝❡ ❝♦#%✲♣✉#❤ #❤♦❝❦# ❛;❡ #❡;✐❛❧❧② ✉♥❝♦;;❡❧❛%❡❞✱ ✐✳❡✳✱ Etet+1 = 0✱ ✐% ❢♦❧❧♦✇#

%❤❛% Etπt+1 = ζ0 + ζ1Etet+1 = ζ0✳ ❯#✐♥❣ %❤❡ ♠❡%❤♦❞ ♦❢ ✉♥❞❡%❡;♠✐♥❡❞ ❝♦❡✣❝✐❡♥%# ②✐❡❧❞#

ζ0 =
ακ

α(1−β)+κ2 x̃− κ2

2[α(1−β)+κ2]
ξτ ✱ ❛♥❞ ζ1 =

α
α+κ2 ✳

❙✉❜#%✐%✉%✐♥❣ %❤❡ #♦❧✉%✐♦♥ ♦❢ Etπt+1 ✐♥%♦ ✭✽✮✲✭✾✮✱ ✇❡ ♦❜%❛✐♥ %❤❡ ❘❊❊ #♦❧✉%✐♦♥ ❝♦;;❡#♣♦♥❞✐♥❣

%♦ %❤❡ ♦♣%✐♠❛❧ ❞✐#❝;❡%✐♦♥❛;② ♠♦♥❡%❛;② ♣♦❧✐❝②✿

πt =
ακ

α(1− β) + κ2
x̃−

1

2

κ2

α(1− β) + κ2
ξτ +

α

α + κ2
et, ✭✶✵✮

xt =
α(1− β)

α(1− β) + κ2
x̃−

1

2

(1− β)κ

α(1− β) + κ2
ξτ −

κ

α + κ2
et. ✭✶✶✮

❚❤❡ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② ;❛%❡ ✐# ❞❡%❡;♠✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ✭✷✮ %❛❦✐♥❣ ❛❝❝♦✉♥% ♦❢ %❤❡

#♦❧✉%✐♦♥# ♦❢ πt ❛♥❞ xt ❣✐✈❡♥ ❜② ✭✶✵✮✲✭✶✶✮ ❛#✿

τ =
2αβκ

ξ [α(1− β)2 + κ2]
x̃. ✭✶✷✮

❚❤✐# ;❡#✉❧% ✐# ♦❜%❛✐♥❡❞ ✉♥❞❡; %❤❡ ❘❊ ❤②♣♦%❤❡#✐# ❛♥❞ ✐♥ %❤❡ ♣;❡#❡♥❝❡ ♦❢ ✐♥✢❛%✐♦♥ ❜✐❛#✳ ❚❤❡

❣♦✈❡;♥♠❡♥% #❤♦✉❧❞ #❡% ❛ ♣❡♥❛❧%② ;❛%❡ %❤❛% ❜❛❧❛♥❝❡# ❜❡%✇❡❡♥ ♠✐%✐❣❛%✐♥❣ ✐♥✢❛%✐♦♥ ❛♥❞ #%❛❜✐✲

❧✐③❛%✐♦♥ ❜✐❛#❡#✳ ❆# ❛ ;❡#✉❧%✱ %❤❡ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② ;❛%❡ ✐# ♣♦#✐%✐✈❡❧② ;❡❧❛%❡❞ %♦ %❤❡

♦✉%♣✉%✲❣❛♣ %❛;❣❡%✳ ❚❤✉# %❤❡ ❤✐❣❤❡; %❤❡ %❛;❣❡% ✐#✱ %❤❡ ❤✐❣❤❡; %❤❡ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② ;❛%❡✳

❚♦ ♦❜#❡;✈❡ ✐❢ %❤❡ ❧✐♥❡❛; ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ❝♦♥%;❛❝% ♦✛#❡%# %❤❡ ✐♥✢❛%✐♦♥ ❜✐❛#✱ ✇❡ ✐♥#❡;% ✭✶✷✮

✐♥%♦ ✭✶✵✮✲✭✶✶✮✳ ■% ②✐❡❧❞#✿

✹

✹

❚❤❡ #♦❧✉'✐♦♥ ✉♥❞❡+ ❞✐#❝+❡'✐♦♥ ❞✐✛❡+# ❢+♦♠ '❤❛' ✉♥❞❡+ ❝♦♥#'+❛✐♥❡❞ ❝♦♠♠✐'♠❡♥' ✭❝♦♠♠✐'♠❡♥' '♦ ❛ +✉❧❡✮

♦+ ✉♥❝♦♥#'+❛✐♥❡❞ ❝♦♠♠✐'♠❡♥' ✭✇✐'❤ '✐♠❡❧❡## ♣❡+#♣❡❝'✐✈❡✮✳ ❈♦♥#✐❞❡+ ❢♦+ ❡①❛♠♣❧❡ '❤❡ ❡9✉✐❧✐❜+✐✉♠ ✉♥❞❡+

❝♦♥#'+❛✐♥❡❞ ❝♦♠♠✐'♠❡♥'✱ '❤❡ ❡9✉✐❧✐❜+✐✉♠ #♦❧✉'✐♦♥ ❝❛♥ ❜❡ ♦❜'❛✐♥❡❞ ✉#✐♥❣ '❤❡ ♠❡'❤♦❞ ♦❢ ✉♥❞❡'❡+♠✐♥❡❞ ❝♦❡❢✲

✜❝✐❡♥'# ❛# ✐♥ ❈❧❛+✐❞❛✱ ●❛❧@ ❛♥❞ ●❡+'❧❡+ ✭✶✾✾✾✮✳ ■♥ '❤✐# ❝❛#❡✱ '❤❡ ❣♦✈❡+♥♠❡♥' #❤♦✉❧❞ #❡' '❤❡ ♦♣'✐♠❛❧ ✐♥✢❛'✐♦♥

♣❡♥❛❧'② +❛'❡ ❛# τ = 2α(1−β)
ξκ

x̃, ❛♥❞ '❤❡ ❡9✉✐❧✐❜+✐✉♠ #♦❧✉'✐♦♥# ❢♦+ ✐♥✢❛'✐♦♥ ❛♥❞ '❤❡ ♦✉'♣✉' ❣❛♣ ❛+❡ πt =
α

α+κ2 et.

❛♥❞ xt = − κ
α+κ2 et. ❚❤✉#✱ ✐❢ '❤❡ ♦✉'♣✉'✲❣❛♣ '❛+❣❡' ✐# ♣♦#✐'✐✈❡✱ ✐' ✐# ♦❜✈✐♦✉# ❢+♦♠ ❝♦♠♣❛+✐♥❣ '❤❡ ♣+❡✈✐♦✉#

+❡#✉❧'# ✇✐'❤ ✭✶✸✮✲✭✶✹✮ '❤❛' ✐♥✢❛'✐♦♥ ✐# ✐♥❡✣❝✐❡♥'❧② #'❛❜✐❧✐③❡❞ ✉♥❞❡+ ❞✐#❝+❡'✐♦♥✱ ✐✳❡✳✱ '❤❡ ✈❛+✐❛♥❝❡ ♦❢ ✐♥✢❛'✐♦♥

✉♥❞❡+ ❞✐#❝+❡'✐♦♥ ✐# ❣+❡❛'❡+ '❤❛♥ ✉♥❞❡+ ❝♦♠♠✐'♠❡♥'✳ ❚❤✐# ❜✐❛#✱ ✇❤✐❝❤ ✐# ❦♥♦✇♥ ❛# '❤❡ #'❛❜✐❧✐③❛'✐♦♥ ❜✐❛#✱

✽



πt =
ακ (1− β)

α(1− β)2 + κ2
x̃+

α

α + κ2
et, ✭✶✸✮

xt =
α(1− β)2

α(1− β)2 + κ2
x̃−

κ

α + κ2
et. ✭✶✹✮

❚❤✉( ✉♥❞❡, ❘❊✱ ❡✈❡♥ ✇✐3❤ ❛♥ ♦♣3✐♠❛❧ ❧✐♥❡❛, ✐♥✢❛3✐♦♥ ❝♦♥3,❛❝3✱ 3❤❡ ✐♥✢❛3✐♦♥ ❜✐❛( ❝❛♥♥♦3

❜❡ ❢✉❧❧② ♥❡✉3,❛❧✐③❡❞✱ ✉♥❧❡(( 3❤❡ ♦✉3♣✉3✲❣❛♣ 3❛,❣❡3 ✐( ♥✉❧❧✳ ❚❤✐( ✐( ❞✉❡ 3♦ 3❤❡ ❢♦,✇❛,❞✲❧♦♦❦✐♥❣

✐♥✢❛3✐♦♥ ❡①♣❡❝3❛3✐♦♥( ♣,❡(❡♥3 ✐♥ 3❤❡ ◆❡✇ ❑❡②♥❡(✐❛♥ F❤✐❧❧✐♣( ❝✉,✈❡✳

✺

✹ ❊"✉✐❧✐❜'✐✉♠ ✇✐*❤ ❝♦♥/*❛♥*✲❣❛✐♥ ❧❡❛'♥✐♥❣

❆( ❣❡♥❡,❛❧❧② ,❡❝♦❣♥✐③❡❞ ✐♥ 3❤❡ ❧❡❛,♥✐♥❣ ❧✐3❡,❛3✉,❡ ✭❊✈❛♥( ❛♥❞ ❍♦♥❦❛♣♦❤❥❛ ✷✵✵✾✮✱ ♣,✐✈❛3❡

❛❣❡♥3( ✉(❡ ♠♦,❡ ❧✐❦❡❧② ❛ ❝♦♥(3❛♥3✲❣❛✐♥ ❧❡❛,♥✐♥❣ ❛❧❣♦,✐3❤♠ ✐❢ 3❤❡② ❜❡❧✐❡✈❡ ✐♥ ♣♦((✐❜❧❡ (3,✉❝3✉,❛❧

❝❤❛♥❣❡( ✐♥ 3❤❡ ♥❡❛, ❢✉3✉,❡✳

✻

❚❤❡ ❢♦❝✉( ♦❢ 3❤✐( (❡❝3✐♦♥ ✐( 3✇♦❢♦❧❞✳ ❲❡ ✜,(3 ❛♥❛❧②③❡ ❤♦✇ ❝♦♥(3❛♥3✲❣❛✐♥ ❧❡❛,♥✐♥❣ ❛♥❞

✐♥✢❛3✐♦♥ ♣❡♥❛❧3② ,❛3❡ ✐♥3❡,❛❝3 ✇✐3❤ ♠❛❝,♦❡❝♦♥♦♠✐❝ (3❛❜✐❧✐③❛3✐♦♥ ❝♦♠♣❛,❡❞ 3♦ 3❤❡ ❜❡♥❝❤♠❛,❦

❝❛(❡ ✇❤❡,❡ ♣,✐✈❛3❡ ❛❣❡♥3( ❢♦,♠ ❘❊✱ ❛♥❞ 3❤❡♥ ❡①❛♠✐♥❡ ❤♦✇ 3❤❡ ❣♦✈❡,♥♠❡♥3 (❤♦✉❧❞ ❞❡(✐❣♥

✐♥✢❛3✐♦♥ ❝♦♥3,❛❝3 3♦ ❞❡❛❧ ✇✐3❤ ✐♥✢❛3✐♦♥ ❜✐❛( ❛♥❞ (3❛❜✐❧✐③❛3✐♦♥ ❜✐❛(✳ ❚❤❡ ❈❇ (❡3( ♣♦❧✐❝② ✉♥❞❡,

❞✐(❝,❡3✐♦♥✳

❜❡❝♦♠❡% ❧❛(❣❡( ✐❢ %❤♦❝❦% ❛(❡ ♣❡(%✐%/❡♥/✳ ■❢ /❤❡ ♦✈❡(✲❛♠❜✐/✐♦✉% ♦✉/♣✉/✲❣❛♣ /❛(❣❡/ ✐% ❛❜%❡♥/✱ /❤❡ %/❛❜✐❧✐③❛/✐♦♥

❜✐❛% ❞✐%❛♣♣❡❛(% ❢♦( ✇❤✐/❡ ♥♦✐%❡ %❤♦❝❦% ❡✈❡♥ ✉♥❞❡( ❞✐%❝(❡/✐♦♥✳

✺

❯%✐♥❣ ❛ %/❛/✐❝ ;❤✐❧❧✐♣% ❝✉(✈❡ %✉❝❤ ❛% πt = πe
t + κxt + et✱ ✇✐/❤ πe

t (❡♣(❡%❡♥/✐♥❣ /❤❡ ❡①♣❡❝/❡❞ ✐♥✢❛/✐♦♥ (❛/❡

❢♦( /❤❡ ❝✉((❡♥/ ♣❡(✐♦❞ ❜❛%❡❞ ♦♥ ✐♥❢♦(♠❛/✐♦♥ ❛✈❛✐❧❛❜❧❡ ✐♥ /❤❡ ♣(❡✈✐♦✉% ♣❡(✐♦❞✳ ■/ ✐% ❡❛%② /♦ %❤♦✇ /❤❛/ ❡✈❡♥

✉♥❞❡( ❞✐%❝(❡/✐♦♥✱ /❤❡ ♦♣/✐♠❛❧ ✐♥✢❛/✐♦♥ ❝♦♥/(❛❝/ ❢✉❧❧② ❡❧✐♠✐♥❛/❡% /❤❡ ✐♥✢❛/✐♦♥ ❜✐❛% ❞✉❡ /♦ ❛♥ ♦✈❡(❛♠❜✐/✐♦✉%

♦✉/♣✉/✲❣❛♣ /❛(❣❡/✳ ❈♦♠♣❛(✐♥❣ /❤✐% (❡%✉❧/ ✇✐/❤ /❤❛/ ♦❜/❛✐♥❡❞ ✐♥ /❤❡ %/❛♥❞❛(❞ ◆❡✇ ❑❡②♥❡%✐❛♥ ♠♦❞❡❧ ❧❡❛❞%

/♦ /❤❡ ✐❞❡❛ /❤❛/ /❤❡ %/❛❜✐❧✐③❛/✐♦♥ ❜✐❛% ✐% ❛ ❞②♥❛♠✐❝ ♣❤❡♥♦♠❡♥♦♥✳

✻

❲❡ (❡❧❛① /❤❡ ❛%%✉♠♣/✐♦♥ /❤❛/ /❤❡ ❧❡❛(♥✐♥❣ ❣❛✐♥ ✐% ❝♦♥%/❛♥/ ❜② ❛%%✉♠✐♥❣ ✐♥ %❡❝/✐♦♥ ✻ /❤❛/ ✐/ ❞❡❝(❡❛%❡%

✇✐/❤ /✐♠❡✳ ❚❤❡ ❛♣♣❡❛❧ ❢♦( ❞❡❝(❡❛%✐♥❣ ❣❛✐♥ (❡%✐❞❡% ✐♥ /❤❡ ✐❞❡❛ /❤❛/ ❛% /✐♠❡ ❣♦❡% ❜②✱ ♣(✐✈❛/❡ ❛❣❡♥/% ❛(❡ ♠♦(❡

❡①♣❡(✐❡♥❝❡❞ ✇✐/❤ ❧❡❛(♥✐♥❣ ♣(♦❝❡%% ❛♥❞ ❛(❡ ❤❡♥❝❡ ♠♦(❡ ❝♦♥✜❞❡♥/ ✐♥ /❤❡✐( ❡①♣❡❝/❛/✐♦♥%✳ ❆% /❤❡ ❧❡❛(♥✐♥❣ ❣❛✐♥

❞❡❝(❡❛%❡% ❢(♦♠ ✶ /♦ ✵ ♦✈❡( /✐♠❡✱ /❤❡ ❡❝♦♥♦♠② ❜❡❤❛✈❡% ❛% ✐❢ ✐/ ❥✉♠♣% ❢(♦♠ ♦♥❡ ❞②♥❛♠✐❝ ♣❛/❤ ✇✐/❤ ❤✐❣❤❡(

❝♦♥%/❛♥/ ❧❡❛(♥✐♥❣ ❣❛✐♥ /♦ ❛♥♦/❤❡( ♦♥❡ ✇✐/❤ ❧♦✇❡( ❝♦♥%/❛♥/ ❧❡❛(♥✐♥❣ ❣❛✐♥ ✭▼♦❧♥L( ❛♥❞ ❙❛♥/♦(♦ ✷✵✶✹✱ ❆♥❞(P

❛♥❞ ❉❛✐ ✷✵✶✼✮✳

✾



✹✳✶ ❖♣%✐♠❛❧ ♠♦♥❡%❛-② ♣♦❧✐❝② -✉❧❡

❚❤❡ ▲❛❣&❛♥❣✐❛♥ ♦❢ +❤❡ ❈❇✬/ ♦♣+✐♠✐③❛+✐♦♥ ♣&♦❜❧❡♠ ✐/✿

L
CB
t = Et

+∞∑

i=0

βi
{

1
2

[
α (xt+i − x̃)2 + π2

t+i − ξ (τ0 − τπt+i)
]

−λ1,t+i [πt+i − βat+i − κxt+i − et+i]

−λ2,t+i [at+i+1 − at+i − γt+i+1(πt+i − at+i)]} ,

✇❤❡&❡ λi,t, ✇✐+❤ ✐❂✶✱ ✷✱ ❛&❡ ▲❛❣&❛♥❣❡ ♠✉❧+✐♣❧✐❡&/ ❛//♦❝✐❛+❡❞ ✇✐+❤ ✭✶✮ ❛♥❞ ✭✺✮✱ &❡/♣❡❝+✐✈❡❧②✳

❚❤❡ ✜&/+✲♦&❞❡& ❝♦♥❞✐+✐♦♥/ ♦❢ +❤❡ ❈❇✬/ ♦♣+✐♠✐③❛+✐♦♥ ♣&♦❜❧❡♠ ❛&❡ ♦❜+❛✐♥❡❞ ❜② ❞❡&✐✈✐♥❣ +❤❡

▲❛❣&❛♥❣✐❛♥ ✇✐+❤ &❡/♣❡❝+ +♦ xt✱ at+1 ❛♥❞ πt✿

∂L

∂xt

= 0 ⇔ λ1,t = −
α

κ
(xt − x̃) , ✭✶✺✮

∂L

∂at+1

= 0 ⇔ λ2,t = β [βλ1,t+1 + (1− γt+2)λ2,t+1] , ✭✶✻✮

∂L

∂πt

= 0 ⇔ λ1,t = πt +
1

2
ξτ + γt+1λ2,t. ✭✶✼✮

❙♦❧✈✐♥❣ ✭✶✺✮✲✭✶✼✮ ❢♦& γt+1 = γt = γ✱ ✇❡ ♦❜+❛✐♥ +❤❡ ♦♣+✐♠❛❧ &✉❧❡ ❢♦& ✐♥+&❛+❡♠♣♦&❛❧ ❛♥❞

✐♥+❡&+❡♠♣♦&❛❧ +&❛❞❡✲♦✛ ❜❡+✇❡❡♥ ✐♥✢❛+✐♦♥ ❛♥❞ +❤❡ ♦✉+♣✉+ ❣❛♣✿

πt = β (1− γ)Etπt+1 −
α

κ
(xt − x̃) +

αβ [1− γ(1− β)]

κ
(Etxt+1 − x̃)−

1

2
[1− β (1− γ)] ξτ. ✭✶✽✮

❚❤❡ ❈❇ ❢♦❧❧♦✇/ +❤✐/ &✉❧❡ ✇❤❡♥ ❝♦♥❞✉❝+✐♥❣ ❞✐/❝&❡+✐♦♥❛&② ♠♦♥❡+❛&② ♣♦❧✐❝②✳

✹✳✷ ❚❤❡ ❡4✉✐❧✐❜-✐✉♠ ❛♥❞ %❤❡ ❡✛❡❝% ♦❢ ❧❡❛-♥✐♥❣

❚❤❡&❡ ❡①✐/+/ ❛ ✉♥✐L✉❡ ♥♦♥✲❡①♣❧♦/✐✈❡ ❡L✉✐❧✐❜&✐✉♠ /♦❧✉+✐♦♥ ❝♦&&❡/♣♦♥❞✐♥❣ +♦ +❤❡ ❈❇✬/ ❝♦♥+&♦❧

♣&♦❜❧❡♠ ✉♥❞❡& ❝♦♥/+❛♥+✲❣❛✐♥ ❧❡❛&♥✐♥❣ ✭❆♣♣❡♥❞✐① ❆✳✶✮✳ ❚❤❡ ❆▲▼ ❢♦& ✐♥✢❛+✐♦♥ ✐/ ❣✐✈❡♥ ❜②✿

πt = ccgπ at + dcgπ et +Θcg
π ξτ +Ωcg

π x̃, ✭✶✾✮

✶✵



✇❤❡#❡

ccgπ = −
p0 + p2 (c

cg
π )2

p1
> 0,

dcgπ =
α

κ2 + α + αγ2β2 (β − c
cg
π ) + γβ (1− γ) {αβ − (α + κ2) ccgπ }

> 0,

Θcg
π = −

κ2 [1− β (1− γ)]

2Φ
< 0,

Ωcg
π =

ακ {1− β [1− γ (1− β)]}

Φ
> 0,

✇✐%❤

Φ = α + κ2 + αγβ2 [1− γ(1− β)]− β (1 + ccgπ γ)
[(
α + κ2

)
(1− γ) + αγβ

]
,

p0 = αβ {1− β(1− γ) [1− γ(1− β)]} > 0,

p1 = −κ2 [1− β(1− γ)]− α(1− β) {1− β [1− γ(1− β)]} − p0 − p2 < 0,

p2 = γβ
{
α [1− γ(1− β)] + κ2 (1− γ)

}
> 0.

❚❤❡ '♦❧✉%✐♦♥ ❢♦# ccgπ ❡♥'✉#✐♥❣ ❛ ♥♦♥✲❡①♣❧♦'✐✈❡ ❡✈♦❧✉%✐♦♥ ♦❢ ✐♥✢❛%✐♦♥ ✐' ❣✐✈❡♥ ❜②✿

ccgπ =
−p1 −

√
p21 − 4p2p0
2p2

. ✭✷✵✮

❙✐♥❝❡ ccgπ ∈ (0; αβ

α+κ2 ) ❛♥❞ %❤❛% c
cg
π < 1 ✭'❡❡ ❛♣♣❡♥❞✐① ❆✳✶✮✱ ❝✉##❡♥% ✐♥✢❛%✐♦♥ #✐'❡' ♣#♦✲

♣♦#%✐♦♥❛%❡❧② ❧❡'' %❤❛♥ ✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥' ✭at✮✳ ■♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥' ✐♥ ✭✺✮ ❛#❡ #❡❧❛%❡❞ %♦

♣❛'% ✐♥✢❛%✐♦♥✱ ❤❡♥❝❡ %♦ ♣❛'% ❝♦'%✲♣✉'❤ '❤♦❝❦' %❤#♦✉❣❤ %❤❡ E❤✐❧❧✐♣' ❝✉#✈❡ ✭✶✮✳ ❈♦♥'❡G✉❡♥%❧②✱

❝✉##❡♥% ✐♥✢❛%✐♦♥ ✐' ✐♥✢✉❡♥❝❡❞ ❜② %❤❡ ❈❇✬' ♣♦❧✐❝② #❡'♣♦♥'❡' %♦ ♣❛'% '❤♦❝❦'✳ ❆♥ ✐♥❝#❡❛'❡ ✐♥

❧❡❛#♥✐♥❣ ❣❛✐♥ γ ❤❛' %✇♦ ♦♣♣♦'✐%❡ ❡✛❡❝%' ♦♥ ccgπ ✳ ❚❤❡ ❧❡❛#♥✐♥❣ ❛❧❣♦#✐%❤♠ ✭✺✮ ✐♥❞✐❝❛%❡' %❤❛%✱

✐❢ γ ✐♥❝#❡❛'❡'✱ %❤❡#❡ ❡①✐'%' ❛ ♣♦'✐%✐✈❡ ❢❡❡❞❜❛❝❦ ❢#♦♠ ❝✉##❡♥% ✐♥✢❛%✐♦♥ πt %♦ ❢✉%✉#❡ ✐♥✢❛%✐♦♥

❡①♣❡❝%❛%✐♦♥' at+1✱ ❛♥❞ ❤❡♥❝❡ ❛♥ ✐♥❝❡♥%✐✈❡ ❢♦# %❤❡ ❈❇ %♦ ❧♦✇❡# c
cg
π ✱ ✐✳❡✳✱ %❤❡ ♣♦'✐%✐✈❡ ❢❡❡❞❜❛❝❦

❢#♦♠ at %♦ πt ✐♥ ✭✶✾✮✳ ◆❡✈❡#%❤❡❧❡''✱ ❤✐❣❤❡# γ ❞❛♠♣❡♥' %❤❡ ❡✛❡❝% ♦❢ at ♦♥ at+1✱ %❤❡#❡❢♦#❡

✐♥❝#❡❛'✐♥❣ ccgπ ✇✐%❤♦✉% #❡❞✉❝✐♥❣ '♦❝✐❛❧ ✇❡❧❢❛#❡✳ ❚❤❡ ✜#'% ❡✛❡❝% ❛❧✇❛②' ❞♦♠✐♥❛%❡' %❤❡ '❡❝♦♥❞

✶✶



 ✉❝❤ $❤❛$

∂c
cg
π

∂γ
< 0 ✭❆♣♣❡♥❞✐① ❆✳✷✮✳

❚❤❡ ❡✛❡❝$ ♦❢ ❝♦ $✲♣✉ ❤  ❤♦❝❦ ♦♥ ❝✉77❡♥$ ✐♥✢❛$✐♦♥ ✐ ♥❡❣❛$✐✈❡❧② 7❡❧❛$❡❞ $♦ $❤❡ ❧❡❛7♥✐♥❣

❣❛✐♥ ❜❡❝❛✉ ❡ $❤❡ ❞❡♥♦♠✐♥❛$♦7 ♦❢ dcgπ ✐ ❞❡❝7❡❛ ✐♥❣ ✐♥ γ ❣✐✈❡♥ $❤❛$

∂c
cg
π

∂γ
< 0✳ ■♥✢❛$✐♦♥ ♣❡♥❛❧$②

7❛$❡ ✐ ♥❡❣❛$✐✈❡❧② ❝♦77❡❧❛$❡❞ ✇✐$❤ ✐♥✢❛$✐♦♥ ❛♥❞ $❤✐ ❝♦77❡❧❛$✐♦♥✱ 7❡♣7❡ ❡♥$❡❞ ❜② $❤❡ ❢❡❡❞❜❛❝❦

❝♦❡✣❝✐❡♥$ Θcg
π < 0✱ ✐  $7❡♥❣$❤❡♥❡❞ ❛ γ 7✐ ❡ ✱ ✐✳❡✳✱

∂Θcg
π

∂γ
< 0✳ ❚❤✐ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② $❤❡

❢❛❝$ $❤❛$ ❤✐❣❤❡7 ❧❡❛7♥✐♥❣ ❣❛✐♥ ❡♥❤❛♥❝❡ $❤❡ ✐♥$❡❣7❛$✐♦♥ ♦❢ ✐♥❢♦7♠❛$✐♦♥ ❛❜♦✉$ ♣❛ $ ✐♥✢❛$✐♦♥ 

✐♥$♦ ♣7✐✈❛$❡ ❛❣❡♥$ ✬ ❡①♣❡❝$❛$✐♦♥  ✉❝❤ $❤❛$ ✐♥✢❛$✐♦♥ ♣❡♥❛❧$② ✐ ♠♦7❡ ❡✛❡❝$✐✈❡ ✐♥ 7❡❞✉❝✐♥❣

✐♥✢❛$✐♦♥✳ ❆♥ ✐♥❝7❡❛ ❡ ✐♥ $❤❡ ♦✉$♣✉$✲❣❛♣ $❛7❣❡$ ❣❡♥❡7❛$❡ ❤✐❣❤❡7 ✐♥✢❛$✐♦♥ ✇✐$❤ ✐$ ❡✛❡❝$

❜❡✐♥❣ 7❡✐♥❢♦7❝❡❞ ❜② ❛♥ ✐♥❝7❡❛ ❡ ✐♥ ❧❡❛7♥✐♥❣ ❣❛✐♥✱ ✐✳❡✳✱ Ωcg
π > 0 ❛♥❞

∂Θcg
π

∂γ
> 0✳

❚❤❡ ❆▲▼ ♦❢ $❤❡ ♦✉$♣✉$ ❣❛♣ ✐ ♦❜$❛✐♥❡❞ ❜②  ✉❜ $✐$✉$✐♥❣ πt ❣✐✈❡♥ ❜② ✭✶✾✮ ✐♥$♦ ✭✶✮✿

xt = ccgx at + dcgx et +Θcg
x ξτ +Ωcg

x x̃, ✭✷✶✮

✇❤❡7❡ ccgx = − 1
κ
(β − ccgπ )✱ dcgx = − 1

κ
(1 − dcgπ ) ✱ Θcg

x = 1
κ
Θcg

π ❛♥❞ Ωcg
x = 1

κ
Ωcg

π ✳ ❆♥ ✐♥❝7❡❛ ❡

✐♥ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥ ❝❛❧❧ $❤❡ ❈❇ $♦  ❡$ ❛ ♠♦♥❡$❛7② ♣♦❧✐❝② ✇✐$❤ $❤❡ ❛✐♠ ♦❢ 7❡❞✉❝✐♥❣

❝✉77❡♥$ ✐♥✢❛$✐♦♥✳ ◆❡✈❡7$❤❡❧❡  ✱ ❛♥ ✐♥❝7❡❛ ❡ ✐♥ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥ ❧❡❛❞ $♦ ❤✐❣❤❡7 ✐♥✢❛$✐♦♥

❛♥❞ ❧♦✇❡7 ♦✉$♣✉$✱ ✐✳❡✳✱ ccgπ < αβ

α+κ2 ❛♥❞ ccgx < − βκ

α+κ2 . ◆♦$✐❝❡ $❤❛$ ✭✶✮ ✐♠♣❧✐❡ ❛♥ ✐♥❝7❡❛ ❡ ✐♥

❝✉77❡♥$ ✐♥✢❛$✐♦♥  ♠❛❧❧❡7 $❤❛♥ $❤❛$ ♦❢ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥ ❛♥❞ ❤❡♥❝❡ ❧♦✇❡7 ❢✉$✉7❡ ✐♥✢❛$✐♦♥

❡①♣❡❝$❛$✐♦♥ ❛❝❝♦7❞✐♥❣ $♦ $❤❡ ❧❡❛7♥✐♥❣ ❛❧❣♦7✐$❤♠ ✭✺✮✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝$ ♦❢ ❝♦ $✲♣✉ ❤  ❤♦❝❦ 

♦♥ $❤❡ ♦✉$♣✉$ ❣❛♣ ✐ ♥❡❣❛$✐✈❡✳ ■$ ✐ ♣♦ ✐$✐✈❡❧② ❝♦77❡❧❛$❡❞ ✇✐$❤ $❤❛$ ♦♥ ✐♥✢❛$✐♦♥✱ ✐✳❡✳✱

∂d
cg
x

∂d
cg
π

> 0✱

❛♥❞ ❤❡♥❝❡ ❞❡❝7❡❛ ❡ ✇✐$❤ ❧❡❛7♥✐♥❣ ❣❛✐♥ γ✱ ✐✳❡✳✱

∂d
cg
x

∂γ
< 0✳ ■♥✢❛$✐♦♥ ♣❡♥❛❧$② ♥❡❣❛$✐✈❡❧② ❛✛❡❝$ 

$❤❡ ♦✉$♣✉$ ❣❛♣✱ ✐✳❡✳✱ Θcg
x < 0✳ ❆ ✇✐$❤ $❤❡ ❆▲▼ ❢♦7 ✐♥✢❛$✐♦♥✱ $❤❡ ❡✛❡❝$ ✐♥❝7❡❛ ❡ ✇✐$❤ ❤✐❣❤❡7

❧❡❛7♥✐♥❣ ❣❛✐♥✱ ✐✳❡✳✱

∂Θ
cg
x

∂γ
< 0✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝$ ♦❢ ❛♥ ✐♥❝7❡❛ ❡ ✐♥ $❤❡ ♦✉$♣✉$✲❣❛♣ $❛7❣❡$

♦♥ $❤❡ ♦✉$♣✉$ ❣❛♣ ✐ ♣♦ ✐$✐✈❡✱ ✐✳❡✳✱ Ωcg
x > 0✱ ❛♥❞ ❞❡❝7❡❛ ❡ ❛ $❤❡ ❧❡❛7♥✐♥❣ ❣❛✐♥ ✐♥❝7❡❛ ❡ ✱

∂Ω
cg
x

∂γ
< 0✳

❚❤❡ ❧❡❛7♥✐♥❣ ❣❛✐♥ ✐ $❤❡ ❝7✐$✐❝❛❧ ❞❡$❡7♠✐♥❛♥$ ♦❢ $❤❡ $✐♠❡ ❤♦7✐③♦♥ ✇✐$❤✐♥ ✇❤✐❝❤ ♣7✐✈❛$❡

❛❣❡♥$ ✬ ❜❡❧✐❡❢ ❝♦♥✈❡7❣❡ $♦ ❘❊✳ ■$ $❤✉ ❛✛❡❝$ $❤❡ ♣❡7 ✐ $❡♥❝❡ ♦❢ ✐♥✢❛$✐♦♥ ❛♥❞ $❤❡  $❛♥❝❡ ♦❢
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♠♦♥❡$❛&② ♣♦❧✐❝②✳ ❙❡$$✐♥❣ γ = 0✱ ✐✳❡✳✱ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥2 ❛&❡ ❝♦♥2$❛♥$ ♦✈❡& $✐♠❡ 2✉❝❤ $❤❛$

at = at−1✱ ✇❡ ♦❜$❛✐♥✿

ccgπ =
αβ

α + κ2
, ✭✷✷✮

dcgπ =
α

α + κ2
, ✭✷✸✮

Θcg
π = −

κ2

2 (α + κ2)
, ✭✷✹✮

Ωcg
π =

ακ

α + κ2
. ✭✷✺✮

❋♦& γ = 0✱ ✭✶✾✮ ✐2 &❡❞✉❝❡❞ $♦ $❤❡ ❢♦&♠ ❣✐✈❡♥ ❜② ✭✽✮✳ ❚❤✐2 ❝♦&&❡2♣♦♥❞2 $♦ $❤❡ ❝❛2❡ ♦❢

❡①♦❣❡♥♦✉2❧② ❣✐✈❡♥ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥2✳ ❆❧❧ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥$2 ✭✐✳❡✳✱ ✭✷✷✮✲✭✷✷✮✮ ❛&❡ ❡J✉❛❧

$♦ $❤♦2❡ ♦❜2❡&✈❡❞ ✉♥❞❡& ❘❊ ✐♥ ✭✽✮✳ ■$ ✐2 2$&❛✐❣❤$❢♦&✇❛&❞ $♦ 2❤♦✇ $❤❛$ $❤✐2 ✐2 ❛❧2♦ $&✉❡ ❢♦&

$❤❡ ❆▲▼ ❢♦& $❤❡ ♦✉$♣✉$ ❣❛♣✳ ●✐✈❡♥ $❤❛$ ❢✉$✉&❡ ❡①♣❡❝$❡❞ ✐♥✢❛$✐♦♥ ✐2 2❡$ ❡J✉❛❧ $♦ $❤❡ ♣❛2$

♦♥❡✱ ✐✳❡✳✱ at+1 = at✱ ♣❛2$ 2❤♦❝❦2 ❝❛♥♥♦$ ✐♥❞✉❝❡ ✐♥✢❛$✐♦♥ ♣❡&2✐2$❡♥❝❡✳

■♥ $❤❡ ❝❛2❡ ✇❤❡&❡ γ = 1✱ ✐✳❡✳✱ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥2 ❜❡❝♦♠❡ 2$❛$✐❝ 2✉❝❤ $❤❛$ at+1 = πt✱

✇❡ ❣❡$✿

ccgπ =
{κ2 + α + αβ3} −

√
{κ2 + α + αβ3}2 − 4α2β3

2αβ2
,

dcgπ =
α

κ2 + α + αβ2 (β − c
cg
π )

,

Θcg
π = −

1

2

κ2

α + κ2 − αβ2 (1 + c
cg
π − β)

,

Ωcg
π =

ακ (1− β2)

α + κ2 − αβ2 (1 + c
cg
π − β)

.

Q&✐✈❛$❡ ❛❣❡♥$2 ❢♦&♠ ❡①♣❡❝$❛$✐♦♥2 ♦♥ $❤❡ ❜❛2✐2 ♦❢ ❛ $✐♠❡ ❤♦&✐③♦♥ $❤❛$ ✐♥❝&❡❛2✐♥❣❧② 2❤♦&$❡♥2

✇❤❡♥ γ ❛♣♣&♦❛❝❤❡2 ✶✳ ❋♦& γ = 1✱ ✐♥✢❛$✐♦♥ ✐2 2❡❧❢✲2✉2$❛✐♥❡❞ ❜② ♣❛2$ ✐♥✢❛$✐♦♥ $❤❛$ ❜❡❝♦♠❡2

$❤❡ ♦♥❧② ❞❡$❡&♠✐♥❛♥$ ♦❢ ♣&✐✈❛$❡ ❛❣❡♥$2✬ ✐♥✢❛$✐♦♥ ❡①♣❡❝$❛$✐♦♥2✳

❋♦& 2$❛♥❞❛&❞ ♣❛&❛♠❡$❡& ✈❛❧✉❡2✱ ✐✳❡✳✱ β = 0.99✱ κ = 0.024✱ α = 0.048 ❛♥❞ σ = 0.157✱
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❋✐❣✉$❡& ✶ ❛♥❞ ✷ &❤♦✇ ❤♦✇ /❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥/& ♦❢ /❤❡ ❆▲▼& ❢♦$ ✐♥✢❛/✐♦♥ ❛♥❞ /❤❡ ♦✉/♣✉/

❣❛♣ ❝❤❛♥❣❡ ✇✐/❤ γ✱ $❡&♣❡❝/✐✈❡❧②✳

❋✐❣✉$❡ ✶✿ ❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥/& ♦❢ /❤❡ ❆▲▼ ❢♦$ ✐♥✢❛/✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✶✳ ❆♥ ✐♥❝$❡❛'❡ ✐♥ ❧❡❛$♥✐♥❣ ❣❛✐♥ $❡❞✉❝❡' ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,' ♦♥ ✐♥✢❛,✐♦♥

❡①♣❡❝,❛,✐♦♥' ❛♥❞ ❝♦',✲♣✉'❤ '❤♦❝❦' ✐♥ ,❤❡ ❆▲▼' ❢♦$ ✐♥✢❛,✐♦♥ ❛♥❞ ,❤❡ ♦✉,♣✉, ❣❛♣✳ ❚❤❡ ❤✐❣❤❡$

✐' ,❤❡ ❧❡❛$♥✐♥❣ ❣❛✐♥✱ ,❤❡ ❢✉$,❤❡$ ❛✇❛② ❛$❡ ,❤❡'❡ ❝♦❡✣❝✐❡♥,' ❢$♦♠ ,❤❡✐$ ❝♦$$❡'♣♦♥❞✐♥❣ ♦♥❡'

✉♥❞❡$ ❘❊✳ ❚❤❡'❡ ❡✛❡❝,' ❛$❡ ✐♥❞❡♣❡♥❞❡♥, ♦❢ ✐♥✢❛,✐♦♥ ♣❡♥❛❧,② $❛,❡✳

 !♦♦❢✳ ■/ ❢♦❧❧♦✇& ❢$♦♠ /❤❡ ❞❡✜♥✐/✐♦♥ ♦❢ ccgπ ✱ d
cg
π ccgx ❛♥❞ dcgx /❤❛/ /❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥/& ♦♥

✐♥✢❛/✐♦♥ ❡①♣❡❝/❛/✐♦♥& ❛♥❞ ❝♦&/✲♣✉&❤ &❤♦❝❦& ✐♥ /❤❡ ❆▲▼& ❢♦$ ✐♥✢❛/✐♦♥ ❛♥❞ /❤❡ ♦✉/♣✉/ ❣❛♣

❛$❡ ♥♦/ ❢✉♥❝/✐♦♥ ♦❢ ✐♥✢❛/✐♦♥ ♣❡♥❛❧/② $❛/❡✳ ❋♦$ /❤❡ ❡✛❡❝/ ♦❢ ❛♥ ✐♥❝$❡❛&❡ ✐♥ γ ♦♥ /❤❡&❡ ❢❡❡❞❜❛❝❦

❝♦❡✣❝✐❡♥/&✱ &❡❡ ❆♣♣❡♥❞✐① ❆✳✷✳2

▲✐♥❡❛$ ✐♥✢❛/✐♦♥ ❝♦♥/$❛❝/ ❛✛❡❝/& /❤❡ ❞②♥❛♠✐❝ ❡✛❡❝/& ♦❢ ✐♥✢❛/✐♦♥ ❡①♣❡❝/❛/✐♦♥& ❛♥❞ ❝♦&/✲

♣✉&❤ &❤♦❝❦& /❤$♦✉❣❤ &❤✐❢/✐♥❣ /❤❡ ❞②♥❛♠✐❝ ♣❛/❤ ♦❢ ✐♥✢❛/✐♦♥ ❛♥❞ /❤❡ ♦✉/♣✉/ ❣❛♣✳ ■♥ ❝♦♠♣❛$✲

✐&♦♥✱ ♥♦♥✲❧✐♥❡❛$ ✐♥✢❛/✐♦♥ ❝♦♥/$❛❝/ ❛✛❡❝/& /❤❡ ❞②♥❛♠✐❝ ❡✛❡❝/& ♦❢ ✐♥✢❛/✐♦♥ ❡①♣❡❝/❛/✐♦♥& ❛♥❞
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❋✐❣✉$❡ ✷✿ ❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥34 ♦❢ 3❤❡ ❆▲▼ ❢♦$ 3❤❡ ♦✉3♣✉3 ❣❛♣✳

❝♦43✲♣✉4❤ 4❤♦❝❦4 ❜② ❝❤❛♥❣✐♥❣ 3❤❡ 4❧♦♣❡ ♦❢ 3❤❡ ❞②♥❛♠✐❝ ♣❛3❤ ♦❢ ✐♥✢❛3✐♦♥ ❛♥❞ 3❤❡ ♦✉3♣✉3 ❣❛♣

✭❆♥❞$@ ❛♥❞ ❉❛✐ ✷✵✶✼✮✳

 !♦♣♦$✐&✐♦♥ ✷✳ ❆♥ ✐♥✢❛%✐♦♥ ❝♦♥%(❛❝% ✇✐%❤ ♣♦,✐%✐✈❡ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② (❛%❡ ❛❧❧♦✇, ♦✛,❡%%✐♥❣ %♦

❛ ❝❡(%❛✐♥ ❡①%❡♥% %❤❡ ❡✛❡❝% ♦❢ ❛♥ ♦✈❡(❛♠❜✐%✐♦✉, ♦✉%♣✉%✲❣❛♣ %❛(❣❡% ♦♥ ✐♥✢❛%✐♦♥ ❛♥❞ %❤❡ ♦✉%♣✉%

❣❛♣✳ ❆♥ ✐♥❝(❡❛,❡ ✐♥ ❧❡❛(♥✐♥❣ ❣❛✐♥ ,%(❡♥❣%❤❡♥, %❤✐, ♦✛,❡%%✐♥❣ ♠❡❝❤❛♥✐,♠ ❜② ❧♦✇❡(✐♥❣ %❤❡

♥❡❣❛%✐✈❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥%, ♦❢ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② (❛%❡ ❛♥❞ %❤❡ ♣♦,✐%✐✈❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥%, ♦❢

%❤❡ ♦✉%♣✉%✲❣❛♣ %❛(❣❡% ✐♥ ❜♦%❤ ❆▲▼, ❢♦( ✐♥✢❛%✐♦♥ ❛♥❞ %❤❡ ♦✉%♣✉% ❣❛♣✳

 !♦♦❢✳ ■3 ✐4 43$❛✐❣❤3❢♦$✇❛$❞ 3♦ 4❡❡ ❢$♦♠ 3❤❡ ❞❡✜♥✐3✐♦♥ ♦❢ Θcg
π ✱ Ω

cg
π , Θcg

x ❛♥❞ Ωcg
x 3❤❛3 3❤❡

❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥34 ♦♥ ✐♥✢❛3✐♦♥ ♣❡♥❛❧3② $❛3❡ ❛♥❞ 3❤❡ ♦✉3♣✉3✲❣❛♣ 3❛$❣❡3 ✐♥ 3❤❡ ❆▲▼4 ❢♦$

✐♥✢❛3✐♦♥ ❛♥❞ 3❤❡ ♦✉3♣✉3 ❣❛♣ ❛$❡ ♦❢ ♦♣♣♦4✐3❡ 4✐❣♥4✳ ❆♣♣❡♥❞✐① ❆✳✷ 4❤♦✇4 3❤❡ ❡✛❡❝3 ♦❢ ❛♥

✐♥❝$❡❛4❡ ✐♥ γ ♦♥ 3❤❡4❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥34✳2

■3 ❡♠❡$❣❡4 ❢$♦♠ 3❤❡ ❝♦♠♣❛$✐4♦♥ ❜❡3✇❡❡♥ 3❤❡ ❆▲▼4 ♦❜3❛✐♥❡❞ ✉♥❞❡$ ❘❊ ✭✭✽✮✲✭✾✮✮ ❛♥❞

3❤❡ ❆▲▼4 ♦❜3❛✐♥❡❞ ✉♥❞❡$ ❧❡❛$♥✐♥❣ ✭✭✶✾✮ ❛♥❞ ✭✷✶✮✮ 3❤❛3 ❧❡❛$♥✐♥❣ ❛❧❧❡✈✐❛3❡4 ✭43$❡♥❣3❤❡♥4✮

3❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝3 ♦❢ ✐♥✢❛3✐♦♥ ❡①♣❡❝3❛3✐♦♥4 ♦♥ 3❤❡ ❆▲▼ ❢♦$ ✐♥✢❛3✐♦♥ ✭3❤❡ ♦✉3♣✉3 ❣❛♣✮✱ ✐✳❡✳✱

ccgπ < αβ

α+κ2 ✭ccgx < − βκ

α+κ2 $❡4♣❡❝3✐✈❡❧②✮✳ ❆4 $❡❣❛$❞4 3♦ 3❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥34 ♦♥ et✱ ❛♥

✶✺



✐♥❝#❡❛&❡ ✐♥ ❧❡❛#♥✐♥❣ ❣❛✐♥ ✐♥❞✉❝❡& ❛ ✇❡❛❦❡# ✭&.#♦♥❣❡#✮ #❡&♣♦♥&❡ ♦❢ ✐♥✢❛.✐♦♥ ✭.❤❡ ♦✉.♣✉. ❣❛♣✮

.♦ ❝✉##❡♥. ❝♦&.✲♣✉&❤ &❤♦❝❦& .❤❛♥ ✉♥❞❡# ❘❊ &✐♥❝❡ dcgπ < α
α+κ2 ✭ dcgx < − κ

α+κ2 ✮✳

❋✐❣✉#❡ ✸ &❤♦✇& .❤❛. ✐♥ .❤❡ ❡✈❡♥. ♦❢ ❛ ♣♦&✐.✐✈❡ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② &❤♦❝❦✱ .❤❡ ❤✐❣❤❡# .❤❡

❧❡❛#♥✐♥❣ ❣❛✐♥ ✐&✱ .❤❡ ❧❛#❣❡# .❤❡ ❞❡✈✐❛.✐♦♥ ♦❢ ✐♥✢❛.✐♦♥ ❡①♣❡❝.❛.✐♦♥&✱ ✐♥✢❛.✐♦♥ ❛♥❞ .❤❡ ♦✉.♣✉.

❣❛♣ ❢#♦♠ .❤❡✐# &.❡❛❞② &.❛.❡ ✈❛❧✉❡&✱ ❛♥❞ .❤❡ ❧♦✇❡# .❤❡✐# ♣❡#&✐&.❡♥❝❡ ♦✈❡# .✐♠❡✳ ❚❤✐& ✐& ❡①✲

♣❧❛✐♥❡❞ ❜② .❤❡ ❢❛❝. .❤❛. .❤❡ ❤✐❣❤❡# ✐& .❤❡ ❧❡❛#♥✐♥❣ ❣❛✐♥✱ .❤❡ ❧❡&& ❛#❡ ♣❛&. &❤♦❝❦& .❛❦❡♥ ✐♥.♦

❛❝❝♦✉♥. ✐♥ .❤❡ ❢♦#♠❛.✐♦♥ ♦❢ ✐♥✢❛.✐♦♥ ❡①♣❡❝.❛.✐♦♥&✳ ▼♦#❡♦✈❡#✱ ❤✐❣❤❡# ❧❡❛#♥✐♥❣ ❣❛✐♥ ✐♥❞✉❝❡& ❛

&.#♦♥❣❡# #❡&♣♦♥&❡ ♦❢ ❡♥❞♦❣❡♥♦✉& ✈❛#✐❛❜❧❡&✳ ❚❤✐& ❛❧❧♦✇& .❤❡♠ .♦ ❝♦♥✈❡#❣❡ .♦ .❤❡✐# &.❡❛❞②✲&.❛.❡

❡C✉✐❧✐❜#✐✉♠ ❛. ❛ ❤✐❣❤❡# #❛.❡ ✐♥ .❤❡ ✜#&. ♣❡#✐♦❞& ❢♦❧❧♦✇✐♥❣ .❤❡ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② &❤♦❝❦✳

❋✐❣✉#❡ ✸✿ ❚❤❡ ✐♠♣✉❧&❡ #❡&♣♦♥&❡ ❢✉♥❝.✐♦♥ ✭■❘❋✮ ❢♦# ❡①♣❡❝.❡❞ ✐♥✢❛.✐♦♥✱ ✐♥✢❛.✐♦♥ ❛♥❞ .❤❡

♦✉.♣✉. ❣❛♣ ❢♦❧❧♦✇✐♥❣ ❛♥ ✐♥✢❛.✐♦♥ ♣❡♥❛❧.② &❤♦❝❦✳

✶✻



✺ ❖♣#✐♠❛❧ ✐♥✢❛#✐♦♥ ♣❡♥❛❧#② -❛#❡ ✉♥❞❡- ❝♦♥1#❛♥#✲❣❛✐♥ ❧❡❛-♥✲

✐♥❣

■♥ ❛♥ ❡❝♦♥♦♠✐❝ ❡♥✈✐)♦♥♠❡♥* ✇❤❡)❡ ♣)✐✈❛*❡ ❛❣❡♥*/ ❛)❡ ❧❡❛)♥✐♥❣✱ *❤❡ ❣♦✈❡)♥♠❡♥* ❝❛♥ ❡✐*❤❡)

/✐❣♥ ❛ ❧♦♥❣✲*❡)♠ ❝♦♥*)❛❝* ✇✐*❤ *❤❡ ❝❡♥*)❛❧ ❜❛♥❦❡)✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥❝♦)♣♦)❛*❡❞ ✐♥ *❤❡ ❈❇✬/

/*❛*✉*❡/✱ ♦) ❛ /❤♦)*✲*❡)♠ ❝♦♥*)❛❝* ✇✐*❤ *❤❡ ❝❡♥*)❛❧ ❜❛♥❦❡)✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣❡)✐♦❞✐❝❛❧❧② )❡✈✐❡✇❡❞

❛♥❞ ❛❞❥✉/*❡❞✳ ❚❤❡/❡ *✇♦ ❛♣♣)♦❛❝❤❡/ ❛)❡ >✉✐*❡ ❞✐✛❡)❡♥* /✐♥❝❡ *❤❡ ✜)/* ✐/ ✐♥❞❡♣❡♥❞❡♥* ♦❢ *❤❡

❡✈♦❧✉*✐♦♥ ♦❢ ♣)✐✈❛*❡ ❡①♣❡❝*❛*✐♦♥/ ❢♦)♠❡❞ ✇✐*❤ ❧❡❛)♥✐♥❣ ✇❤✐❧❡ *❤❡ /❡❝♦♥❞ ✐/ ♥♦*✳ ▼♦)❡♦✈❡)✱

*❤❡ ✜)/* ❛♣♣)♦❛❝❤ ✐♠♣❧✐❡/ ❛ ✉♥✐>✉❡ ❝♦♥*)❛❝* ❢♦) ❡✈❡)② ❢✉*✉)❡ ❝❡♥*)❛❧ ❜❛♥❦❡)✱ ✇❤✐❧❡ *❤❡ /❡❝♦♥❞

❝❛♥ ❜❡ ❝♦♥/✐❞❡)❡❞ ❛/ ❛♥ ✐♥/*)✉♠❡♥* *❤❛* ❛❧❧♦✇/ *❤❡ ❣♦✈❡)♥♠❡♥* *♦ ❝❧♦/❡❧② ♠♦♥✐*♦) *❤❡ ❝❡♥*)❛❧

❜❛♥❦❡) ✐♥ ❡❛❝❤ ♣❡)✐♦❞✳ ❋♦) ❡❛❝❤ *②♣❡ ♦❢ ❝♦♥*)❛❝*✱ ✇❡ ✜♥❞ ❝❧♦/❡❞✲❢♦)♠ /♦❧✉*✐♦♥/ *❤❛* ♠❛②

❝♦♥✈❡)❣❡ ♦) ♥♦* *♦ *❤❡ ❘❊ /♦❧✉*✐♦♥✳

✺✳✶ ▲♦♥❣✲(❡*♠ ❝♦♥(*❛❝(✐♥❣

❆ ❧♦♥❣✲*❡)♠ ❝♦♥*)❛❝* ✐♠♣❧✐❡/ *❤❛* *❤❡ ❣♦✈❡)♥♠❡♥* ✇✐❧❧ ♥♦* ❝❤❛♥❣❡ *❤❡ *❡)♠/ ♦❢ *❤❡ ❝♦♥*)❛❝*

♦✈❡) *✐♠❡✱ ♠❛❦✐♥❣ *❤❡ ✐♥✢❛*✐♦♥ ♣❡♥❛❧*② )❛*❡ ✐♥❞❡♣❡♥❞❡♥* ♦❢ /❤♦)*✲)✉♥ ✈❛❧✉❡/ ♦❢ ❡♥❞♦❣❡♥♦✉/

❡❝♦♥♦♠✐❝ ✈❛)✐❛❜❧❡/✳ ❙✉❝❤ ❛ ❝♦♥*)❛❝* ❛✐♠/ ❛* ♠❛①✐♠✐③✐♥❣ *❤❡ /*❡❛❞②✲/*❛*❡ /♦❝✐❛❧ ✇❡❧❢❛)❡ ❛♥❞

❛❧❧♦✇/ *❤❡ ❝❡♥*)❛❧ ❜❛♥❦❡) *♦ ♠❛♥❛❣❡ ❛* ❤❡)✴❤✐/ ❞✐/❝)❡*✐♦♥ *❤❡ ✐♥*❡)*❡♠♣♦)❛❧ *)❛❞❡✲♦✛ ✐♥❞✉❝❡❞

❜② ❛❞❛♣*✐✈❡ ❧❡❛)♥✐♥❣✳

■♥ *❤❡ /*❡❛❞② /*❛*❡ ❝❤❛)❛❝*❡)✐③❡❞ ❜② πt+i = πt = at+i = at ❛♥❞ et+i = et+i = 0✱ *❤❡ /♦❝✐❛❧

✇❡❧❢❛)❡ ❧♦// ❢✉♥❝*✐♦♥ ❝❛♥ ❜❡ )❡✇)✐**❡♥ ✉/✐♥❣ *❤❡/❡ /*❡❛❞②✲/*❛*❡ ❝♦♥❞✐*✐♦♥/✱ ccgx = −
β − ccgπ

κ
✱

Θcg
x = 1

κ
Θcg

π ✱ Ωcg
x = 1

κ
Ωcg

π ✱ ✭✶✾✮ ❛♥❞ ✭✷✶✮ ❛/✿

Ls
t =

1

2(1− β)

[(
Θcg

π ξτ +Ωcg
π x̃

1− c
cg
π

)2

+ α

(
(1− β) [Θcg

π ξτ +Ωcg
π x̃]

κ(1− c
cg
π )

− x̃

)2
]
. ✭✷✻✮

❚❤❡ ❣♦✈❡)♥♠❡♥* /❡*/ τ *♦ ♠✐♥✐♠✐③❡ *❤❡ /♦❝✐❛❧ ✇❡❧❢❛)❡ ❧♦// ✭✷✻✮✳ ❚❤✐/ ❧❡❛❞/ *♦ *❤❡ ♦♣*✐♠❛❧

✶✼



✐♥✢❛$✐♦♥ ♣❡♥❛❧$② *❛$❡✿

τ =
ακ(1− β)(1− ccgπ )− [α(1− β)2 + κ2]Ωcg

π

[α(1− β)2 + κ2] Θcg
π ξ

x̃. ✭✷✼✮

■♥ $❤❡ ❝❛3❡ ✇❤❡*❡ γ = 0 3♦ $❤❛$ ccgπ = αβ

α+κ2 ✱ Θcg
π = − κ2

2(α+κ2)
❛♥❞ Ωcg

π = ακ
α+κ2 ✱ $❤❡ ♦♣$✐♠❛❧

♣❡♥❛❧$② *❛$❡ ✐3

τ =
2αβκ

[α(1− β)2 + κ2] ξ
x̃. ✭✷✽✮

❲❡ ♥♦$✐❝❡ $❤❛$ $❤❡ ♦♣$✐♠❛❧ ♣❡♥❛❧$② *❛$❡ ❣✐✈❡♥ ❜② ✭✷✽✮ ✐3 ✐❞❡♥$✐❝❛❧ $♦ $❤❡ ♦♥❡ ♦❜$❛✐♥❡❞

✉♥❞❡* ❘❊ ❣✐✈❡♥ ❜② ✭✶✷✮✳

❯3✐♥❣ 3$❛♥❞❛*❞ ♣❛*❛♠❡$❡* ✈❛❧✉❡3✱ $❤❡ ♦♣$✐♠❛❧ ✐♥✢❛$✐♦♥ ♣❡♥❛❧$② *❛$❡ ✭✷✼✮ ✐3 ❞*❛✇♥ ✐♥

❋✐❣✉*❡ ✹✳

❋✐❣✉*❡ ✹✿ ❖♣$✐♠❛❧ ✐♥✢❛$✐♦♥ ♣❡♥❛❧$② *❛$❡ ✉♥❞❡* ❧♦♥❣✲$❡*♠ ❝♦♥$*❛❝$✐♥❣ ❛♣♣*♦❛❝❤✳

■$ ❢♦❧❧♦✇3 3$*❛✐❣❤$❢♦*✇❛*❞❧② ❢*♦♠ ❋✐❣✉*❡ ✹ $❤❛$ $❤❡ ♦♣$✐♠❛❧ ♣❡♥❛❧$② *❛$❡ ❞❡❝*❡❛3❡3 ✇✐$❤

❧❡❛*♥✐♥❣ ❣❛✐♥✳ ❚❤✐3 ♦❜3❡*✈❛$✐♦♥ ❧❡❛❞3 $♦ $❤❡ ❢♦❧❧♦✇✐♥❣ ♣*♦♣♦3✐$✐♦♥✿

 !♦♣♦$✐&✐♦♥ ✸✳ ❚❤❡ ♦♣%✐♠❛❧ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② -❛%❡ ✐♥ %❤❡ ❧♦♥❣✲%❡-♠ ✐♥✢❛%✐♦♥ ❝♦♥%-❛❝% ✐1

♣♦1✐%✐✈❡❧② -❡❧❛%❡❞ %♦ %❤❡ ♦✉%♣✉%✲❣❛♣ %❛-❣❡% ❛♥❞ ❞❡❝-❡❛1❡1 ✇✐%❤ ❧❡❛-♥✐♥❣ ❣❛✐♥✳ ❲❤❡♥ %❤❡ ❧❡❛-♥✐♥❣

✶✽



❣❛✐♥ ✐$ ③❡'♦✱ *❤❡ ♦♣*✐♠❛❧ ✐♥✢❛*✐♦♥ ♣❡♥❛❧*② '❛*❡ ✐$ ❡1✉❛❧ *♦ *❤❡ ♦♥❡ ♦❜*❛✐♥❡❞ ✉♥❞❡' '❛*✐♦♥❛❧

❡①♣❡❝*❛*✐♦♥$✱ ❛♥❞ ❛$ *❤❡ ❧❡❛'♥✐♥❣ ❣❛✐♥ ❛♣♣'♦❛❝❤❡$ ✉♥✐*②✱ *❤❡ ✐♥✢❛*✐♦♥ ♣❡♥❛❧*② '❛*❡ *❡♥❞$ *♦

③❡'♦✳

❚❤❡ ❢❛❝& &❤❛& &❤❡ ♦♣&✐♠❛❧ ♣❡♥❛❧&② .❛&❡ ❞❡❝.❡❛0❡0 ✇✐&❤ ❧❡❛.♥✐♥❣ ❣❛✐♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②

&❤❡ .❡✐♥❢♦.❝✐♥❣ ❡✛❡❝& ♦❢ ❛♥ ✐♥❝.❡❛0❡ ✐♥ ❧❡❛.♥✐♥❣ ❣❛✐♥ ♦♥ &❤❡ ✐♥&❡❣.❛&✐♦♥ ♦❢ ✐♥❢♦.♠❛&✐♦♥ ❛❜♦✉&

♣❛0& ✐♥✢❛&✐♦♥0 ✐♥&♦ ♣.✐✈❛&❡ ❛❣❡♥&0✬ ❡①♣❡❝&❛&✐♦♥0✱ ♠❛❦✐♥❣ ✐♥✢❛&✐♦♥ ♣❡♥❛❧&② ♠♦.❡ ❡✛❡❝&✐✈❡ ✐♥

.❡❞✉❝✐♥❣ ✐♥✢❛&✐♦♥✳

✺✳✷ ❙❤♦&'✲'❡&♠ ❝♦♥'&❛❝'✐♥❣

■♥ &❤❡ ❝❛0❡ ♦❢ 0❤♦.&✲&❡.♠ ❝♦♥&.❛❝&✐♥❣✱ &❤❡ ❣♦✈❡.♥♠❡♥& &❛❦❡0 ♣.✐✈❛&❡ ❡①♣❡❝&❛&✐♦♥0 ❛0 ❣✐✈❡♥ ❛♥❞

0❡&0 τ &♦ ♠✐♥✐♠✐③❡ &❤❡ 0♦❝✐❛❧ ✇❡❧❢❛.❡ ❧♦00 ❞✉.✐♥❣ &❤❡ ❧✐❢❡&✐♠❡ ♦❢ ❛ ♦♥❡✲♣❡.✐♦❞ ❝♦♥&.❛❝&✳ ❚❤❡

❆▲▼0 ❢♦. ✐♥✢❛&✐♦♥ ❛♥❞ &❤❡ ♦✉&♣✉& ❣❛♣ ❛.❡ ❞❡♣❡♥❞❡♥& ♦♥ &❤❡ ♦✉&♣✉&✲❣❛♣ &❛.❣❡&✱ ✐♥✢❛&✐♦♥

♣❡♥❛❧&② .❛&❡ ❛♥❞ ❧❡❛.♥✐♥❣ ❣❛✐♥✳ ❚❤✐0 ✐♥❞✐❝❛&❡0 &❤❛& &❤❡ ❝♦♥&.✐❜✉&✐♦♥ ♦❢ &❤❡✐. .❡0♣❡❝&✐✈❡

✈♦❧❛&✐❧✐&② &♦ &❤❡ 0♦❝✐❛❧ ✇❡❧❢❛.❡ ❧♦00 ✐0 ❢✉♥❝&✐♦♥ ♦❢ &❤❡0❡ ♣❛.❛♠❡&❡.0✳ ❙✉❜0&✐&✉&✐♥❣ ✭✶✾✮ ❛♥❞

✭✷✶✮ ✐♥&♦ &❤❡ 0♦❝✐❛❧ ✇❡❧❢❛.❡ ❧♦00 ❢✉♥❝&✐♦♥ ✭✷✮ ②✐❡❧❞0✿

LS
t =

1

2

+∞∑

i=0

βi
{ α

κ2
[(ccgπ − β) at+i +Θcg

π ξτ + (Ωcg
π − κ) x̃]2 + [ccgπ at+i +Θcg

π ξτ +Ωcg
π x̃]2

}
✭✷✾✮

❚❤❡ ♦♣&✐♠❛❧ ✐♥✢❛&✐♦♥ ♣❡♥❛❧&② .❛&❡ .❡0✉❧&0 ❢.♦♠ ♠✐♥✐♠✐③✐♥❣ ✭✷✾✮✿

τ = −
α (Ωcg

π − κ) + κ2Ωcg
π

Θcg
π ξ (α + κ2)

x̃+
α (β − ccgπ )− κ2ccgπ

Θcg
π ξ (α + κ2)

at ✭✸✵✮

❲❤❡♥ γ → 0✱ &❤❡ ♦♣&✐♠❛❧ ✐♥✢❛&✐♦♥ ♣❡♥❛❧&② .❛&❡ ✐0 0✉❝❤ &❤❛&

τ → 0. ✭✸✶✮

❚❤❡ ♦♣&✐♠❛❧ ✐♥✢❛&✐♦♥ ♣❡♥❛❧&② .❛&❡ &❡♥❞0 &♦ ③❡.♦ ✇❤❡♥ ♣.✐✈❛&❡ ❛❣❡♥&0 ✐❣♥♦.❡ &❤❡✐. ❡①♣❡❝&❛✲

✶✾



 ✐♦♥$ ❡&&♦&$✳ ❚❤✐$ &❡$✉❧ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②  ❤❡ ❢❛❝  ❤❛ ✇❤❡♥ γ → 0✱ ✐♥✢❛ ✐♦♥ ❡①♣❡❝ ❛ ✐♦♥$

❛&❡ ❡♥ ✐&❡❧② ❡①♦❣❡♥♦✉$ ✭❡9✉❛❧  ♦  ❤❡ ✐♥✢❛ ✐♦♥  ❛&❣❡ ✮ ❛♥❞ ✇✐❧❧ ♥♦ ❜❡ ❛✛❡❝ ❡❞ ❜②  ❤❡ ✐♥✢❛ ✐♦♥

♣❡♥❛❧ ② &❛ ❡ $❡ ❜②  ❤❡ ❣♦✈❡&♥♠❡♥ ✱  ❤✉$ ♠❛❦✐♥❣ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② ✐♥❡✛❡❝ ✐✈❡ ✐♥ ❛✛❡❝ ✐♥❣ ♣&✐✲

✈❛ ❡ ❛❣❡♥ $ ❜❡❤❛✈✐♦&$✳ ❚❤✐$ ✐$ ❛ ❞✐$ ✐♥❣✉✐$❤❡❞ ❢❡❛ ✉&❡ ♦❢  ❤❡ $❤♦& ✲ ❡&♠ ❝♦♥ &❛❝ ✐♥❣ ❛♣♣&♦❛❝❤

✉♥❞❡& ❛❞❛♣ ✐✈❡ ❧❡❛&♥✐♥❣ ❝♦♠♣❛&❡❞  ♦  ❤❡ ❧♦♥❣✲ ❡&♠ ♦♥❡ ✭✷✽✮ ❛♥❞  ❤❡ ✐♥✢❛ ✐♦♥ ❝♦♥ &❛❝ ✉♥❞❡&

❘❊ ✭✶✷✮✳

❋♦& $ ❛♥❞❛&❞ ♣❛&❛♠❡ ❡& ✈❛❧✉❡$ ❛♥❞ ❢♦& at = ±1✱ x̃ = 1✱ ❛♥❞ ξ = 1✱ ❋✐❣✉&❡ ✺ ✐❧❧✉$ &❛ ❡$

❤♦✇  ❤❡ $❤♦& ✲ ❡&♠ ♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② &❛ ❡ ❡✈♦❧✈❡$ ✇✐ ❤ ❧❡❛&♥✐♥❣ ❣❛✐♥✳ ❲❡ ♦❜$❡&✈❡

 ❤❛  ❤❡ ♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② &❛ ❡ ✐$ ♣♦$✐ ✐✈❡ ❛♥❞ ❝♦♥$ ❛♥ ✉♥❞❡& ❘❊✳ ❍♦✇❡✈❡&✱ ✉♥❞❡&

❛❞❛♣ ✐✈❡ ❧❡❛&♥✐♥❣✱ ❞❡♣❡♥❞✐♥❣ ♦♥  ❤❡ ❞❡✈✐❛ ✐♦♥ ♦❢ ♣&✐✈❛ ❡ ❡①♣❡❝ ❛ ✐♦♥$ ❢&♦♠  ❤❡ $ ❡❛❞②✲$ ❛ ❡

✐♥✢❛ ✐♦♥ &❛ ❡✱  ❤❡ ♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② &❛ ❡ ❝❛♥ ❜❡ ❡✐ ❤❡& ♣♦$✐ ✐✈❡ ♦& ♥❡❣❛ ✐✈❡✳ ■ ✐$

♣♦$✐ ✐✈❡ ✐❢ ♣&✐✈❛ ❡ ✐♥✢❛ ✐♦♥ ❡①♣❡❝ ❛ ✐♦♥$ ✉♥❞❡&$❤♦♦  ❤❡ $ ❡❛❞②✲$ ❛ ❡ ✐♥✢❛ ✐♦♥ &❛ ❡✱ ❛♥❞ ✈✐❝❡

✈❡$%❛✳ ❋♦& ❛ ❣✐✈❡♥ ✭♣♦$✐ ✐✈❡ ♦& ♥❡❣❛ ✐✈❡✮ ❞❡✈✐❛ ✐♦♥ ♦❢ ✐♥✢❛ ✐♦♥ ❡①♣❡❝ ❛ ✐♦♥$ ❛♥❞ ❢♦& $ ❛♥❞❛&❞

♣❛&❛♠❡ ❡& ✈❛❧✉❡$✱  ❤❡ ♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② &❛ ❡ ✐$ $❡♥$✐ ✐✈❡  ♦ ❛ ❝❤❛♥❣❡ ✐♥  ❤❡ ❧❡❛&♥✐♥❣

❣❛✐♥ ✇❤❡♥  ❤❡ ❧❛  ❡& ✐$ $♠❛❧❧ ✭✐✳❡✳✱ γ < 0.2✮✳

❇♦ ❤  ❤❡ ❝♦♠♣♦$✐ ❡ ❝♦❡✣❝✐❡♥ ❛$$♦❝✐❛ ❡❞ ✇✐ ❤ x̃ ❛♥❞ at ✐♥ ✭✸✵✮ ❛&❡ ♥❡❣❛ ✐✈❡✳ ❚❤❡ ✜&$ 

❝♦♠♣♦♥❡♥ ✐♥ ✭✸✵✮ ✐$ ♥❡❣❛ ✐✈❡ ❣✐✈❡♥  ❤❛  ❤❡ ♦✉ ♣✉ ✲❣❛♣  ❛&❣❡ ✐$ ♣♦$✐ ✐✈❡ ❛♥❞  ❤❡ $❡❝♦♥❞

❝♦♠♣♦♥❡♥ ✐$ ❡✐ ❤❡& ♣♦$✐ ✐✈❡ ✇❤❡♥ at < 0 ♦& ♥❡❣❛ ✐✈❡ ✇❤❡♥ at > 0✳ ❚❤✐$ ❡①♣❧❛✐♥$ ✇❤②  ❤❡

♦♣ ✐♠❛❧ ✐♥✢❛ ✐♦♥ ♣❡♥❛❧ ② &❛ ❡ ✐$ $ &✐❝ ❧② ❞❡❝&❡❛$✐♥❣ ✐♥ γ ❢♦& at > 0 ❜✉ ✐$ ✜&$ ✐♥❝&❡❛$✐♥❣ ✐♥

γ ❛♥❞  ❤❡♥ ❞❡❝&❡❛$✐♥❣ ✐♥ γ ❢♦& at < 0 ✇❤❡♥ γ ✐$ ❤✐❣❤ ❡♥♦✉❣❤ ✭$❡❡ ❋✐❣✉&❡ ✺✮✳ O&♦♣♦$✐ ✐♦♥ ✹

$✉♠♠❛&✐③❡$  ❤❡$❡ &❡$✉❧ $✳

✷✵



❋✐❣✉$❡ ✺✿ ❖♣*✐♠❛❧ ✐♥✢❛*✐♦♥ ♣❡♥❛❧*② $❛*❡ ✉♥❞❡$ 3❤♦$*✲*❡$♠ ❝♦♥*$❛❝*✐♥❣ ❛♣♣$♦❛❝❤✳

 !♦♣♦$✐&✐♦♥ ✹✳ ❲❤❡♥ ♣%✐✈❛)❡ ❛❣❡♥)+ ❛%❡ ❧❡❛%♥✐♥❣✱ )❤❡ ♦♣)✐♠❛❧ ✐♥✢❛)✐♦♥ ♣❡♥❛❧)② %❛)❡ ♦❢ ❛

+❤♦%)✲)❡%♠ ✐♥✢❛)✐♦♥ ❝♦♥)%❛❝) ✐+ ❞❡❝♦♠♣♦+❡❞ ✐♥)♦ )✇♦ ❝♦♠♣♦♥❡♥)+✳ ❚❤❡ ❝♦♠♣♦♥❡♥) ❛++♦❝✐❛)❡❞

✇✐)❤ )❤❡ ♦✉)♣✉)✲❣❛♣ )❛%❣❡) ✐+ ❛❧✇❛②+ ♥❡❣❛)✐✈❡✳ ❚❤❡ ❝♦♠♣♦♥❡♥) ❛++♦❝✐❛)❡❞ ✇✐)❤ ❡①♣❡❝)❡❞ ✐♥✢❛✲

)✐♦♥ ✐+ ♣♦+✐)✐✈❡ ❢♦% at < 0✱ ❛♥❞ ✈✐❝❡ ✈❡%+❛✳ ❚❤❡ ♦♣)✐♠❛❧ ✐♥✢❛)✐♦♥ ♣❡♥❛❧)② %❛)❡ ✐+ ♣♦+✐)✐✈❡ ✐❢

♣%✐✈❛)❡ ❡①♣❡❝)❡❞ ✐♥✢❛)✐♦♥ ✉♥❞❡%+❤♦♦)+ ❡♥♦✉❣❤ )❤❡ ✐♥✢❛)✐♦♥ )❛%❣❡) ❛♥❞ ♣♦+✐)✐✈❡ ♦)❤❡%✇✐+❡✳

■❢ *❤❡ ❣♦✈❡$♥♠❡♥* 3❡*3 *❤❡ ✐♥✢❛*✐♦♥ ♣❡♥❛❧*② $❛*❡ ✐♥ ❡❛❝❤ ♣❡$✐♦❞✱ ✐* ❛❧3♦ ❤❛3 *♦ ❡①❛♠✐♥❡

*❤❡ 3✐❣♥ ♦❢ *❤❡ ❞❡✈✐❛*✐♦♥ ♦❢ ♣$✐✈❛*❡ ❛❣❡♥*3✬ ❡①♣❡❝*❛*✐♦♥3 ✇❤❡$❡❛3 ✉♥❞❡$ *❤❡ ♣$❡✲❝♦♠♠✐**❡❞

❝♦♥*$❛❝*✱ ✐* ❤❛3 ♦♥❧② *♦ *❛❦❡ ✐♥*♦ ❛❝❝♦✉♥* *❤❡ ♦✉*♣✉*✲❣❛♣ *❛$❣❡* *♦ ✜① *❤❡ ♦♣*✐♠❛❧ ✐♥✢❛*✐♦♥

♣❡♥❛❧*② $❛*❡✳ ❚❤❡ ❧❡✈❡❧ ♦❢ ♦♣*✐♠❛❧ ✐♥✢❛*✐♦♥ ♣❡♥❛❧*② $❛*❡ ❞❡♣❡♥❞3 ♦♥ *❤❡ *②♣❡ ♦❢ ❝♦♥*$❛❝*

❝❤♦3❡♥ ✐♥ *❤❡ ✜$3* ♣❧❛❝❡✱ *❤❡ ❧❡❛$♥✐♥❣ ❣❛✐♥✱ ❛♥❞ ✜♥❛❧❧②✱ ✐♥ *❤❡ ❝❛3❡ ♦❢ 3❤♦$*✲*❡$♠ ❝♦♥*$❛❝*✱

*❤❡ ❞❡✈✐❛*✐♦♥ ♦❢ ♣$✐✈❛*❡ ❛❣❡♥*3✬ ✐♥✢❛*✐♦♥ ❡①♣❡❝*❛*✐♦♥3 ❢$♦♠ *❤❡ ✐♥✢❛*✐♦♥ *❛$❣❡*✳ ■♥❞❡❡❞✱

✉♥❞❡$ ❧♦♥❣✲*❡$♠ ❝♦♥*$❛❝*✐♥❣ ❛♣♣$♦❛❝❤✱ *❤❡ ♣❡♥❛❧*② $❛*❡ $❡♠❛✐♥3 ♣♦3✐*✐✈❡✱ ♠❡❛♥✐♥❣ *❤❛* *♦

❞❡❛❧ ✇✐*❤ *❤❡ ✐♥✢❛*✐♦♥ ❜✐❛3 ❛* *❤❡ 3*❡❛❞②✲3*❛*❡ ❡C✉✐❧✐❜$✐✉♠✱ *❤❡ ❧❡❛$♥✐♥❣ ❜❡❤❛✈✐♦$ ♦❢ ♣$✐✈❛*❡

❛❣❡♥*3 ✐♠♣❧✐❡3 *❤❡ ❛♣♣♦✐♥*♠❡♥* ♦❢ ❛ ❤❛✇❦✐3❤ ❝❡♥*$❛❧ ❜❛♥❦❡$ ❜✉* ❧❡33 *❤❛♥ ✉♥❞❡$ ❘❊✳ ❲❤❡$❡❛3
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✉♥❞❡$ %❤♦$(✲(❡$♠ ❝♦♥($❛❝(✐♥❣ ❛♣♣$♦❛❝❤✱ ❛❝❝♦$❞✐♥❣ (♦ (❤❡ %✐❣♥ ♦❢ (❤❡ ❞❡✈✐❛(✐♦♥ ♦❢ ♣$✐✈❛(❡

✐♥✢❛(✐♦♥ ❡①♣❡❝(❛(✐♦♥% ❢$♦♠ (❤❡ ✐♥✢❛(✐♦♥ (❛$❣❡(✱ (❤❡ ❣♦✈❡$♥♠❡♥( ❝❛♥ ♣$❡❢❡$ ❡✐(❤❡$ ❛ ❤❛✇❦✐%❤

♦$ ❛ ❞♦✈✐%❤ ❝❡♥($❛❧ ❜❛♥❦❡$✳

❯♥❞❡$ ❛❞❛♣(✐✈❡ ❧❡❛$♥✐♥❣✱ (❤❡ ❧✐♥❡❛$ ✐♥✢❛(✐♦♥ ❝♦♥($❛❝( ✐% ;✉✐(❡ ❞✐✛❡$❡♥( ❢$♦♠ (❤❡ ♥♦♥✲❧✐♥❡❛$

✐♥✢❛(✐♦♥ ❝♦♥($❛❝( %(✉❞✐❡❞ ✐♥ ❆♥❞$> ❛♥❞ ❉❛✐ ✭✷✵✶✼✮✳ ❲❤❡♥ (❤❡ ♦✈❡$❛♠❜✐(✐♦✉% ♦✉(♣✉(✲❣❛♣

(❛$❣❡( ✐% ❛❜%❡♥(✱ ✐✳❡✳✱ x̃ = 0✱ (❤❡ ♦♣(✐♠❛❧ ♣❡♥❛❧(② $❛(❡ ♦❢ ❛ ❧✐♥❡❛$ ✐♥✢❛(✐♦♥ ❝♦♥($❛❝( %❤♦✉❧❞ ❜❡

%❡( (♦ ③❡$♦ ✉♥❞❡$ ❜♦(❤ ❧♦♥❣✲(❡$♠ ❛♥❞ %❤♦$(✲(❡$♠ ❝♦♥($❛❝(✐♥❣ ❛♣♣$♦❛❝❤❡% ❛( (❤❡ %(❡❛❞② %(❛(❡✱

❛♥❞ ❝❛♥ ❜❡ ❡✐(❤❡$ ♣♦%✐(✐✈❡ ♦$ ♥❡❣❛(✐✈❡ ✉♥❞❡$ %❤♦$(✲(❡$♠ ❝♦♥($❛❝(✐♥❣ ❛♣♣$♦❛❝❤ ♦✉( ♦❢ %(❡❛❞②

%(❛(❡✱ ✇❤✐❧❡ (❤❡ ♦♣(✐♠❛❧ ✐♥✢❛(✐♦♥ ♣❡♥❛❧(② $❛(❡ ✐% ❛❧✇❛②% ♥❡❣❛(✐✈❡ ✐♥ (❤❡ ❝❛%❡ ♦❢ ❛ ♥♦♥✲❧✐♥❡❛$

❝♦♥($❛❝(✳ ❋♦$ ❝♦♠♣❛$✐%♦♥✱ (❤❡ ♦♣(✐♠❛❧ ♣❡♥❛❧(② $❛(❡ ✐% ❛❧✇❛②% ❡;✉❛❧ (♦ ③❡$♦ ✉♥❞❡$ ❘❊ ✇❤❡♥

x̃ = 0✳

✻ ❊"✉✐❧✐❜'✐✉♠ ❛♥❞ ✐♥✢❛-✐♦♥ ❝♦♥-'❛❝- ✉♥❞❡' ❞❡❝'❡❛1✐♥❣✲

❣❛✐♥ ❧❡❛'♥✐♥❣

❚❤❡ ♣$❡✈✐♦✉) $❡)✉❧+) ❛$❡ ♦❜+❛✐♥❡❞ ✉♥❞❡$ +❤❡ ❛))✉♠♣+✐♦♥ ♦❢ ❝♦♥)+❛♥+✲❣❛✐♥ ❧❡❛$♥✐♥❣✳ ■♥ +❤✐)

)❡❝+✐♦♥✱ ✇❡ $❡❧❛① +❤✐) ❛))✉♠♣+✐♦♥ +♦ )❤♦✇ +❤❛+ ♦✉$ ♠❛✐♥ $❡)✉❧+) ❛$❡ )+✐❧❧ ✈❛❧✐❞ ✉♥❞❡$ +❤❡

❛))✉♠♣+✐♦♥ ♦❢ ❞❡❝$❡❛)✐♥❣✲❣❛✐♥ ❧❡❛$♥✐♥❣✳ ■♥❞❡❡❞✱ ❝♦♥)+❛♥+✲❣❛✐♥ ❧❡❛$♥✐♥❣ ✐) ♠♦$❡ )✉✐+❛❜❧❡

✐♥ ❛ +✐♠❡✲✈❛$②✐♥❣ ❡♥✈✐$♦♥♠❡♥+ ❜❡❝❛✉)❡ ❢$❡;✉❡♥+ )+$✉❝+✉$❛❧ ❝❤❛♥❣❡) $❛+✐♦♥❛❧✐③❡ ❛♥ ♦♥❣♦✐♥❣

❧❡❛$♥✐♥❣ ❡✛♦$+ ❜② ♣$✐✈❛+❡ ❛❣❡♥+) ✇❤❡♥ ❢♦$♠✐♥❣ ❡①♣❡❝+❛+✐♦♥)✳ ❍♦✇❡✈❡$✱ ✐❢ ♣$✐✈❛+❡ ❛❣❡♥+)

❝♦♥✜❞❡♥+❧② ❜❡❧✐❡✈❡ +❤❛+ +❤❡ ❡♥✈✐$♦♥♠❡♥+ ✐) )+❛+✐♦♥❛$②✱ ♠♦❞❡❧❧✐♥❣ +❤❡✐$ ❧❡❛$♥✐♥❣ ❜❡❤❛✈✐♦$

✇✐+❤ ❛ ❞❡❝$❡❛)✐♥❣✲❣❛✐♥ $✉❧❡ ✐) ♠♦$❡ ❛♣♣$♦♣$✐❛+❡ )✐♥❝❡ ❛ )+❡❛❞② )+❛+❡ ❞♦❡) ♥♦+ ♥❡❡❞ ❝♦♥+✐♥✉✐♥❣

❧❡❛$♥✐♥❣ ❡✛♦$+✳

✼

❚♦ ♠♦❞❡❧ ❞❡❝$❡❛)✐♥❣✲❣❛✐♥ ❧❡❛$♥✐♥❣✱ ✇❡ )✉❜)+✐+✉+❡ +❤❡ ♣❛$❛♠❡+❡$ γt ✐♥ +❤❡

❛❧❣♦$✐+❤♠ ✭✺✮ ❜② γt =
1
t
✱ ✇❤✐❝❤ ❞❡❝$❡❛)❡) ♦✈❡$ +✐♠❡✳ ■♥❞❡❡❞✱ γt = 1 ✐❢ t = 1 ❛♥❞ γt → 0 ❛)

✼

■♥ ♣#❛❝&✐❝❡✱ ❛❣❡♥&+ ❝❛♥ +❤✐❢& ❢#♦♠ ♦♥❡ ❛♣♣#♦❛❝❤ &♦ ❛♥♦&❤❡#✳ ▼♦+& ❡❝♦♥♦♠✐❝ ❛❣❡♥&+ ✇♦✉❧❞ ❜❡❣✐♥ &♦ ❧❡❛#♥

✇✐&❤ ❛ ❞❡❝#❡❛+✐♥❣✲❣❛✐♥ ❧❡❛#♥✐♥❣ ❛+ &❤❡ ✜#+& +&❡♣ ✐♥ &❤❡ ❡①♣❡❝&❛&✐♦♥+ ♣#♦❝❡++ ❜❡❢♦#❡ +&❛❜✐❧✐③✐♥❣ &❤❡ ❧❡❛#♥✐♥❣ ❣❛✐♥

♣❛#❛♠❡&❡#✳ ❆+ +❤♦✇♥ ❜② ▼✐❧❛♥✐ ✭✷✵✶✹✮✱ ♣#✐✈❛&❡ ❛❣❡♥&+ +❡❡♠ &♦ ❤❛✈❡ ♦❢&❡♥ +✇✐&❝❤❡❞ &♦ ❝♦♥+&❛♥&✲❣❛✐♥ ❧❡❛#♥✐♥❣✱

✇✐&❤ ❛ ❤✐❣❤ ❣❛✐♥✱ ❞✉#✐♥❣ ♠♦+& ♦❢ &❤❡ ✶✾✼✵+ ❛♥❞ ✉♥&✐❧ &❤❡ ❡❛#❧② ✶✾✽✵+✱ ❜❡❢♦#❡ #❡✈❡#&✐♥❣ &♦ ❞❡❝#❡❛+✐♥❣✲❣❛✐♥

❧❡❛#♥✐♥❣✳
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t → +∞✳ ▼♦#❡ ♣#❡❝✐(❡❧②✱ ,❤❡ ❞❡❝#❡❛(✐♥❣✲❣❛✐♥ ❧❡❛#♥✐♥❣ ❛((✐❣♥( ✐♥❝#❡❛(✐♥❣❧② ❧♦✇❡# ✇❡✐❣❤,( ,♦

❤✐(,♦#✐❝❛❧ ❞❛,❛ ❛( ,✐♠❡ ❣♦❡( ❜②✳

❲❡ (♦❧✈❡ ,❤❡ ♠♦❞❡❧ ✉(✐♥❣ ,❤❡ (❛♠❡ #❡(♦❧✉,✐♦♥ ♠❡,❤♦❞ ❛( ✐♥ ,❤❡ ❝❛(❡ ♦❢ ❝♦♥(,❛♥,✲❣❛✐♥

❧❡❛#♥✐♥❣ ✭❆♣♣❡♥❞✐① ❆✳✸✮ ❛♥❞ ❞❡♠♦♥(,#❛,❡ ,❤❛, ❛❧❧ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,( ❛#❡ ❜♦✉♥❞❡❞ ❛( t →

+∞ ✭❆♣♣❡♥❞✐① ❆✳✹✮✳

❚❤❡ ❆▲▼ ❢♦# ✐♥✢❛,✐♦♥ ,❛❦❡( ,❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦#♠✿

πt = c
dg
π,tat + d

dg
π,tet +Θdg

π ξτ +Ωdg
π x̃. ✭✸✷✮

✇❤❡#❡

c
dg
π,t =

β
{
α− (1− γt+1)

[
α(1 + γt+1β)

(
β − c

dg
π,t+1

)
− c

dg
π,t+1κ

2
]}

α + κ2
(
1− βγt+1c

dg
π,t+1

)
+ αβγt+1 (1 + βγt+1)

(
β − c

dg
π,t+1

) ,

d
dg
π,t = −

α

α + κ2
(
1− βγt+1c

dg
π,t+1

)
+ αβγt+1 (1 + βγt+1)

(
β − c

dg
π,t+1

) ,

Θdg
π,t = −

1

2

κ2 (1− β)

α + κ2 + αβ2γt+1 (1 + γt+1β)− β
(
1 + c

dg
π,t+1γt+1

)
[α + κ2 + αγt+1β]

,

Ω
dg
π,t = −

ακ [(1− β)− β2γt+1]

α + κ2 + αβ2γt+1 (1 + γt+1β)− β
(
1 + c

dg
π,t+1γt+1

)
[α + κ2 + αγt+1β]

.

❚❤❡ ❆▲▼ ❢♦# ,❤❡ ♦✉,♣✉, ❣❛♣ ✐(✿

xt = c
dg
x,tat + d

dg
x,tet +Θdg

x,tξτ +Ω
dg
x,tx̃, ✭✸✸✮

✇❤❡#❡ c
dg
x,t = − 1

κ
(β − c

dg
π,t)✱ d

dg
x,t = − 1

κ
(1− d

dg
π,t) ✱ Θdg

x,t =
1
κ
Θdg

π,t ❛♥❞ Ω
dg
x,t =

1
κ
Ω

dg
π,t✳

❲❡ #❡♠❛#❦ ,❤❛, ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,( ✉♥❞❡# ❞❡❝#❡❛(✐♥❣✲❣❛✐♥ ❧❡❛#♥✐♥❣ ❛#❡ (✐♠✐❧❛# ,♦

,❤❡ ♦♥❡( ♦❜,❛✐♥❡❞ ✉♥❞❡# ❝♦♥(,❛♥,✲❣❛✐♥ ❧❡❛#♥✐♥❣ ❢♦# γt ∈ (0, 1)✳ ❚❤✐( (✐♠✐❧❛#✐,② ❛❧❧♦✇( ✉( ,♦
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❞✐"❝✉"" %❤❡ ✐♠♣❧✐❝❛%✐♦♥" ♦❢ ❞❡❝/❡❛"✐♥❣✲❣❛✐♥ ❧❡❛/♥✐♥❣ ❜② /❡❢❡//✐♥❣ %♦ %❤♦"❡ ♦❢ ❝♦♥"%❛♥%✲❣❛✐♥

❧❡❛/♥✐♥❣✳

❚❤❡ "%❡❛❞② "%❛%❡ ✐" /❡❛❝❤❡❞ ❛" t → +∞ ❛♥❞ γ+∞ → 0✳ ❆" ❛ /❡"✉❧%✱ ✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥"

❜❡❝♦♠❡ ❝♦♥"%❛♥%✱ ✐✳❡✳✱ %❤❡/❡ ❛/❡ ♥♦ ♠♦/❡ ❡①♣❡❝%❛%✐♦♥" ❡//♦/" %♦ ❜❡ ❝♦//❡❝%❡❞ %❤/♦✉❣❤ ❧❡❛/♥✐♥❣

❛♥❞ ♣/✐✈❛%❡ ❛❣❡♥%" "%♦♣ ❧❡❛/♥✐♥❣✳ ❚❤❡ "%❡❛❞② "%❛%❡ ✐" ❝❤❛/❛❝%❡/✐③❡❞ ❜② ❛ ❝♦♥"%❛♥% ✈❛❧✉❡ ❢♦/

✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥"✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥%" ✐♥ %❤❡ ❆▲▼ ❢♦/ ✐♥✢❛%✐♦♥✱ ✐✳❡✳✱ c
dg
π,t✱ d

dg
π,t✱ Θ

dg
π,t

❛♥❞ Ω
dg
π,t✱ ♦❜%❛✐♥❡❞ ❢♦/ γ+∞ → 0 ❛/❡ ✐❞❡♥%✐❝❛❧ %♦ ccgπ ✱ d

cg
π ✱ Θ

cg
π ❛♥❞ Ωcg

π ❣✐✈❡♥ ❜② ✭✷✷✮✲✭✷✺✮✳ ■♥

%❤✐" ♣❛/%✐❝✉❧❛/ ❝❛"❡✱ "✐♥❝❡ %❤❡ ❧❡❛/♥✐♥❣ ❣❛✐♥ ✐" ❝❧♦"❡ %♦ ③❡/♦✱ %❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝%" ♦❢ ✐♥✢❛%✐♦♥

❡①♣❡❝%❛%✐♦♥" ❛♥❞ ❝✉//❡♥% ❝♦"%✲♣✉"❤ "❤♦❝❦" ♦♥ ✐♥✢❛%✐♦♥ ❛/❡ ♥❡❛/ %♦ %❤❡✐/ ♠❛①✐♠✉♠ ❛♥❞ %❤❡

"❛♠❡ ✐" %/✉❡ ❢♦/ %❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥%" ✐♥ %❤❡ ❆▲▼ ❢♦/ %❤❡ ♦✉%♣✉% ❣❛♣✳

❚❤❡ ❛""✉♠♣%✐♦♥ ♦❢ ❞❡❝/❡❛"✐♥❣✲❣❛✐♥ ❧❡❛/♥✐♥❣ ✐♠♣❧✐❡" %❤❛%✱ ❛" ❧♦♥❣ ❛" %❤❡ ❧❡❛/♥✐♥❣ ♣/♦❝❡""

✐" ♥♦% %❡/♠✐♥❛%❡❞ ❛♥❞ %❤❡ ❡❝♦♥♦♠② ✐" ♥♦% ✐♥ %❤❡ "%❡❛❞② "%❛%❡✱ ♣/✐✈❛%❡ ❛❣❡♥%" ✇✐❧❧ ❛❞❥✉"%

%❤❡✐/ ❡①♣❡❝%❛%✐♦♥" ❜② ❝♦//❡❝%✐♥❣ ♣❛"% ❡①♣❡❝%❛%✐♦♥" ❡//♦/"✳ ❚❤✐" ♠❛❦❡" ♣♦""✐❜❧❡ ❢♦/ %❤❡ ❈❇ %♦

✐♥✢✉❡♥❝❡ %❤❡✐/ ❢✉%✉/❡ ❡①♣❡❝%❛%✐♦♥" ✐♥ ♦/❞❡/ %♦ %❛❦❡ ❛❞✈❛♥%❛❣❡ ♦❢ ❞✐"%♦/%✐♦♥" ❞✉❡ %♦ ❧❡❛/♥✐♥❣✳

❚♦ ✐♠♣/♦✈❡ "♦❝✐❛❧ ✇❡❧❢❛/❡ ❛❝/♦"" %❤❡ %/❛♥"✐%♦/② ❧❡❛/♥✐♥❣ ❡J✉✐❧✐❜/✐❛ ❝♦♠♣❛/❡❞ %♦ %❤❡ ❘❊❊✱ %❤❡

❣♦✈❡/♥♠❡♥% "❡%" %✐♠❡✲✈❛/②✐♥❣ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② /❛%❡ %❤❛% ❞❡♣❡♥❞" ♦♥ %❤❡ %②♣❡ ♦❢ ❝♦♥%/❛❝% ❛♥❞

%❤❡ ❡✈♦❧✉%✐♦♥ ♦❢ ❧❡❛/♥✐♥❣✲❣❛✐♥ ♣❛/❛♠❡%❡/ ✐♥ ❛ ✇❛② %❤❛% %❤❡ ❧❡❛/♥✐♥❣ ❡J✉✐❧✐❜/✐✉♠ ❝♦♥✈❡/❣❡" ❛"

❝❧♦"❡ ❛" ♣♦""✐❜❧❡ %♦ %❤❡ ❘❊❊✳

❯♥❞❡/ ❞❡❝/❡❛"✐♥❣✲❣❛✐♥ ❧❡❛/♥✐♥❣✱ %❤❡ ❡✛❡❝%" ♦❢ ❝♦"%✲♣✉"❤ "❤♦❝❦"✱ ❡①♣❡❝%❡❞ ✐♥✢❛%✐♦♥✱ ✐♥✢❛✲

%✐♦♥ ♣❡♥❛❧%② /❛%❡ ❛♥❞ %❤❡ ♦✉%♣✉%✲❣❛♣ %❛/❣❡% ♦♥ ✐♥✢❛%✐♦♥ ❛♥❞ %❤❡ ♦✉%♣✉% ❣❛♣ /❡♣❧✐❝❛%❡ ♠♦/❡ ♦/

❧❡"" %❤♦"❡ ♦❜"❡/✈❡❞ ✉♥❞❡/ ❝♦♥"%❛♥%✲❣❛✐♥ ❧❡❛/♥✐♥❣✳ ❉✉❡ %♦ %❤❡ ❢❛❝% %❤❛% %❤❡ ❧❡❛/♥✐♥❣ ❝♦❡✣❝✐❡♥%

❞❡❝/❡❛"❡" ❛" %✐♠❡ ❣♦❡" ❜② ✉♥❞❡/ ❞❡❝/❡❛"✐♥❣✲❣❛✐♥ ❧❡❛/♥✐♥❣✱ %❤❡ ✐♠♣❛❝% ♠❛❞❡ ❜② ❧❡❛/♥✐♥❣ ♦♥

%❤❡ ❡J✉✐❧✐❜/✐✉♠ ❞❡❝/❡❛"❡" ♦✈❡/ %✐♠❡✳ ❍❡♥❝❡✱ ✐♥✢❛%✐♦♥ ♣❡♥❛❧%② /❛%❡ ❡✈♦❧✈❡" ✇✐%❤ %❤❡ ❧❡❛/♥✐♥❣

❣❛✐♥ %❤❛% ❞❡❝/❡❛"❡" ❢/♦♠ ✉♥✐%② %♦ ③❡/♦ ❛" %✐♠❡ ❣♦❡" ❜②✳ ■♥ %❤❡ ❧✐♠✐% ❝❛"❡ ✇❤❡/❡ γt = 0✱ %❤❡

❈❇ ❝❛♥♥♦% ❛♥②♠♦/❡ ♠❛♥✐♣✉❧❛%❡ ♣/✐✈❛%❡ ❡①♣❡❝%❛%✐♦♥" ❛♥❞ %❤❡ ♣♦""✐❜✐❧✐%② ❢♦/ %❤❡ ❣♦✈❡/♥♠❡♥%

%♦ ✐♠♣/♦✈❡ "♦❝✐❛❧ ✇❡❧❢❛/❡ ❜② ❛♣♣♦✐♥%✐♥❣ ❛ ❧✐❜❡/❛❧ ♦/ ❞♦✈✐"❤ ❝❡♥%/❛❧ ❜❛♥❦❡/ ❞✐"❛♣♣❡❛/"✳

❇❡❢♦/❡ %❤❡ ❧❡❛/♥✐♥❣ ❣❛✐♥ ❝♦❡✣❝✐❡♥% %❡♥❞" %♦ ③❡/♦✱ ❞❡❝/❡❛"✐♥❣✲❣❛✐♥ ❧❡❛/♥✐♥❣ ✐♥❞✉❝❡" ❛ ❞❡✈✐✲
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❛!✐♦♥ ♦❢ !❤❡ ❡(✉✐❧✐❜,✐✉♠ .♦❧✉!✐♦♥ ❢,♦♠ ❛ ♠♦,❡ ❡✣❝✐❡♥! ❘❊❊ ❛♥❞ !❤✉. .✉❣❣❡.!. !❤❡ ♣♦..✐❜✐❧✐!②

❢♦, !❤❡ ❣♦✈❡,♥♠❡♥! !♦ ✐♠♣,♦✈❡ .♦❝✐❛❧ ✇❡❧❢❛,❡ ❜② .❡!!✐♥❣ ❛ ❧♦♥❣✲!❡,♠ ✐♥✢❛!✐♦♥ ❝♦♥!,❛❝! ✭.❡❝!✐♦♥

✺✳✶✮ ♦, ❛ .❤♦,!✲!❡,♠ ✐♥✢❛!✐♦♥ ❝♦♥!,❛❝! ✭.❡❝!✐♦♥ ✺✳✷✮✳ ❙✐♥❝❡ !❤❡ ❧❡❛,♥✐♥❣ ❣❛✐♥ ✐. ❞❡❝,❡❛.✐♥❣ ♦✈❡,

!✐♠❡✱ ✇❡ ❝♦♥❝❧✉❞❡ !❤❛! !❤❡ ❣♦✈❡,♥♠❡♥! ❝❛♥♥♦! ✜① ❛♥ ✐♥✈❛,✐❛❜❧❡ ✐♥✢❛!✐♦♥ ♣❡♥❛❧!② ,❛!❡ ❢♦, ❛❧❧

♣❡,✐♦❞.✳ ❆. ❛ ,❡.✉❧!✱ !❤❡ ❣♦✈❡,♥♠❡♥! ❤❛. !♦ ❝❤❛♥❣❡ !❤❡ ✐♥✢❛!✐♦♥ ♣❡♥❛❧!② ,❛!❡ ✐♥ ❡❛❝❤ ♣❡,✐♦❞✳

❍♦✇❡✈❡,✱ !❤❡ ❣♦✈❡,♥♠❡♥! ❝❛♥ ❡✐!❤❡, .❡! !❤❡ ♣❛!❤ ♦❢ ✐♥✢❛!✐♦♥ ♣❡♥❛❧!② ,❛!❡ ✉♥❞❡, ❧♦♥❣✲!❡,♠

❝♦♥!,❛❝!✐♥❣ ❛♣♣,♦❛❝❤ ♦, !❤❡ ♦♥❡ ✉♥❞❡, .❤♦,!✲!❡,♠ ❝♦♥!,❛❝!✐♥❣ ❛♣♣,♦❛❝❤✳ ◆♦!✐❝❡ !❤❛! ✐♥✢❛✲

!✐♦♥ ♣❡♥❛❧!② ,❛!❡ ✉♥❞❡, ❜♦!❤ ❛♣♣,♦❛❝❤❡. ✈❛,✐❡. ✇✐!❤ ❞❡❝,❡❛.✐♥❣ ❧❡❛,♥✐♥❣ ❣❛✐♥✳ ❚❤❡ ❞✐✛❡,❡♥❝❡

✐. !❤❛! ✉♥❞❡, ❛ ❧♦♥❣✲!❡,♠ ✐♥✢❛!✐♦♥ ❝♦♥!,❛❝!✱ !❤❡ ❣♦✈❡,♥♠❡♥! ❛❝❝♦✉♥!. ❢♦, !❤❡ ❝❤❛♥❣❡ ✐♥ ❧❡❛,♥✲

✐♥❣ ❣❛✐♥ ❜✉! ✐❣♥♦,❡. !❤❡ .❤♦,!✲,✉♥ ✐..✉❡. ♦❢ ❞✐.❝,❡!✐♦♥❛,② ♠♦♥❡!❛,② ♣♦❧✐❝②✱ ♥♦!❛❜❧② ,❛✐.❡❞ ❜②

♠❛♥❛❣✐♥❣ !❤❡ ✐♥!❡,!❡♠♣♦,❛❧ !,❛❞❡✲♦✛ ❛♥❞ ♠❛♥✐♣✉❧❛!✐♥❣ ♣,✐✈❛!❡ ❡①♣❡❝!❛!✐♦♥. !♦ ✐♠♣,♦✈❡ !❤❡

.❤♦,!✲,✉♥ ♠❛❝,♦❡❝♦♥♦♠✐❝ .!❛❜✐❧✐③❛!✐♦♥✱ ✇❤✐❧❡ ✉♥❞❡, ❛ .❤♦,!✲!❡,♠ ✐♥✢❛!✐♦♥ ❝♦♥!,❛❝!✱ !❤❡.❡

.❤♦,!✲,✉♥ ✐..✉❡. ❛,❡ !❛❦❡♥ ✐♥!♦ ❛❝❝♦✉♥! ❜② !❤❡ ❣♦✈❡,♥♠❡♥!✳

❚❤❡ ❛❜♦✈❡ ❞✐.❝✉..✐♦♥ ❛❧❧♦✇. ✉. !♦ ❢♦,♠✉❧❛!❡ !❤❡ ❢♦❧❧♦✇✐♥❣ ♣,♦♣♦.✐!✐♦♥ ❜② !❤❡ .✐♠✐❧❛,✐!②

✇✐!❤ !❤❡ .❡!!✐♥❣ ♦❢ ✐♥✢❛!✐♦♥ ♣❡♥❛❧!② ,❛!❡ ✉♥❞❡, ❝♦♥!,❛❝!✐♥❣ ❛♣♣,♦❛❝❤❡. ❡①❛♠✐♥❡❞ ✐♥ .❡❝!✐♦♥

✺✿

 !♦♣♦$✐&✐♦♥ ✺✳ ❆! "✐♠❡ ❣♦❡! ❜②✱ "❤❡ ❧❡❛.♥✐♥❣ ❝♦❡✣❝✐❡♥" γt ❞❡❝.❡❛!❡! ❢.♦♠ ✉♥✐"② "♦ ③❡.♦✱

✐♠♣❧②✐♥❣ "❤❛" "❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥"! ♦♥ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥!✱ ❝♦!"✲♣✉!❤ !❤♦❝❦!✱ ✐♥✢❛"✐♦♥

♣❡♥❛❧"② .❛"❡ ❛♥❞ "❤❡ ♦✉"♣✉"✲❣❛♣ "❛.❣❡" ✐♥ ❜♦"❤ ❆▲▼! ✐♥❝.❡❛!❡ ♦✈❡. "✐♠❡✳ ❋♦. ❛ ❣✐✈❡♥ ✈♦❧❛"✐❧✐"②

♦❢ ✐♥✢❛"✐♦♥ ❡①♣❡❝"❛"✐♦♥! ❛♥❞ ❝♦!"✲♣✉!❤ !❤♦❝❦!✱ "❤❡ ♦♣"✐♠❛❧ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② .❛"❡ ✇✐❧❧ ✐♥❝.❡❛!❡

❢.♦♠ ③❡.♦ "♦ "❤❡ ❧❡✈❡❧ "❤❛" "❤❡ ❣♦✈❡.♥♠❡♥" ✇♦✉❧❞ !❡" ❛" "❤❡ ❘❊❊ ✐❢ ✐" ❞❡!✐.❡! "♦ .❡♣❧✐❝❛"❡

"❤❡ ❧♦♥❣✲"❡.♠ ❝♦♥".❛❝"✳ ❯♥❞❡. "❤❡ !❤♦."✲"❡.♠ ❛♣♣.♦❛❝❤✱ "❤❡ ♦♣"✐♠❛❧ ✐♥✢❛"✐♦♥ ♣❡♥❛❧"② .❛"❡

❡✈♦❧✈❡! ❢.♦♠ ❛ ♣♦!✐"✐✈❡ ♦. ♥❡❣❛"✐✈❡ ✈❛❧✉❡ ❛❝❝♦.❞✐♥❣ "♦ ♣❛!" ❡①♣❡❝"❡❞ ✐♥✢❛"✐♦♥ .❛"❡! "♦ ❛ ✈❛❧✉❡

♥♦" ❢❛. ❛✇❛② ❢.♦♠ ③❡.♦ ♦✈❡. "✐♠❡✳
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✼ ❉✐#❝✉##✐♦♥

❖✉" "❡$✉❧&$ ❛❝❝♦✉♥& ❢♦" &❤❡ ✇❛② ❛♥❞ &❤❡ ❡①&❡♥& &♦ ✇❤✐❝❤ ❛♥ ♦♣&✐♠❛❧ ❧✐♥❡❛" ✐♥✢❛&✐♦♥ ❝♦♥&"❛❝&

❝❛♥ ❝♦""❡❝& &❤❡ $&❛❜✐❧✐③❛&✐♦♥ ❜✐❛$ ❛♥❞ &❤❡ ✐♥✢❛&✐♦♥ ❜✐❛$ ✉♥❞❡" ❛❞❛♣&✐✈❡ ❧❡❛"♥✐♥❣✳ ▲❡❛"♥✐♥❣
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♦❜&❛✐♥❡❞ ✉♥❞❡! ❝♦♥*&❛♥&✲❣❛✐♥ ❧❡❛!♥✐♥❣ !❡♠❛✐♥ ✈❛❧✐❞ ✉♥❞❡! ❞❡❝!❡❛*✐♥❣✲❣❛✐♥ ❧❡❛!♥✐♥❣✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥+,

❲❡ ❛!❡ ❣!❛&❡❢✉❧ &♦ ❉♠✐&!② ▼❛&✈❡❡✈ ❛♥❞ ❏♦*❡❢ ❍♦❧❧♠❛②! ❢♦! ✈❡!② ❤❡❧♣❢✉❧ !❡♠❛!❦* ❛♥❞ *✉❣✲

❣❡*&✐♦♥*✳

✷✾



❆ ❆♣♣❡♥❞✐①

❆✳✶ ❊$✉✐❧✐❜)✐✉♠ +♦❧✉-✐♦♥ ♦❢ ✐♥✢❛-✐♦♥ ✉♥❞❡) ❝♦♥+-❛♥-✲❣❛✐♥ ❧❡❛)♥✐♥❣

❯!✐♥❣ ✭✶✮ ❛♥❞ ✭✺✮✱ ✇❡ ♦❜0❛✐♥✿

xt =
1

κ
πt − β

1

κ
at −

1

κ
et, ✭❆✳✶✮

xt+1 =
1

κ
πt+1 −

β

κ
[at + γ(πt − at)]−

1

κ
et+1. ✭❆✳✷✮

❙✉❜!0✐0✉0✐♥❣ xt ❛♥❞ xt+1 7❡!♣❡❝0✐✈❡❧② ❣✐✈❡♥ ❜② ✭❆✳✶✮ ❛♥❞ ✭❆✳✷✮ ✐♥0♦ ✭✶✽✮ ❛♥❞ ❛77❛♥❣✐♥❣

0❡7♠! ❧❡❛❞ 0♦

Etπt+1 = A11,tπt + A12,tat + A13ξτ + A14x̃+ P1,tet, ✭❆✳✸✮

✇✐0❤

A11 ≡
α + κ2 + αγβ2 [1− γ(1− β)]

β {α [1− γ(1− β)] + κ2 (1− γ)}
, ✭❆✳✹✮

A12 ≡ −
αβ {1− β (1− γ) [1− γ(1− β)]}

β {α [1− γ(1− β)] + κ2 (1− γ)}
, ✭❆✳✺✮

A13 ≡
κ2 [1− β (1− γ)]

2β {α [1− γ(1− β)] + κ2 (1− γ)}
, ✭❆✳✻✮

A14 ≡ −
ακ {1− β [1− γ (1− β)]}

β {α [1− γ(1− β)] + κ2 (1− γ)}
, ✭❆✳✼✮

P1 ≡ −
α

β {α [1− γ(1− β)] + κ2 (1− γ)}
, ✭❆✳✽✮

✇❤❡7❡ A13 ❛♥❞ P1 ❛7❡ ❝♦❡✣❝✐❡♥0! 7❡❧❛0❡❞ 0♦ ❡①♦❣❡♥♦✉! ✈❛7✐❛❜❧❡! ✐♥ 0❤✐! ❡F✉❛0✐♦♥✳

❆❝❝♦7❞✐♥❣ 0♦ 0❤❡ ♣7♦♣♦!✐0✐♦♥ ✶ ❢7♦♠ ❇❧❛♥❝❤❛7❞ ❛♥❞ ❑❛❤♥ ✭✶✾✽✵✮✱ 0❤❡ !♦❧✉0✐♦♥ ♦❢ 0❤❡

❆▲▼ ❢♦7 ✐♥✢❛0✐♦♥ 0❛❦❡! 0❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦7♠✿

πt = ccgπ at + dcgπ et +Θcg
π ξτ +Ωcg

π x̃. ✭❆✳✾✮

✸✵



❲❡ ♦❜$❛✐♥ ✇✐$❤ $❤❡ ❤❡❧♣ ♦❢ ✭✺✮ ❛♥❞ ✭❆✳✾✮✿

Etπt+1 = ccgπ [(1− γ)at + γπt] + Θcg
π ξτ +Ωcg

π x̃. ✭❆✳✶✵✮

❯8✐♥❣ ✭❆✳✶✵✮ $♦ ❡❧✐♠✐♥❛$❡ Etπt+1 ✐♥ ✭❆✳✸✮ ❛♥❞ ❛<<❛♥❣✐♥❣ $❡<♠8 ②✐❡❧❞✿

πt =
[A12 − ccgπ (1− γ)]

c
cg
π γ − A11

at +
P1

c
cg
π γ − A11

et +
A13 −Θcg

π

c
cg
π γ − A11

ξτ +
A14 −Ωcg

π

γc
cg
π − A11

x̃. ✭❆✳✶✶✮

❚❤✐8 ✐♠♣❧✐❡8 $❤❛$✿

ccgπ =
A12 − ccgπ (1− γ)

c
cg
π γ − A11

, ✭❆✳✶✷✮

dcgπ =
P1

c
cg
π γ − A11

, ✭❆✳✶✸✮

Θcg
π =

A13

1 + c
cg
π γ − A11

, ✭❆✳✶✹✮

Ωcg
π =

A14

1 + γc
cg
π − A11

. ✭❆✳✶✺✮

●❛$❤❡<✐♥❣ ✭✺✮ ❛♥❞ ✭❆✳✸✮✱ ✇❤✐❧❡ ✉8✐♥❣ ✭❆✳✶✮ $♦ 8✉❜8$✐$✉$❡ xt✱ ✇❡ ♦❜$❛✐♥✿

Etyt+1 = Z + Atyt + Ptet,

✇❤❡<❡

yt ≡ [πt, at] , Z ≡




A13ξτ + A14x̃

0


 , A ≡



A11 A12

γ 1− γ


 , andP ≡



P1

0


 .

❚❤❡ ❛❜♦✈❡ 8②8$❡♠ ✐8 8✉❜❥❡❝$ $♦ $✇♦ ❜♦✉♥❞❛<② ❝♦♥❞✐$✐♦♥8✿ a0 ❛♥❞ lim
s→∞

|Etπt+s| < ∞✳ ❚❤❡

❡✐❣❡♥✈❛❧✉❡8 ♦❢ A ❛<❡ (1− γ) ❛♥❞ $❤❡ $✇♦ ❡✐❣❡♥✈❛❧✉❡8 ♦❢ A1✿

A1 =



A11 A12

γ 1− γ


 . ✭❆✳✶✻✮

✸✶



❲❡ ❝❛♥ %❤♦✇ )❤❛) A1 ❤❛% ❛♥ ❡✐❣❡♥✈❛❧✉❡ ✐♥%✐❞❡ ❛♥❞ ♦♥❡ ♦✉)%✐❞❡ )❤❡ ✉♥✐) ❝✐0❝❧❡✳ ❆♠♦♥❣

✐♥✜♥✐)❡ %)♦❝❤❛%)✐❝ %❡5✉❡♥❝❡% ♦❢ ccgπ %❛)✐%❢②✐♥❣ ✭❆✳✶✷✮✱ ✇❡ ❢♦❝✉% ♦♥ ❛ ♥♦♥✲❡①♣❧♦%✐✈❡ %♦❧✉)✐♦♥✱

✐✳❡✳✱ )❤❡ %♦❧✉)✐♦♥ ❝♦00❡%♣♦♥❞✐♥❣ )♦ )❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A1 ✐♥%✐❞❡ )❤❡ ✉♥✐) ❝✐0❝❧❡✳

■) ✐% %)0❛✐❣❤)❢♦0✇❛0❞ )♦ %❤♦✇ )❤❛) )❤❡ )0❛❝❡ ❛♥❞ ❞❡)❡0♠✐♥❛♥) ♦❢ A1 ❛0❡ ❜♦)❤ ♣♦%✐)✐✈❡✳

❚❤✉%✱ ❢♦0 A1 )♦ ❤❛✈❡ )✇♦ 0❡❛❧ ❡✐❣❡♥✈❛❧✉❡% ✭µ1✱ µ2✮✱ ♦♥❡ ✐♥%✐❞❡ ❛♥❞ ♦♥❡ ♦✉)%✐❞❡ )❤❡ ✉♥✐) ❝✐0❝❧❡✱

✐) ✐% %✉✣❝✐❡♥) )♦ %❤♦✇ )❤❛) (1− µ1)(1− µ2) < 0✳ ❚❤✐% ✐% ❡5✉✐✈❛❧❡♥) )♦✿

µ1 + µ2 > 1 + µ1µ2. ✭❆✳✶✼✮

❑♥♦✇✐♥❣ )❤❛) µ1 + µ2 ✐% ❡5✉❛❧ )♦ )❤❡ )0❛❝❡ ♦❢ A1 ❛♥❞ µ1µ2 ❡5✉❛❧ )♦ ✐)% ❞❡)❡0♠✐♥❛♥)✱ ✇❡

0❡✇0✐)❡ ✭❆✳✶✼✮ ❛%✿

α + κ2 + αγβ2 [1− γ(1− β)]

β {α [1− γ(1− β)] + κ2 (1− γ)}
+ 1− γ > 1 +

α + κ2 + αγβ2 [1− γ(1− β)]

β {α [1− γ(1− β)] + κ2 (1− γ)}
(1− γ)

+
αβ {1− β (1− γ) [1− γ(1− β)]}

β {α [1− γ(1− β)] + κ2 (1− γ)}
γ.

❆❢)❡0 %✐♠♣❧✐✜❝❛)✐♦♥✱ ✇❡ ❣❡)✿

α (1− β) {1− β [1− γ(1− β)]}+ κ2 [1− β (1− γ)] > 0,

✇❤✐❝❤ ✐% ❛❧✇❛②% ✈❡0✐✜❡❞ ❣✐✈❡♥ )❤❛) β ∈ (0, 1) ❛♥❞ γ ∈ (0, 1)✳

❘❡✇0✐)✐♥❣ ✭❆✳✶✷✮ ❛% ccgπ ccgπ γ− ccgπ A11 −A12 + ccgπ (1− γ) = 0 ❛♥❞ %✉❜%)✐)✉)✐♥❣ A11 ❛♥❞ A12

❜② )❤❡✐0 ❡①♣0❡%%✐♦♥✱ ✇❡ ♦❜)❛✐♥✿

p2(c
cg
π )2 + p1c

cg
π + p0 = 0 ✭❆✳✶✽✮

✸✷



✇✐"❤

p0 = αβ {1− β(1− γ) [1− γ(1− β)]} > 0,

p1 = β (1− γ)
{
κ2(1− γ) + α [1− γ(1− β)]

}
− αγβ2 [1− γ(1− β)]− α− κ2,

p2 = γβ
{
α [1− γ(1− β)] + κ2 (1− γ)

}
> 0.

❲❡ &❡✇&✐"❡ p1 ❛( p1 = −κ2 [1− β(1− γ)] − α(1 − β) {1− β [1− γ(1− β)]} − p0 − p2✱ ✐"

❢♦❧❧♦✇( ✐♠♠❡❞✐❛"❡❧② "❤❛" p1 < 0✳ ❚❤❡♥✱ ✐" ✐( ("&❛✐❣❤"❢♦&✇❛&❞ "♦ (❤♦✇ "❤❛" "❤❡ ❞✐(❝&✐♠✐♥❛♥"

♦❢ "❤❡ ♣♦❧②♥♦♠✐❛❧ ✭❆✳✶✽✮ ✐( ♣♦(✐"✐✈❡✳

❚♦ ❝❤❛&❛❝"❡&✐③❡ "❤❡ "✇♦ (♦❧✉"✐♦♥( ♦❢ ccgπ ✱ ✇❡ &❡✇&✐"❡ ✭❆✳✶✽✮ ❛(✿

ccgπ = −
p0 + p2 (c

cg
π )2

p1
≡ f(ccgπ ) ✭❆✳✶✾✮

❆( f(ccgπ ) ✐( ("&✐❝"❧② ✐♥❝&❡❛(✐♥❣ ❢♦& ccgπ ∈ [0, 1] ✇✐"❤ f ′(ccgπ ) = −
2p2
p1

ccgπ > 0 ❢♦& ccgπ ∈ [0, 1]✳

❚♦ ♣&♦✈❡ f(ccgπ ) : [0, 1] → (0, 1)✱ ✐" ✐( (✉✣❝✐❡♥" "♦ (❤♦✇ "❤❛" f(0) > 0 ❛♥❞ "❤❛" f(1) < 1✳ ■"

✐( ("&❛✐❣❤"❢♦&✇❛&❞ "♦ (❡❡ "❤❛" f(0) = −
p0

p1
> 0 ❛♥❞

f(1) =
p0 + p2

κ2 [1− β(1− γ)] + α(1− β) {1− β [1− γ(1− β)]}+ p0 + p2
< 1.

❙✐♥❝❡ f(ccgπ ) : [0, 1] → (0, 1) ❛♥❞ f(ccgπ ) ✐( ("&✐❝"❧② ✐♥❝&❡❛(✐♥❣✱ ✐" ❢♦❧❧♦✇( ❢&♦♠ "❤❡ "❤❡♦&❡♠

♦❢ ❇&♦✉✇❡& "❤❛" "❤❡&❡ ❡①✐("( ♦♥❡ ✉♥✐E✉❡ (♦❧✉"✐♦♥ ♦❢ ccgπ ✐♥ "❤❡ ✐♥"❡&✈❛❧ ✭✵✱✶✮✳ ❚❤✐( (♦❧✉"✐♦♥

❝♦&&❡(♣♦♥❞( "♦

ccgπ =
−p1 −

√
p21 − 4p2p0
2p2

✭❆✳✷✵✮

❚❤❡ ♦"❤❡& ♣♦((✐❜❧❡ (♦❧✉"✐♦♥ ccgπ =
−p1+

√

p2
1
−4p2p0

2p2
✐( ❧❛&❣❡& "❤❛♥ ✉♥✐"②✱ ✇❤✐❝❤ ✐( ❡①❝❧✉❞❡❞ "♦

❛✈♦✐❞ ❛♥ ❡①♣❧♦(✐✈❡ ❡✈♦❧✉"✐♦♥ ♦❢ ✐♥✢❛"✐♦♥✳

✸✸



❙✉❜#$✐$✉$✐♥❣ A11✱ A13✱ A14 ❛♥❞ P1 ✐♥$♦ ✭❆✳✶✸✮✲✭❆✳✶✺✮ ❧❡❛❞# $♦✿

dcgπ =
α

κ2 + α + αγ2β2 (β − c
cg
π ) + γβ (1− γ) {αβ − (α + κ2) ccgπ }

. ✭❆✳✷✶✮

Θcg
π = −

1

2

κ2 [1− β (1− γ)]

Φ(γ)
< 0, ✭❆✳✷✷✮

Ωcg
π =

ακ {1− β [1− γ (1− β)]}

Φ(γ)
> 0, ✭❆✳✷✸✮

✇❤❡:❡ Φ(γ) ≡ α + κ2 + αγβ2 [1− γ(1− β)]− β (1 + ccgπ γ) [(α + κ2) (1− γ) + αγβ]✳

❚❤❡ ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛$♦: ♦❢ Θcg
π ❛♥❞ Ωcg

π ✱ ✐✳❡✳✱ Φ(γ), ✐# ♣♦#✐$✐✈❡ ❢♦: γ = 0 ❛♥❞ γ = 1✳ ❲❡

❤❛✈❡ Φ(1) > Φ(0) ❛♥❞

∂Φ

∂γ
= β

{
α(1− βγ)(1− β) + κ2 [1− β (1− γ)]

}
+ βγccgπ

[(
α + κ2

)
− αβ

]

+β

[
(β − ccgπ )− γ

∂ccgπ
∂γ

] [(
α + κ2

)
(1− γ) + αγβ

]
> 0.

■$ ❢♦❧❧♦✇# $❤❛$ Φ(γ) > 0✱ ❢♦: 0 < γ < 1✳

❲❡ ♥♦✇ #❤♦✇ $❤❛$ f(ccgπ ) : [0; αβ

α+κ2 ] → (0; αβ

α+κ2 )✳ ❑♥♦✇✐♥❣ $❤❛$ f(0) > 0 ❛♥❞ #✉❜#$✐$✉$✐♥❣

ccgπ ❜②

αβ

α+κ2 ✐♥$♦ $❤❡ ❢✉♥❝$✐♦♥ f(ccgπ ) ❞❡✜♥❡❞ ❜② ✭❆✳✶✾✮✱ ✇❡ ✜♥❞

f(
αβ

α + κ2
) = −

p0 + p2
[

αβ

α+κ2

]2

p1
=

αβ

α+κ2

{
α+κ2

αβ
p0 +

αβ

α+κ2p2

}

−p1
. ✭❆✳✷✹✮

❯#✐♥❣ p2 =
α(1−β)+κ2

α+κ2 p2+
αβ

α+κ2p2✱ p0 = −α(1−β)+κ2

αβ
p0+

α+κ2

αβ
p0 ❛♥❞ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ p0✱ p1✱

✸✹



❛♥❞ p2 ❣✐✈❡♥ ❛❜♦✈❡✱ ✇❡ +❡✇+✐,❡ ,❤❡ ❞❡♥♦♠✐♥❛,♦+ ✐♥ ✭❆✳✷✹✮ ❛5

−p1 = κ2 [1− β(1− γ)] + α(1− β) {1− β [1− γ(1− β)]}+ p0 + p2

= κ2 [1− β(1− γ)] + α(1− β) {1− β [1− γ(1− β)]}

−α(1−β)+κ2

αβ
p0 +

α+κ2

αβ
p0 +

α(1−β)+κ2

α+κ2 p2 +
αβ

α+κ2p2

= −(1− β)p2 +
α+κ2

αβ
p0 +

α(1−β)+κ2

α+κ2 p2 +
αβ

α+κ2p2

= βp2 +
α+κ2

αβ
p0 ✭❆✳✷✺✮

❙✉❜5,✐,✉,✐♥❣ ,❤❡ ❛❜♦✈❡ ❡①♣+❡55✐♦♥ ♦❢ −p1 ✐♥,♦ ✭❆✳✷✹✮✱ ✇❡ ♦❜,❛✐♥✿

f(
αβ

α + κ2(1 + τ)
) =

αβ

α+κ2

{
α+κ2

αβ
p0 +

αβ

α+κ2p2

}

βκ2

α+κ2p2 +
α+κ2

αβ
p0 +

αβ

α+κ2p2
<

αβ

α + κ2
.

●✐✈❡♥ ,❤❛, f ′(ccgπ ) = −
2p2
p1

ccgπ > 0 ❢♦+ ccgπ ∈ [0, 1]✱ f(ccgπ ) ✐5 5,+✐❝,❧② ✐♥❝+❡❛5✐♥❣ ✐♥ ,❤❡ ✐♥,❡+✈❛❧

[
0; αβ

α+κ2

]
✳ ❚❤✐5 ♣+♦♣❡+,② ❛♥❞ ,❤❡ ❢❛❝, ,❤❛, f(ccgπ ) : [0; αβ

α+κ2 ] → (0; αβ

α+κ2 ) ✐♠♣❧② ,❤❛, ,❤❡+❡

✐5 ❛ ✉♥✐B✉❡ 5♦❧✉,✐♦♥ ❢♦+ ccgπ 5♦ ,❤❛, 0 < ccgπ < αβ

α+κ2 .

❚❤❡ ❝❛%❡ ✇❤❡'❡ γ = 0✳ ❙✉❜5,✐,✉,✐♥❣ γ = 0 ✐♥,♦ ✭❆✳✹✮✲✭❆✳✽✮ ❛♥❞ ✉5✐♥❣ ,❤❡ +❡5✉❧,5 ✐♥

✭❆✳✶✷✮✲✭❆✳✶✺✮✱ ✇❡ ♦❜,❛✐♥✿

ccgπ =
αβ

α + κ2
,

dcgπ =
α

α + κ2
,

Θcg
π = −

κ2

2 (α + κ2)
,

Ωcg
π =

ακ

α + κ2
.

✸✺



❚❤❡ ❝❛%❡ ✇❤❡'❡ γ = 1✳ ■♥"❡$%✐♥❣ γ = 1 ✐♥%♦ ✭❆✳✹✮✲✭❆✳✽✮ ❛♥❞ ✉"✐♥❣ %❤❡ $❡"✉❧%" ✐♥

✭❆✳✶✷✮✲✭❆✳✶✺✮ ❧❡❛❞ %♦✿

ccgπ =
{κ2 + α + αβ3} −

√
{κ2 + α + αβ3}2 − 4α2β3

2αβ2
,

dcgπ =
α

κ2 + α + αβ2 (β − c
cg
π )

,

Θcg
π = −

1

2

κ2

α + κ2 − αβ2 (1 + c
cg
π − β)

,

Ωcg
π =

ακ (1− β2)

α + κ2 − αβ2 (1 + c
cg
π − β)

.

❆✳✷ ❚❤❡ ❡✛❡❝( ♦❢ ❛♥ ✐♥❝.❡❛/❡ ✐♥ ❧❡❛.♥✐♥❣ ❣❛✐♥

❉❡$✐✈✐♥❣ p0✱ p1 ❛♥❞ p2 ❛♥❞ ✉"✐♥❣ ✭❆✳✷✺✮ ②✐❡❧❞✿

∂p2

∂γ
= β

{
α [1− 2γ(1− β)] + κ2 (1− 2γ)

}
.

∂p0

∂γ
= αβ2 [(2− β)(1− γ) + γβ] > 0,

∂p1

∂γ
= − β

∂p2

∂γ
− α+κ2

αβ

∂p0

∂γ
.

❉❡$✐✈✐♥❣ %❤❡ "♦❧✉%✐♦♥ ♦❢ ccgπ ❣✐✈❡♥ ❜② ✭❆✳✷✵✮✱ ✇❡ ♦❜%❛✐♥✿

∂ccgπ
∂γ

=

(
−p2 −

p1p2
√

p2
1
−4p2p0

)
∂p1
∂γ

+ 2p2p2
√

p2
1
−4p2p0

∂p0
∂γ

+

(
p1 +

p2
1
−2p2p0

√

p2
1
−4p2p0

)
∂p2
∂γ

2p22
.

❯"✐♥❣

∂p2
∂γ

= − 1
β

∂p1
∂γ

− α+κ2

αβ2

∂p0
∂γ

❞❡❞✉❝❡❞ ❢$♦♠ ✭❆✳✷✺✮✱ ✇❡ ❣❡%✿

∂ccgπ
∂γ

=
1

2p22

(
F
∂p1

∂γ
+G

∂p2

∂γ

)
,

✸✻



✇❤❡#❡

F = −p2 +
−p1p2√
p21 − 4p2p0

−
1

β
p1 −

1

β

p21 − 2p2p0√
p21 − 4p2p0

,

G =
2p2p2√

p21 − 4p2p0
−

(
p1 +

p21 − 2p2p0√
p21 − 4p2p0

)
α+κ2

αβ2 .

❯%✐♥❣ ✭❆✳✷✺✮✱ ✐✳❡✳✱ p1 = −βp2−
α+κ2

αβ
p0✱ ❛❢2❡# ❢❛%2✐❞✐♦✉% ❛##❛♥❣❡♠❡♥2% ♦❢ 2❡#♠%✱ ✇❡ ✜♥❛❧❧②

♦❜2❛✐♥✿

∂ccgπ
∂γ

=
1− α+κ2

αβ
ccgπ

βp2
√

p21 − 4p2p0

(
p0
∂p1

∂γ
− p1

∂p0

∂γ

)
.

❯%✐♥❣ ccgπ < αβ

α+κ2 ✱ ✇❡ ✜♥❞✿ 1 − α+κ2

αβ
ccgπ > 1 − α+κ2

αβ

αβ

α+κ2 = 0✳ ❚♦ ❞❡2❡#♠✐♥❡ 2❤❡ %✐❣♥ ♦❢

H ≡ p0
∂p1
∂γ

− p1
∂p0
∂γ
✱ ✇❡ ✜#%2 ❝❤❡❝❦ ✐2% ✈❛❧✉❡ ❢♦# γ = 1 ❛♥❞ 2❤❡♥ 2❤❡ %✐❣♥ ♦❢ ✐2% ❞❡#✐✈❛2✐✈❡

✇✐2❤ #❡%♣❡❝2 2♦ γ✳ ❋♦# γ = 1✱ ✇❡ ❤❛✈❡ ✿ ∂p0
∂γ

= αβ3 > 0✱ ∂p1
∂γ

= −β2α(1 + β) < 0✱

p1 = − (κ2 + α + αβ3) ❛♥❞ p0 = αβ✳ ■2 ✐% %2#❛✐❣❤2❢♦#✇❛#❞ 2♦ %❤♦✇ 2❤❛2 ❢♦# γ = 1✿

H ≡ −αβ3
[
1− (κ2 + α) + β(1− αβ2)

]

●✐✈❡♥ 2❤❛2 κ ❛♥❞ α ❛#❡ ✈❡#② %♠❛❧❧ ❛♥❞ β < 1 ✐♥ 2❤❡ ◆❡✇✲❑❡②♥❡%✐❛♥ ❧✐2❡#❛2✉#❡✱ ✇❡ ❤❛✈❡

H < 0✳ ❉❡#✐✈✐♥❣ H ✇✐2❤ #❡%♣❡❝2 2♦ γ ②✐❡❧❞%

∂H

∂γ
=

∂p0

∂γ

∂p1

∂γ
+ p0

∂2p1

∂2γ
−

∂p1

∂γ

∂p0

∂γ
− p1

∂2p0

∂2γ
= p0

∂2p1

∂2γ
− p1

∂2p0

∂2γ
.

❉❡#✐✈✐♥❣ 2✇✐❝❡ p0 ❛♥❞ p1 ✇✐2❤ #❡%♣❡❝2 2♦ γ ❢♦# γ ∈ (0, 1) ❧❡❛❞% 2♦

∂2p0

∂2γ
= −2αβ2(1− β) < 0,

∂2p1

∂2γ
= 2β

[
α(1− β2) + κ2

]
> 0.

✸✼



❯!✐♥❣ %❤❡!❡ !❡❝♦♥❞✲♦,❞❡, ❞❡,✐✈❛%✐✈❡!✱ ✇❡ ❣❡%

∂H

∂γ
= 2α2β3(1− β) {1− β [1− γ(1− β)]}+ 2αβ3 [1− β(1− γ)]κ2 > 0.

❈♦♥!❡2✉❡♥%❧②✱ ❣✐✈❡♥ %❤❛% H < 0 ❢♦, γ = 1 ❛♥❞ ∂H
∂γ

> 0 ❢♦, γ ∈ [0, 1]✱ ✇❡ ❝♦♥❝❧✉❞❡ %❤❛%

∂ccgπ
∂γ

< 0.

❯!✐♥❣ dcgπ ✇✐%❤ ,❡!♣❡❝% %♦ γ ②✐❡❧❞!✿

∂dcgπ
∂γ

=
−αβ

{
Υ− γ [αβγ + (1− γ) (α + κ2)] ∂c

cg
π

∂γ

}

{κ2 + α + αβ2γ2(β − c
cg
π ) + βγ(1− γ) [αβ − (α + κ2) ccgπ ]}2

,

❯!✐♥❣ ccgπ < αβ

α+κ2 ✱ ✇❡ ✜♥❞ %❤❛% Υ ≡ 2αβγ(β − ccgπ ) + (1 − 2γ) [αβ − (α + κ2)ccgπ ] >

2αβγ(β − ccgπ ) > 0✱ ✐% ❢♦❧❧♦✇! %❤❛%✿

∂dcgπ
∂γ

< 0.

❯!✐♥❣ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ ccgx ✱ d
cg
π ❛♥❞ dcgx ✱ ✐% ✐! !%,❛✐❣❤%❢♦,✇❛,❞ %♦ !❤♦✇ %❤❡ !✐❣♥ ♦❢ %❤❡✐,

♣❛,%✐❛❧ ❞❡,✐✈❛%✐✈❡ ✇✐%❤ ,❡!♣❡❝% %♦ γ✳

❉❡,✐✈✐♥❣ ✭❆✳✶✹✮ ✇✐%❤ ,❡!♣❡❝% %♦ γ ❣✐✈❡! ✿

∂Θcg
π

∂γ
= −

κ2β

2Φ2

{{
αβ (1− β) +

[
κ2 + α(1− β)

]
[(1− γ) [1− β(1− γ)]− γ]

}
ccgπ

+αγβ(1− β) [2(1− β) + βγ] + γ [1− β (1− γ)]
{
(1− γ)

[
α(1− β)✰κ2

]
+ αβ

} ∂c
cg
π

∂γ

}
.

●✐✈❡♥ %❤❛% ✐% ✐! ✐♠♣♦!!✐❜❧❡ %♦ ❛♥❛❧②%✐❝❛❧❧② ❞❡%❡,♠✐♥❡ %❤❡ !✐❣♥ ♦❢

∂Θcg
π

∂γ
, ✇❡ ❤❛✈❡ ❝❤❡❝❦❡❞

%❤❛%

∂Θcg
π

∂γ
< 0 ✉!✐♥❣ !%❛♥❞❛,❞ ♣❛,❛♠❡%❡, ✈❛❧✉❡!✱ ✐✳❡✳✱ β = 0.99✱ κ = 0.024 ❛♥❞ α = 0.048✳

❉❡,✐✈✐♥❣ ✭❆✳✶✺✮ ✇✐%❤ ,❡!♣❡❝% %♦ γ ❛♥❞ ✉!✐♥❣ ccgπ < αβ

α+κ2 ❛❧❧♦✇ %♦ !❤♦✇ %❤❛%✿

∂Ω
cg
π

∂γ
< −

ακβ (1− β)

Φ2

{
βκ2 + αβ2γκ2(2+βγ)

α+κ2 − γ(1 + βγ)
[
(α+ κ2) (1− γ) + αγβ

] ∂ccgπ
∂γ

}
< 0.

✸✽



❆✳✸ ❊$✉✐❧✐❜)✐✉♠ +♦❧✉-✐♦♥ ✉♥❞❡) ❞❡❝)❡❛+✐♥❣ ❧❡❛)♥✐♥❣ ❣❛✐♥

❯!✐♥❣ ✭✶✺✮ ❛♥❞ ✭✶✼✮ ❧❡❛❞ .♦

λ2,t = −
1

γt+1

[
πt +

1

2
ξτ +

α

κ
(xt − x̃)

]
. ✭❆✳✷✻✮

❆❞✈❛♥❝✐♥❣ ✐♥ .✐♠❡ ✭✶✺✮ ❛♥❞ .❤❡ ♣9❡✈✐♦✉! ❡;✉❛.✐♦♥✱ ❛♥❞ .❛❦✐♥❣ ❛❝❝♦✉♥. ♦❢ .❤❡ ❢❛❝. .❤❛.

.❤❡ ❈❇ ♠✐♥✐♠✐③❡! .❤❡ ❡①♣❡❝.❡❞ ✇❡❧❢❛9❡ ❢✉♥❝.✐♦♥✱ ✇❡ ❣❡.✿

λ1,t+1 = −
α

κ
(Etxt+1 − x̃) ✭❆✳✷✼✮

λ2,t+1 = −
1

γt+2

[
Etπt+1 +

1

2
ξτ +

α

κ
(Etxt+1 − x̃)

]
✭❆✳✷✽✮

❙✉❜!.✐.✉.✐♥❣ λ2,t✱ λ1,t+1 ❛♥❞ λ2,t+1 ❣✐✈❡♥ ❜② ✭❆✳✷✻✮✲✭❆✳✷✽✮ ✐♥.♦ ✭✶✻✮✱ ✇❡ ♦❜.❛✐♥

πt = −
α

κ
(xt − x̃) +

αβγt+1

κ

(
1− γt+2 (1− β)

γt+2

)
(Etxt+1 − x̃) + γt+1

(1− γt+2)

γt+2

βEtπt+1

+
1

2

[
βγt+1 (1− γt+2)− γt+2

γt+2

]
ξτ ✭❆✳✷✾✮

❯!✐♥❣ ✭✶✮ ❛♥❞ ✭✺✮✱ ✇❡ ♦❜.❛✐♥✿

xt =
1

κ
πt −

β

κ
at −

1

κ
et ✭❆✳✸✵✮

Etxt+1 =
1

κ
Etπt+1 −

β

κ
[at + γt+1(πt − at)] . ✭❆✳✸✶✮

❯!✐♥❣ ✭❆✳✸✵✮ ❛♥❞ ✭❆✳✸✶✮ ❛♥❞ .❤❡ ❡①♣9❡!!✐♦♥ ♦❢ ❞❡❝9❡❛!✐♥❣ ❣❛✐♥ ❧❡❛9♥✐♥❣ ♣❛9❛♠❡.❡9!✱ ✐✳❡✳✱

γt+1 =
1

t+1
✱ γt+2 =

1
t+2
✱ ❛♥❞ 1− γt+1 =

t
t+1
✱ ✐♥ ✭❆✳✷✾✮✱ ❛♥❞ ❛99❛♥❣✐♥❣ .❡9♠! ②✐❡❧❞✿

Etπt+1 = A11,tπt + A12,tat + A13ξτ + A14x̃+ P1,tet, ✭❆✳✸✷✮

✸✾



✇✐"❤

A11,t ≡
(α + κ2) + αβ2

(
1

t+1

) [
1 +

(
1

t+1

)
β
]

αβ
(
1 + β 1

t+1

)
+ βκ2

, ✭❆✳✸✸✮

A12,t ≡ −
αβ − αβ2(1− 1

t+1
)(1 + 1

t+1
β)

αβ
(
1 + β 1

t+1

)
+ βκ2

, ✭❆✳✸✹✮

A13,t ≡
1

2

κ2 (1− β)

αβ
(
1 + β 1

t+1

)
+ βκ2

, ✭❆✳✸✺✮

A14,t ≡ −
ακ

[
(1− β)− β2

t+1

]

αβ
(
1 + β 1

t+1

)
+ βκ2

, ✭❆✳✸✻✮

P1,t ≡ −
α

αβ
(
1 + β 1

t+1

)
+ βκ2

. ✭❆✳✸✼✮

❚❤❡ /♦❧✉"✐♦♥ ♦❢ "❤❡ ❆▲▼ ♦❢ ✐♥✢❛"✐♦♥ "❛❦❡/ "❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦;♠✿

πt = c
dg
π,tat + d

dg
π,tet +Θdg

π ξτ +Ωdg
π x̃.. ✭❆✳✸✽✮

❯/✐♥❣ ✭✺✮ ❛♥❞ ✭❆✳✸✽✮✱ ✇❡ ♦❜"❛✐♥✿

Etπt+1 = c
dg
π,t+1 [(1− γt+1)at + γt+1πt] + Θdg

π ξτ +Ωdg
π x̃. ✭❆✳✸✾✮

❯/✐♥❣ ✭❆✳✸✾✮ ❛♥❞ ✭❆✳✸✷✮ "♦ ❡❧✐♠✐♥❛"❡ Etπt+1 ❛♥❞ ❛;;❛♥❣✐♥❣ "❡;♠/ ②✐❡❧❞ "❤❡ ❡F✉✐❧✐❜;✐✉♠

/♦❧✉"✐♦♥ ♦❢ ✐♥✢❛"✐♦♥✳ ❈♦♠♣❛;✐♥❣ "❤✐/ /♦❧✉"✐♦♥ ✇✐"❤ ✭❆✳✸✽✮ ❣✐✈❡/ "❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥"/ ❢♦;

"❤❡ ❆▲▼ ♦❢ ✐♥✢❛"✐♦♥✿

c
dg
π,t =

A12,t − (1− 1
t+1

)cdgπ,t+1

1
t+1

c
dg
π,t+1 − A11,t

, ✭❆✳✹✵✮

d
dg
π,t =

P1,t

1
t+1

c
dg
π,t+1 − A11,t

, ✭❆✳✹✶✮

Θdg
π,t =

A13,t

1
t+1

c
dg
π,t+1 + 1− A11,t

, ✭❆✳✹✷✮

Ω
dg
π,t =

A14

1
t+1

c
dg
π,t+1 + 1− A11,t

. ✭❆✳✹✸✮

■♥/❡;"✐♥❣ ✭❆✳✸✸✮✲✭❆✳✸✼✮ ✐♥"♦ ✭❆✳✹✵✮✲✭❆✳✹✸✮ ②✐❡❧❞/✿

✹✵



c
dg
π,t =

β
{
α− (1− γt+1)

[
α(1 + γt+1β)

(
β − c

dg
π,t+1

)
− c

dg
π,t+1κ

2
]}

α + κ2
(
1− βγt+1c

dg
π,t+1

)
+ αβγt+1 (1 + βγt+1)

(
β − c

dg
π,t+1

) , ✭❆✳✹✹✮

d
dg
π,t = −

α

α + κ2
(
1− βγt+1c

dg
π,t+1

)
+ αβγt+1 (1 + βγt+1)

(
β − c

dg
π,t+1

) , ✭❆✳✹✺✮

Θdg
π,t = −

1

2

κ2 (1− β)

α + κ2 + αβ2γt+1 (1 + γt+1β)− β
(
1 + c

dg
π,t+1γt+1

)
[α + κ2 + αγt+1β]

, ✭❆✳✹✻✮

Ω
dg
π,t = −

ακ [(1− β)− β2γt+1]

α + κ2 + αβ2γt+1 (1 + γt+1β)− β
(
1 + c

dg
π,t+1γt+1

)
[α + κ2 + αγt+1β]

. ✭❆✳✹✼✮

●❛*❤❡-✐♥❣ ✭✺✮ ❛♥❞ ✭❆✳✸✷✮✱ ✇❤✐❧❡ ✉8✐♥❣ ✭❆✳✸✵✮ *♦ 8✉❜8*✐*✉*❡ xt✱ ✇❡ ♦❜*❛✐♥✿

Etyt+1 = Z + Atyt + Ptet,

✇❤❡-❡

yt ≡ [πt, at] , Z ≡




A13ξτ + A14x̃

0


 , A ≡



A11 A12

1
t+1

t
t+1


 , andP ≡



P1

0


 .

❚❤❡ ❛❜♦✈❡ 8②8*❡♠ ✐8 8✉❜❥❡❝* *♦ *✇♦ ❜♦✉♥❞❛-② ❝♦♥❞✐*✐♦♥8✿ a0 ❛♥❞ lim
s→∞

|Etπt+s| < ∞✳ ❚❤❡

❡✐❣❡♥✈❛❧✉❡8 ♦❢ At ❛-❡ 1− γt+1 =
t

t+1
❛♥❞ *❤❡ *✇♦ ❡✐❣❡♥✈❛❧✉❡8 ♦❢ A1,t✿

A1,t =



A11,t A12,t

1
t+1

t
t+1


 . ✭❆✳✹✽✮

❲❡ ❝❛♥ 8❤♦✇ *❤❛* A1,t ❤❛8 ❛ -❡❛❧ ❡✐❣❡♥✈❛❧✉❡ ✐♥8✐❞❡ ❛♥❞ ♦♥❡ ♦✉*8✐❞❡ *❤❡ ✉♥✐* ❝✐-❝❧❡✳

✹✶



❆✳✹ ❚❤❡ &✐♥❣❧❡ &+❛❜❧❡ &♦❧✉+✐♦♥ ✉♥❞❡1 ❞❡❝1❡❛&✐♥❣✲❣❛✐♥ ❧❡❛1♥✐♥❣

❖✉" ❛$$❡♥$✐♦♥ ❢♦❝✉+❡+ ♦♥ ❛ ♥♦♥✲❡①♣❧♦+✐✈❡ +♦❧✉$✐♦♥ ❛♠♦♥❣ ✐♥✜♥✐$❡ +$♦❝❤❛+$✐❝ +❡5✉❡♥❝❡+ +❛$✐+✲

❢②✐♥❣ ❡5✉❛$✐♦♥ ✭❆✳✹✹✮✳ ❚♦ ♣✉$ ✐♥$♦ ❡✈✐❞❡♥❝❡ $❤❡ ♣"♦♣❡"$✐❡+ ♦❢ $❤✐+ +♦❧✉$✐♦♥✱ ✇❡ ❝♦♥+✐❞❡" $❤❡

✈❛❧✉❡ ♦❢ c
dg
π,t ✇❤❡♥ t → +∞✳ ❲✐$❤ $❤❡ ❤❡❧♣ ♦❢ $❤❡ ❜♦✉♥❞❛"② ❝♦♥❞✐$✐♦♥+ lim

t→+∞

A11,t =
1
β
❛♥❞

lim
t→+∞

A12,t =
−α(1−β)
α+κ2 ✱ ✇❡ ✜♥❞ $❤❛$ ✐♥ $❤❡ ❧✐♠✐$✱ c

dg
π,t ❡✈♦❧✈❡+ ❛❝❝♦"❞✐♥❣ $♦✿

lim
t→+∞

c
dg
π,t = β

[
lim

t→+∞

c
dg
π,t+1 + (1− β)

α

α + κ2

]
. ✭❆✳✹✾✮

❚❤❡ ❜♦✉♥❞❛"② ❝♦♥❞✐$✐♦♥ ✐♠♣♦+❡❞ ♦♥ ✐♥✢❛$✐♦♥ lim
n→∞

|πt+n| < ∞ ②✐❡❧❞+ $❤❛$ lim
n→+∞

βnc
dg
π,t+n =

0✳ ❯+✐♥❣ $❤✐+ ❝♦♥❞✐$✐♦♥ ❛♥❞ +♦❧✈✐♥❣ ✭❆✳✹✾✮ ❢♦"✇❛"❞ ②✐❡❧❞ ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❜♦✉♥❞❡❞ +♦❧✉$✐♦♥

❢♦" c
dg
π,t✿

lim
t→+∞

c
dg
π,t =

αβ

α + κ2
.

❊5✉❛$✐♦♥ ✭❆✳✹✾✮ ②✐❡❧❞+

lim
t→+∞

c
dg
π,t+1 > lim

t→+∞

c
dg
π,t, ✭❆✳✺✵✮

♠❡❛♥✐♥❣ $❤❛$ ✇❤❡♥ t → +∞✱ ✇❡ ❣❡$ cdgπ,t <
αβ

α + κ2
✳

❲❡ ❛++✉♠❡ $❤❛$ c
dg
π,n+1 <

αβ

α + κ2
❢♦" t = n + 1✳ ■$ ❢♦❧❧♦✇+ +$"❛✐❣❤$❢♦"✇❛"❞❧② ❢"♦♠ ✭❆✳✹✵✮

$❤❛$

cdgπ,n =
A12,n −

n
n+1

c
dg
π,n+1

1
n+1

c
dg
π,n+1 − A11,n

⇒

c
dg
π,n+1 =

A12,n + cdgπ,nA11,n

c
dg
π,n

1
n+1

+ n
n+1

<
αβ

α + κ2
⇒

[
A11,n −

1

n+ 1

αβ

α + κ2

]
cdgπ,n <

αβ

α + κ2

n

n+ 1
− A12,n

✹✷



❙✉❜#$✐$✉$✐♥❣ A11,n ❛♥❞ A12,n ❣✐✈❡♥ ❜② ✭❆✳✸✸✮✲✭❆✳✸✹✮✱ ✇❡ ♦❜$❛✐♥ ❛❢$❡8 #♦♠❡ ❢❛#$✐❞✐♦✉#

❝♦♠♣✉$❛$✐♦♥#✿

cdgπ,n <
αβ

α + κ2

(α + κ2)− β2κ2 1
n+1

(1− 1
n+1

)

(α + κ2) +
(

1
n+1

)2 αβ3κ2

α+κ2

≪
αβ

(α + κ2)
.

❇② 8❡❝✉88❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ c
dg
π,t ✐# ✐♥❝8❡❛#✐♥❣ ✇✐$❤ $✐♠❡ ❛♥❞ ✐# ❜♦✉♥❞❡❞✿

c
dg
π,t <

αβ

α + κ2
, ❢♦8 t ∈ [1,+∞).

●✐✈❡♥ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ c
dg
x,t✱ d

dg
π,t d

dg
x,t✱ ✐$ ✐# #$8❛✐❣❤$❢♦8✇❛8❞ $♦ ✜♥❞ $❤❡✐8 ❧✐♠✐$ ❛♥❞ $❤❡✐8

❡✈♦❧✉$✐♦♥ ♦✈❡8 $✐♠❡✳

❘❡❢❡#❡♥❝❡&

❬✶❪ ❆✐8❛✉❞♦✱ ▼✳✱ ◆✐#$✐❝G✱ ❙✳✱ ✫ ❩❛♥♥❛✱ ▲✳ ❋✳ ✭✷✵✶✺✮✳ ✏▲❡❛8♥✐♥❣✱ ▼♦♥❡$❛8② P♦❧✐❝②✱ ❛♥❞ ❆##❡$
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❊❝♦♥♦♠✐❝ ▼♦❞❡❧❧✐♥❣ ✻✵✱ ✷✽✶ ✲ ✷✾✻✳

❬✸❪ ❇❛88♦✱ ❘♦❜❡8$ ❏✳✱ ✫ ●♦8❞♦♥ ❉❛✈✐❞ ❇✳ ✭✶✾✽✸✮ ✏❆ P♦#✐$✐✈❡ ❚❤❡♦8② ♦❢ ▼♦♥❡$❛8② P♦❧✐❝② ✐♥
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❬✹❪ ❇❡❡$#♠❛✱ ▼✳ ❲✳ ❏✳ ❘✳✱ ✫ ❏❡♥#❡♥ ❍✳ ✭✶✾✾✽✮✱ ✏■♥✢❛$✐♦♥ $❛8❣❡$# ❛♥❞ ❝♦♥$8❛❝$# ✇✐$❤ ✉♥❝❡8✲

$❛✐♥ ❝❡♥$8❛❧ ❜❛♥❦❡8 ♣8❡❢❡8❡♥❝❡#✑✳ ❏♦✉#♥❛❧ ♦❢ ▼♦♥❡② ❈#❡❞✐/ ❛♥❞ ❇❛♥❦✐♥❣ ✸✵✭✸✮✱ ✸✽✹✕✹✵✸✳

❬✺❪ ❇❧❛♥❝❤❛8❞✱ ❖✳ ❏✳✱ ✫ ❑❛❤♥✱ ❈✳▼✳ ✭✶✾✽✵✮✳ ✏❚❤❡ #♦❧✉$✐♦♥ ♦❢ ❧✐♥❡❛8 ❞✐✛❡8❡♥❝❡ ♠♦❞❡❧# ✉♥❞❡8

8❛$✐♦♥❛❧ ❡①♣❡❝$❛$✐♦♥#✑✳ ❊❝♦♥♦♠❡/#✐❝❛ ✹✽✭✺✮✱ ✶✸✵✺✕✶✸✶✶✳

❬✻❪ ❇✉❧❧❛8❞✱ ❏✳✱ ✫ ▼✐$8❛✱ ❑✳ ✭✷✵✵✷✮✳ ✏▲❡❛8♥✐♥❣ ❛❜♦✉$ ♠♦♥❡$❛8② ♣♦❧✐❝② 8✉❧❡#✑✳ ❏♦✉#♥❛❧ ♦❢
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