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❙❡❝$✐♦♥ ✺ ❞✐)❝✉))❡) )♦♠❡ ♣♦))✐❜❧❡ ❡①$❡♥)✐♦♥)✳ ❙❡❝$✐♦♥ ✻ ❝♦♥❝❧✉❞❡)✳

✷ ❚❤❡ ♠♦❞❡❧

❲❡ ❝♦♥)✐❞❡/ $✇♦ ❞❡✈✐❛$✐♦♥) ❢/♦♠ $❤❡ )$❛♥❞❛/❞ ◆❡✇ ❑❡②♥❡)✐❛♥ ♠♦❞❡❧ $❤❛$ ❤❛) ✉♥❞♦✉❜$❡❞❧②

❜❡❝♦♠❡ $❤❡ ✇♦/❦❤♦/)❡ ✐♥ $❤❡ /❡❝❡♥$ ❧✐$❡/❛$✉/❡ ♦♥ ♠♦♥❡$❛/② ♣♦❧✐❝② ✭❘♦$❡♠❜❡/❣ ❛♥❞ ❲♦♦❞❢♦/❞

✶✾✾✼✱ ❈❧❛/✐❞❛✱ ●❛❧Y ❛♥❞ ●❡/$❧❡/ ✶✾✾✾✮✳ ❚❤❡ ✜/)$ ✐) ❛ )❡4✉❡♥$✐❛❧ ♠✐♥✲♠❛① ❣❛♠❡ ❜❡$✇❡❡♥ $❤❡

♥❛$✉/❡ ✭♠❛❧❡✈♦❧❡♥$ ❛❣❡♥$✮ )❡$$✐♥❣ $❤❡ ♠♦❞❡❧ ♠✐))♣❡❝✐✜❝❛$✐♦♥) $♦ ♠❛①✐♠✐③❡ $❤❡ )♦❝✐❛❧ ❧♦))

✸

❇❛"❦ ❛♥❞ &'♦❛)♦ ✭✷✵✶✻✮ ❞♦ ♥♦0 ✉"❡ 0❤❡ '♦❜✉"0 ❝♦♥0'♦❧ ❛♣♣'♦❛❝❤ ❜✉0 ❝♦♥"✐❞❡' ✈❛'✐♦✉" "❝❡♥❛'✐♦" ✇✐0❤

❞✐✛❡'❡♥0 ♣❛'❛♠❡0❡'" ✈❛❧✉❡"✳
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❛♥❞ #❤❡ ❈❇ ❛( #❤❡ ❙#❛❝❦❡❧❜❡.❣ ❧❡❛❞❡. ✇❤♦ (❡#( .♦❜✉(# ♠♦♥❡#❛.② ♣♦❧✐❝② #♦ ♠✐♥✐♠✐③❡ #❤❡

(♦❝✐❛❧ ❧♦((✳

✹

❚❤❡ (❡❝♦♥❞ ✐( #❤❡ ❛❞❛♣#✐✈❡ ❧❡❛.♥✐♥❣ ❜❡❤❛✈✐♦. ♦❢ #❤❡ ♣.✐✈❛#❡ (❡❝#♦. ✇❤❡♥ ❢♦.♠✐♥❣

❡①♣❡❝#❛#✐♦♥(✳

✷✳✶ ❆❣❣%❡❣❛(❡ ❞❡♠❛♥❞ ❛♥❞ ,✉♣♣❧②

❚❤❡ ◆❡✇ ❑❡②♥❡(✐❛♥ ?❤✐❧❧✐♣( ❝✉.✈❡ ✐( ♠♦❞✐✜❡❞ ❜② ✐♥#.♦❞✉❝✐♥❣ ❛ ♠✐((♣❡❝✐✜❝❛#✐♦♥ ht✿

πt = βE∗

t πt+1 + κxt + et + ht, ✭✶✮

✇❤❡.❡ 0 < β < 1 (#❛♥❞( ❢♦. #❤❡ ❞✐(❝♦✉♥# ❢❛❝#♦.✱ xt #❤❡ ♦✉#♣✉# ❣❛♣ ❛♥❞ πt ✐♥✢❛#✐♦♥❀ κ

✐( ❛ ❝♦♠♣♦(✐#❡ ♣❛.❛♠❡#❡.✱ ✐✳❡✳✱ κ ≡ (1−ϑ)(1−ϑβ)
ϑ

(1 + ϕ)✱ ✇✐#❤ ϕ .❡♣.❡(❡♥#✐♥❣ #❤❡ ✐♥✈❡.(❡ ♦❢

#❤❡ (#❡❛❞②✲(#❛#❡ ❡❧❛(#✐❝✐#② ♦❢ ❧❛❜♦. (✉♣♣❧② ❛♥❞ ϑ #❤❡ (❤❛.❡ ♦❢ ✜.♠( #❤❛# ❞♦ ♥♦# ♦♣#✐♠❛❧❧②

❛❞❥✉(# ❜✉# (✐♠♣❧② ✉♣❞❛#❡ ✐♥ ♣❡.✐♦❞ t #❤❡✐. ♣.❡✈✐♦✉( ♣.✐❝❡ ❜② #❤❡ (#❡❛❞②✲(#❛#❡ ✐♥✢❛#✐♦♥ .❛#❡✳

❚❤❡ ❝♦♠♣♦(✐#❡ ♣❛.❛♠❡#❡. κ ✐( #❤❡ ♦✉#♣✉#✲❣❛♣ ❡❧❛(#✐❝✐#② ♦❢ ✐♥✢❛#✐♦♥ ❛♥❞ ❝❛♣#✉.❡( #❤❡ ❡✛❡❝#(

♦❢ #❤❡ ♦✉#♣✉# ❣❛♣ ♦♥ .❡❛❧ ♠❛.❣✐♥❛❧ ❝♦(#( ❛♥❞ #❤✉( ♦♥ ✐♥✢❛#✐♦♥✳ ❚❤❡ ❡①♣❡❝#❛#✐♦♥ ♦♣❡.❛#♦.

E∗

t .❡♣.❡(❡♥#( ♣.✐✈❛#❡ ❛❣❡♥#(✬ ❡①♣❡❝#❛#✐♦♥( ❝♦♥❞✐#✐♦♥❛❧ ♦♥ ✐♥❢♦.♠❛#✐♦♥ (❡# ❛✈❛✐❧❛❜❧❡ ❛# #✐♠❡

t✱ ✇✐#❤ #❤❡ ❛(#❡.✐(❦ .❡✢❡❝#✐♥❣ #❤❡ ❢❛❝# #❤❛# #❤❡(❡ ❛❣❡♥#( ♠❛② ❢♦.♠ ❘❊ ♦. ♥♦#✳ ❚❤❡ ♥♦✐(❡

et ∼ N(0, σ2
e) ✐( ❛♥ ✐✐❞ ❝♦(#✲♣✉(❤ (❤♦❝❦✳ ❚❤❡ ✐♥✢❛#✐♦♥ ♠✐((♣❡❝✐✜❝❛#✐♦♥✱ ht✱ ✐( ❝♦♥#.♦❧❧❡❞

❜② ❛ ✜❝#✐#✐♦✉( ✏♠❛❧❡✈♦❧❡♥# ❛❣❡♥#✑ ✐♥ #❤❡ (❡♥(❡ ♦❢ ❍❛♥(❡♥ ❛♥❞ ❙❛.❣❡♥# ✭✷✵✵✼✮✱ (②♠❜♦❧✐③✐♥❣

#❤❡ ♣♦❧✐❝② ♠❛❦❡.✬( ✇♦.(# ❢❡❛.( ❛❜♦✉# (♣❡❝✐✜❝❛#✐♦♥ ❡..♦.(✳ ❚❤❡ ♠❛❧❡✈♦❧❡♥# ❛❣❡♥#✬( ❜✉❞❣❡#

❝♦♥(#.❛✐♥# ✐(✿

Et

+∞
∑

i=0

βih2
t+j ≤ χ2

t , ✭✷✮

✇❤❡.❡ χ2
t .❡♣.❡(❡♥#( #❤❡ ❜✉❞❣❡# ❛❧❧♦❝❛#❡❞ ❜② #❤❡ ❈❇ #♦ #❤❡ ♠❛❧❡✈♦❧❡♥# ❛❣❡♥# #♦ ❝.❡❛#❡ ♠✐(✲

(♣❡❝✐✜❝❛#✐♦♥(✳

✹

■❢ ✇❡ ❤❛❞ ❛''✉♠❡❞ *❤❛* *❤❡ ♠❛❧❡✈♦❧❡♥* ❛❣❡♥* ✐' ❤❡1❡ *❤❡ ❙*❛❝❦❡❧❜❡1❣ ❧❡❛❞❡1✱ *❤❡ ❛♣♣1♦❛❝❤ ✐♥ *❡1♠' ♦❢

♠♦❞❡❧ ♠✐''♣❡❝✐✜❝❛*✐♦♥' ✇♦✉❧❞ ❧♦'❡ ✐*' ✐♥*❡1❡'* '✐♥❝❡ *❤❡ ❈❇ ❝♦✉❧❞ ❛❞❥✉'* ✐*' ♣♦❧✐❝② ❛❝❝♦1❞✐♥❣ *♦ *❤❡ '❝❡♥❛1✐♦

❞❡'✐❣♥❡❞ ❜② *❤❡ ♥❛*✉1❡✴♠❛❧❡✈♦❧❡♥* ❛❣❡♥* ✭❍❛♥'❡♥ ❛♥❞ ❙❛1❣❡♥*✱ ✷✵✵✸✮✳

✹



❚❤❡ ◆❡✇ ❑❡②♥❡(✐❛♥ ■❙ ❡-✉❛/✐♦♥ ✐( ❣✐✈❡♥ ❜②

xt = E∗

t xt+1 − σ−1(rt − E∗

t πt+1), ✭✸✮

✇❤❡7❡ rt ✐( /❤❡ ♥♦♠✐♥❛❧ (❤♦7/✲/❡7♠ ✐♥/❡7❡(/ 7❛/❡ ❛♥❞ σ /❤❡ 7✐(❦ ❛✈❡7(✐♦♥ ♦❢ ❤♦✉(❡❤♦❧❞(✳ ❚♦

(✐♠♣❧✐❢② /❤❡ ❛♥❛❧②(✐(✱ ✇❡ ❛((✉♠❡ /❤❡7❡ ✐( ♥♦ ❞❡♠❛♥❞ (❤♦❝❦ ❛♥❞ ♠✐((♣❡❝✐✜❝❛/✐♦♥ ✐♥ /❤❡ ■❙

❡-✉❛/✐♦♥ (✐♥❝❡ /❤❡ ❈❇ ❝❛♥ ♥❡✉/7❛❧✐③❡ (❤♦❝❦( ❛✛❡❝/✐♥❣ /❤❡ ❛❣❣7❡❣❛/❡ ❞❡♠❛♥❞ ❜② ♦♣/✐♠❛❧❧②

(❡//✐♥❣ /❤❡ ✐♥/❡7❡(/ 7❛/❡✳

✷✳✷ ▼♦♥❡&❛(② ♣♦❧✐❝② ♦❜❥❡❝&✐✈❡1

❚❤❡ ❈❇ ✐( ❛((✉♠❡❞ /♦ ❤❛✈❡ /❤❡ (❛♠❡ ♣7❡❢❡7❡♥❝❡( ❢♦7 ✐♥✢❛/✐♦♥ ❛♥❞ ♦✉/♣✉/✲❣❛♣ (/❛❜✐❧✐③❛/✐♦♥

❛( /❤❡ (♦❝✐❡/②✱ ✇❤♦(❡ ❡①♣❡❝/❡❞ (♦❝✐❛❧ ❧♦(( ❢✉♥❝/✐♦♥ ✐( ❣✐✈❡♥ ❜②✿

Ls
t =

1

2
Et

+∞
∑

i=0

βi
(

π2
t+i + αx2

t+i

)

, ✭✹✮

✇❤❡7❡ α > 0 ❞❡♥♦/❡( /❤❡ 7❡❧❛/✐✈❡ ✇❡✐❣❤/ ❛((✐❣♥❡❞ /♦ /❤❡ ♦❜❥❡❝/✐✈❡ ♦❢ ♦✉/♣✉/✲❣❛♣ (/❛❜✐❧✐③❛/✐♦♥✳

❚♦ (✐♠♣❧✐❢②✱ ✇❡ ❛((✉♠❡ /❤❛/ ✐♥✢❛/✐♦♥ /❛7❣❡/ ✐( ❡-✉❛❧ /♦ ③❡7♦✳ ❚❤❡ ♦✈❡7❧② ❛♠❜✐/✐♦✉( ♦✉/♣✉/

/❛7❣❡/✱ ✇❤✐❝❤ ✐( ❝♦♠♠♦♥ ✐♥ /❤❡ ❇❛77♦✲●♦7❞♦♥ ❢7❛♠❡✇♦7❦✱ ✐( ❛❜(❡♥/ ✐♥ ✭✹✮✱ ✐✳❡✳✱ ♦✉/♣✉/✲❣❛♣

/❛7❣❡/ ✐( ❛❧(♦ ❡-✉❛❧ /♦ ③❡7♦✳ ❚❤✉(✱ ❞✐(❝7❡/✐♦♥❛7② ♠♦♥❡/❛7② ♣♦❧✐❝② (❡/ /♦ ♠✐♥✐♠✐③❡ (♦❝✐❛❧ ❧♦((

✭✹✮ ✇♦✉❧❞ ❛✈♦✐❞ ❛♥ ❛✈❡7❛❣❡ ✐♥✢❛/✐♦♥ ❜✐❛(✳

❯♥❞❡7 ❞✐(❝7❡/✐♦♥✱ /❤❡ ❈❇ ❞❡(✐❣♥( ❛ 7♦❜✉(/ ♠♦♥❡/❛7② ♣♦❧✐❝② /❤❛/ /❛❦❡( ❛❝❝♦✉♥/ ♥♦/ ♦♥❧② ♦❢

(❤♦❝❦( ❛✛❡❝/✐♥❣ /❤❡ ❡❝♦♥♦♠② ❜✉/ ❛❧(♦ ♦❢ ♠♦❞❡❧ ♠✐((♣❡❝✐✜❝❛/✐♦♥( 7❡✢❡❝/✐♥❣ /❤❡ ✇♦7(/ ♣♦((✐❜❧❡

♠♦❞❡❧ ✇✐/❤✐♥ ❛ ❣✐✈❡♥ (❡/ ♦❢ ♣❧❛✉(✐❜❧❡ ♦♥❡(✳

✺

✺

■!!✉❡! ♦❢ ❧❡❛(♥✐♥❣ ✇❤❡♥ ♠♦♥❡/❛(② ♣♦❧✐❝② ✐! ✉♥❞❡( ❝♦♠♠✐/♠❡♥/ ❤❛✈❡ ❜❡❡♥ !/✉❞✐❡❞ ❜② ❊✈❛♥! ❛♥❞ ❍♦♥❦❛♣♦✲

❤❥❛ ✭✷✵✵✻✮ !❤♦✇✐♥❣ /❤❛/ ❜♦/❤ ❘❊ ❝♦♠♠✐/♠❡♥/ ❡A✉✐❧✐❜(✐✉♠ ✭❘❊❈❊✮ ❛♥❞ ❘❊ ❞✐!❝(❡/✐♦♥❛(② ❡A✉✐❧✐❜(✐✉♠

✭❘❊❉❊✮ ❛(❡ ❛//❛✐♥❛❜❧❡✱ ❛♥❞ ▼❡❧❡✱ ▼♦❧♥F( ❛♥❞ ❙❛♥/♦(♦ ✭✷✵✶✹✮ ✜♥❞✐♥❣ /❤❛/ /❤❡ ♦♣/✐♠❛❧ ♠♦♥❡/❛(② ♣♦❧✐❝②

❞(✐✈❡! /❤❡ ❡❝♦♥♦♠② ❢❛( ❢(♦♠ /❤❡ ❘❊❈❊ ❜✉/ /♦ /❤❡ ❘❊❉❊✳

✺



❚❤❡ ♦♣%✐♠❛❧ *♦❜✉-% ♠♦♥❡%❛*② ♣♦❧✐❝② ✐- ♦❜%❛✐♥❡❞ ❜② -♦❧✈✐♥❣ %❤❡ ♠✐♥✲♠❛① ♣*♦❜❧❡♠✿

min
rt

max
ht

LCB
t =

1

2
Et

+∞
∑

i=0

βi(π2
t+i + αx2

t+i − θh2
t+i), ✭✺✮

-✉❜❥❡❝% %♦ %❤❡ ♠✐--♣❡❝✐✜❡❞ <❤✐❧❧✐♣- ❝✉*✈❡ ✭✶✮ ❛♥❞ ♠❛❧❡✈♦❧❡♥% ❛❣❡♥%✬- ❜✉❞❣❡% ❝♦♥-%*❛✐♥% ✭✷✮✳

❚❤❡ ♣❡♥❛❧%② ♣❛*❛♠❡%❡* θ ❝♦♥%*♦❧- %❤❡ ♣*❡❢❡*❡♥❝❡ ❢♦* *♦❜✉-%♥❡--✳ ❚❤❡ ♠✐--♣❡❝✐✜❝❛%✐♦♥ ❡**♦*-

ht ❛*❡ ✐♥✈❡*-❡❧② ♣*♦♣♦*%✐♦♥❛❧ %♦ θ✳ ❚❤❡ ❛❜-❡♥❝❡ ♦❢ ❝♦♥❝❡*♥ ❢♦* *♦❜✉-%♥❡-- ❝♦**❡-♣♦♥❞- %♦ %❤❡

❝❛-❡ ✇❤❡*❡ θ → ∞✱ ✐♠♣❧②✐♥❣ %❤❛% ht → 0✳ ■♥ %❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛--✉♠❡ ❢♦* -✐♠♣❧✐❝✐%② %❤❛%

%❤❡ ♠❛❧❡✈♦❧❡♥% ❛❣❡♥%✬- ❜✉❞❣❡% ❝♦♥-%*❛✐♥% ✭✷✮ ✐- ♥♦% ❜✐♥❞✐♥❣✳

✷✳✸ ▲❡❛&♥✐♥❣ &✉❧❡, ♦❢ ♣&✐✈❛1❡ ❛❣❡♥1,

❲❤✐❧❡ %❤❡ ❈❇ ✐- ❢❛❝✐♥❣ ✉♥❝❡*%❛✐♥%②✱ ♣*✐✈❛%❡ ❛❣❡♥%- ❛❧-♦ ✜♥❞ ✐% ❤❛*❞ %♦ ❦♥♦✇ %❤❡ ❛❝%✉❛❧ ❧❛✇

♦❢ ♠♦%✐♦♥ ✭❆▲▼✮ ❢♦* ✐♥✢❛%✐♦♥ ❛♥❞ %❤❡ ♦✉%♣✉% ❣❛♣ -✉❝❤ %❤❛% %❤❡② ❧❡❛*♥ %❤❡ ❧❛%%❡*✬- ❡✈♦❧✉%✐♦♥

✉-✐♥❣ ❛♥ ❛❧❣♦*✐%❤♠✳

✻

❚❤✉-✱ %❤❡② *❡❝✉*-✐✈❡❧② ❡-%✐♠❛%❡ ❛ <❡*❝❡✐✈❡❞ ▲❛✇ ♦❢ ▼♦%✐♦♥ ✭<▲▼✮✱ ✐✳❡✳✱

❛ -%❡❛❞②✲-%❛%❡ ♥♦✐-❡ ✐♥ %❤❡ %❡*♠✐♥♦❧♦❣② ♦❢ ❊✈❛♥- ❛♥❞ ❍♦♥❦❛♣♦❤❥❛ ✭✷✵✵✶✮✱ ✇❤✐❝❤ ✐- ❝♦♥-✐-%❡♥%

✇✐%❤ %❤❡ ❧❛✇ ♦❢ ♠♦%✐♦♥ %❤❛% %❤❡ ❈❇ ✇♦✉❧❞ ❢♦❧❧♦✇ ✉♥❞❡* ❘❊✳ ■♥❞❡❡❞✱ ♣*✐✈❛%❡ ❛❣❡♥%- ❜❡❧✐❡✈❡

%❤❛% %❤❡ -%❡❛❞②✲-%❛%❡ ❧❡✈❡❧- ♦❢ ✐♥✢❛%✐♦♥ ❛♥❞ %❤❡ ♦✉%♣✉% ❣❛♣ ♦♥❧② ❞❡♣❡♥❞ ♦♥ ✐✐❞ ❝♦-%✲♣✉-❤

-❤♦❝❦- ❛♥❞ ❤❡♥❝❡ ♣❡*❝❡✐✈❡ %❤❡✐* ❡①♣❡❝%❡❞ ❧❡✈❡❧- ❛- ❝♦♥-%❛♥%✱ ❦♥♦✇✐♥❣ %❤❛% %❤❡ ❝♦♥❞✐%✐♦♥❛❧

❛♥❞ ✉♥❝♦♥❞✐%✐♦♥❛❧ ❡①♣❡❝%❛%✐♦♥- ♦❢ %❤❡-❡ ✈❛*✐❛❜❧❡- ❛*❡ ✐❞❡♥%✐❝❛❧✳ ❚❤✐- ❥✉-%✐✜❡- %❤❛% ♣*✐✈❛%❡

❛❣❡♥%- ❡-%✐♠❛%❡ %❤❡-❡ ✈❛*✐❛❜❧❡- ✈✐❛ -❛♠♣❧❡ ♠❡❛♥-✳

<*✐✈❛%❡ ❛❣❡♥%- ❢♦*♠ %❤❡✐* ❡①♣❡❝%❛%✐♦♥- ✉-✐♥❣ %❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡❛*♥✐♥❣ ❛❧❣♦*✐%❤♠- ✭▼❛*❝❡%

❛♥❞ ◆✐❝♦❧✐♥✐ ✷✵✵✸✮✿

Etπt+1 ≡ at = at−1 + γt(πt−1 − at−1), ✭✻✮

Etxt+1 ≡ bt = bt−1 + γt(xt−1 − bt−1), ✭✼✮

✻

❚❤❡ ♠♦❞❡&♥ ❧✐*❡&❛*✉&❡ ♦♥ ❧❡❛&♥✐♥❣ ❛❧❣♦&✐*❤♠. ✇❛. ♣✐♦♥❡❡&❡❞ ❜② ▼❛&❝❡* ❛♥❞ ❙❛&❣❡♥* ✭✶✾✽✾✮ ✇❤♦ .*✉❞✐❡❞

*❤❡✐& ❝♦♥✈❡&❣❡♥❝❡ ✉.✐♥❣ .*♦❝❤❛.*✐❝ ❛♣♣&♦①✐♠❛*✐♦♥ *❡❝❤♥✐=✉❡.✳ ❋♦& ❛ .✉&✈❡② ♦❢ *❤❡ ❧✐*❡&❛*✉&❡✱ .❡❡ ❊✈❛♥. ❛♥❞

❍♦♥❦❛♣♦❤❥❛ ✭✷✵✵✶✮✳

✻



✇❤❡#❡ 0 ≤ γt ≤ 1 #❡♣#❡%❡♥'% ❛ ❞❡'❡#♠✐♥✐%'✐❝ %❡-✉❡♥❝❡ ♦❢ ❧❡❛#♥✐♥❣ ❣❛✐♥% '❤❛' ❞❡✜♥❡% '❤❡

%♣❡❡❞ ♦❢ ✐♥'❡❣#❛'✐♦♥ ♦❢ ♥❡✇ ❞❛'❛ ✐♥'♦ ❡①♣❡❝'❛'✐♦♥% ✇✐'❤ ❡①♦❣❡♥♦✉%❧② ❣✐✈❡♥ a0 ❛♥❞ b0✳ ■❢

γt → 0✱ '❤❡ ♣♦❧✐❝②♠❛❦❡#% ❝❛♥♥♦' ♠❛♥✐♣✉❧❛'❡ ❢✉'✉#❡ ❡①♣❡❝'❛'✐♦♥% ❜② ❝❤❛♥❣✐♥❣ '❤❡ ❝✉##❡♥'

♣♦❧✐❝②✳ ❚❤❡ ✉♥❞❡#❧②✐♥❣ ❧❡❛#♥✐♥❣ ♠❡❝❤❛♥✐%♠ ♠❡❛♥% '❤❛' ✐♥✢❛'✐♦♥ ✭♦✉'♣✉'✲❣❛♣✮ ❡①♣❡❝'❛'✐♦♥%

❛#❡ ✐♥❝#❡❛%✐♥❣ ✇✐'❤ ❧❛%' ♣❡#✐♦❞ ✐♥✢❛'✐♦♥ ✭♦✉'♣✉' ❣❛♣✮✳

✼

❚♦ ❡♥%✉#❡ '❤❡ ❛♥❛❧②'✐❝❛❧ '#❛❝'❛❜✐❧✐'②

♦❢ '❤❡ ♠♦❞❡❧✱ ✇❡ ❝❤♦♦%❡ '♦ ❛❞♦♣' ❝♦♥%'❛♥'✲❣❛✐♥ ❧❡❛#♥✐♥❣✱ ✐✳❡✳✱ γt+1 = γt = γ✳ ▼♦#❡♦✈❡#✱

'❤❡ ❧❛''❡# ❜❡''❡# ✜'% '✐♠❡✲✈❛#②✐♥❣ ❡♥✈✐#♦♥♠❡♥'%✳ ❆% ❡①'❡♥%✐✈❡❧② ❞✐%❝✉%%❡❞ ✐♥ '❤❡ ❧❡❛#♥✐♥❣

❧✐'❡#❛'✉#❡ ✭❊✈❛♥% ❛♥❞ ❍♦♥❦❛♣♦❤❥❛ ✷✵✵✾✮✱ ♣#✐✈❛'❡ ❛❣❡♥'% ✇♦✉❧❞ ❜❡ ♠♦#❡ ✐♥❝❧✐♥❡❞ '♦ ✉%❡ ❛

❝♦♥%'❛♥'✲❣❛✐♥ ❧❡❛#♥✐♥❣ ❛❧❣♦#✐'❤♠ ✐❢ '❤❡② ❜❡❧✐❡✈❡ ✐♥ ♣♦%%✐❜❧❡ %'#✉❝'✉#❛❧ ❝❤❛♥❣❡% '♦ ❤❛♣♣❡♥ ✐♥

'❤❡ ♥❡❛# ❢✉'✉#❡✳

✽

✸ ❚❤❡ ❡$✉✐❧✐❜)✐✉♠ ✉♥❞❡) ♠♦♥❡.❛)② ♣♦❧✐❝② ❞✐3❝)❡.✐♦♥

▲❡❛#♥✐♥❣ ❣✐✈❡% ✉% ❛♥ ❛''#❛❝'✐✈❡ ❛❧'❡#♥❛'✐✈❡ ✇❛② ♦❢ ❝♦♥❝❡✐✈✐♥❣ ❤♦✇ ♣#✐✈❛'❡ ❛❣❡♥'% ✐♥'❡#❛❝'

✇✐'❤ ♠♦♥❡'❛#② ❛✉'❤♦#✐'② ❝♦♠♣❛#❡❞ '♦ '❤❡ ❘❊ ❤②♣♦'❤❡%✐%✳ ■' ❝♦♥%✐❞❡#❛❜❧② ❛✛❡❝'% '❤❡ ❈❇✬%

'#❛❞❡✲♦✛ ❜❡'✇❡❡♥ ✐♥✢❛'✐♦♥ ❛♥❞ '❤❡ ♦✉'♣✉' ❣❛♣ ❜② ❣✐✈✐♥❣ #✐%❡ '♦ ❛♥ ✐♥❝❡♥'✐✈❡ ❢♦# '❤❡ ❈❇ '♦

❞❡❝#❡❛%❡ '❤❡ ✈♦❧❛'✐❧✐'② ♦❢ ❝✉##❡♥' ✐♥✢❛'✐♦♥ ❛% ✇❡❧❧ ❛% ❛ ❣#❡❛'❡# #♦♦♠ ♦❢ ♠❛♥❡✉✈❡# '♦ ❛❝❤✐❡✈❡

'❤✐%✳

✸✳✶ ❘❛%✐♦♥❛❧ ❡①♣❡❝%❛%✐♦♥. ❡/✉✐❧✐❜2✐✉♠

❲❡ ✉%❡ '❤❡ ❘❊ ❡-✉✐❧✐❜#✐✉♠ ✭❘❊❊✮ %♦❧✉'✐♦♥ ❛% ❛ ❜❡♥❝❤♠❛#❦ '♦ ✐❧❧✉%'#❛'❡ ❤♦✇ '❤❡ ❡-✉✐❧✐❜#✐✉♠

✐% ♠♦❞✐✜❡❞ ❜② ❛♥ ♦♣'✐♠❛❧ ♠♦♥❡'❛#② ♣♦❧✐❝② ❞❡%✐❣♥❡❞ ✇✐'❤ ♣#✐✈❛'❡ ❛❣❡♥'%✬ ❜❡❧✐❡❢% ❜❡✐♥❣ '❛❦❡♥

✐♥'♦ ❛❝❝♦✉♥'✳ ❚❤❡ ❈❇ %♦❧✈❡% ✐'% ♠✐♥✲♠❛① ♣#♦❜❧❡♠ ✭✺✮ %✉❜❥❡❝' '♦ ✭✶✮✳ ❚❤✐% ❧❡❛❞% '♦✿

πt = −α

κ
xt. ✭✽✮

✼

❚❤❡ ❧✐♠✐& ♦❢ ❧❡❛*♥✐♥❣ ♣*♦❝❡// ❞❡/❝*✐❜❡❞ ✐♥ ✭✻✮ ❛♥❞ ✭✼✮ ✐/ &❤❛& &❤❡② ❢♦❝✉/❡❞ ♦♥ ♣❛/& ✐♥❢♦*♠❛&✐♦♥ ❛♥❞ &❤❡

❢♦*❡❝❛/& ✇✐&❤ ♦♥❡ ♣❡*✐♦❞ ❛❤❡❛❞✳

✽

■& ✐/ &♦ ♥♦&✐❝❡ &❤❛& ❞❡❝*❡❛/✐♥❣✲❣❛✐♥ ❧❡❛*♥✐♥❣ ✐/ ♦❢&❡♥ &❤❡ ✜*/& ❛♣♣*♦❛❝❤ ❛❞♦♣&❡❞ ❜② ♠♦/& ❡❝♦♥♦♠✐❝ ❛❣❡♥&/

✭❇❡*❛*❞✐ ❛♥❞ ●❛❧✐♠❜❡*&✐✱ ✷✵✶✸✮✳

✼



❚❤❡ #❛%❣❡#✐♥❣ %✉❧❡ ✭✽✮ ✐♥❞✐❝❛#❡0 #❤❛# #❤❡ #%❛❞❡✲♦✛ ❜❡#✇❡❡♥ πt ❛♥❞ xt ✐0 ♥♦# ❛✛❡❝#❡❞ ❜②

♠♦❞❡❧ ♠✐00♣❡❝✐✜❝❛#✐♦♥0✳ ❙♦❧✈✐♥❣ ✭✶✮✲✭✸✮ ❛♥❞ ✭✽✮ ②✐❡❧❞0 #❤❡ ❆❝#✉❛❧ ▲❛✇0 ♦❢ ▼♦#✐♦♥ ✭❆▲▼0✮

❢♦% ✐♥✢❛#✐♦♥ ❛♥❞ #❤❡ ♦✉#♣✉# ❣❛♣✱ ❛♥❞ #❤❡ ✐♥#❡%❡0# %❛#❡ %✉❧❡ #❤❛# ✐♠♣❧❡♠❡♥#0 #❤❡ ♦♣#✐♠❛❧

♠♦♥❡#❛%② ♣♦❧✐❝② ❛0 ❢♦❧❧♦✇0✿

πt =
αθβ

θ(α+ κ2)− α
E∗

t πt+1 +
αθ

θ(α+ κ2)− α
et, ✭✾✮

xt = − κθβ

θ(α+ κ2)− α
E∗

t πt+1 −
κθ

θ(α+ κ2)− α
et, ✭✶✵✮

rt = σE∗

t xt+1 +

(

1 +
σκθβ

θ(α+ κ2)− α

)

E∗

t πt+1 +
σκθ

θ(α+ κ2)− α
et. ✭✶✶✮

❚❤❡ ❆▲▼0 ✭✾✮✲✭✶✶✮ ❝♦%%❡0♣♦♥❞ #♦ #❤❡ ♠♦♥❡#❛%② ♣♦❧✐❝② 0❡# ❜② ❛ ♣♦❧✐❝②♠❛❦❡% ✇❤♦ ❞♦❡0 ♥♦#

#❛❦❡ ✐♥#♦ ❛❝❝♦✉♥# ❤♦✇ ♦#❤❡% ❡❝♦♥♦♠✐❝ ❛❣❡♥#0 %❡✈✐0❡ #❤❡✐% ❜❡❧✐❡❢0✳ ❚♦ ❡♥0✉%❡ #❤❛# πt ✐♥❝%❡❛0❡0

✇✐#❤ E∗

t πt+1 ❛♥❞ et✱ #❤❡ ❈❇ ♠✉0# ❧✐♠✐# ✐#0 ♣%❡❢❡%❡♥❝❡ ❢♦% %♦❜✉0#♥❡00 0♦ #❤❛# θ(α+κ2)−α > 0✱

✐✳❡✳✱ θ > α
α+κ2 ✳ ❚❤❡ 0②0#❡♠ ❝♦♠♣♦0❡❞ ♦❢ ✭✶✮✱ ✭✸✮ ❛♥❞ ✭✽✮ ❤❛0 ❛ ✉♥✐I✉❡ ♥♦♥✲❡①♣❧♦0✐✈❡ ❘❊❊

0♦❧✉#✐♦♥ ✐♥ #❡%♠0 ♦❢ #❤❡ ♦♥❧② 0#❛#❡ ✈❛%✐❛❜❧❡ et✱ ❦♥♦✇♥ ❛0 #❤❡ ✏♠✐♥✐♠❛❧ 0#❛#❡ ✈❛%✐❛❜❧❡✑ 0♦❧✉#✐♦♥

✭▼❝❈❛❧❧✉♠✱ ✶✾✽✸✮✳ ❚❤✉0✱ ✉♥❞❡% ❘❊✱ #❤❡ 0♦❧✉#✐♦♥ ♦❢ πt #❛❦❡0 #❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦%♠✿ πt = ζet. ❚❤❡

❢♦%♠❛#✐♦♥ ♦❢ ❘❊ ❝♦♥❞✐#✐♦♥❛❧ ♦♥ #❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦%♠❛#✐♦♥ ❛# t ❧❡❛❞0 #♦ E∗

t πt+1 = Etπt+1 =

ζEtet+1 = 0✳ ❙✉❜0#✐#✉#✐♥❣ Etπt+1 = 0 ✐♥#♦ ✭✾✮✲✭✶✶✮ ❧❡❛❞0 #♦ #❤❡ ❘❊❊ 0♦❧✉#✐♦♥✿

πt =
αθ

θ(α + κ2)− α
et, ✭✶✷✮

xt = − κθ

θ(α + κ2)− α
et, ✭✶✸✮

rt =
σκθ

θ(α + κ2)− α
et. ✭✶✹✮

■# ✐0 0#%❛✐❣❤#❢♦%✇❛%❞ #♦ 0❡❡ ❢%♦♠ ✭✾✮✲✭✶✶✮ #❤❛# ❛ ❞❡❝%❡❛0❡ ✐♥ θ ✭✐✳❡✳✱ ❛ ❣%❡❛#❡% ♣%❡❢❡%❡♥❝❡ ❢♦%

%♦❜✉0#♥❡00✮ ✐♠♣❧✐❡0 ❛ ♠♦%❡ ❛❣❣%❡00✐✈❡ %❡0♣♦♥0❡ ♦❢ #❤❡ ❈❇ #♦ ❝♦0#✲♣✉0❤ 0❤♦❝❦0 ♦% ❛ ❝❤❛♥❣❡

✐♥ ✐♥✢❛#✐♦♥ ❡①♣❡❝#❛#✐♦♥0✱ ♠❡❛♥✐♥❣ #❤❛# #❤❡ ❈❇ ❜❡❝♦♠❡0 ♠♦%❡ ❝❛✉#✐♦✉0 ❢♦% ❢❡❛% ♦❢ ♠♦❞❡❧

♠✐00♣❡❝✐✜❝❛#✐♦♥0✳ ❙✉❝❤ ♣♦❧✐❝② %❡0♣♦♥0❡ ♠❛❦❡0 ✐♥✢❛#✐♦♥ ❛♥❞ #❤❡ ♦✉#♣✉#✲❣❛♣ ♠♦%❡ ✈♦❧❛#✐❧❡✳

❲❤❡♥ θ −→ ∞✱ #❤❡ ❈❇✬0 ❝♦♥❝❡%♥ ❢♦% ♠♦❞❡❧ %♦❜✉0#♥❡00 ❞✐0❛♣♣❡❛%0 ❛♥❞ ✇❡ ♦❜#❛✐♥ ❛❣❛✐♥ #❤❡

✽



 ❡"✉❧%" ❝♦  ❡"♣♦♥❞✐♥❣ %♦ %❤❡ "%❛♥❞❛ ❞ ◆❡✇ ❑❡②♥❡"✐❛♥ ♠♦❞❡❧ ✉♥❞❡ %❤❡ ❘❊ ❤②♣♦%❤❡"✐"✳

✸✳✷ ▲❡❛&♥✐♥❣ ❡*✉✐❧✐❜&✐✉♠

▲❡❛ ♥✐♥❣ ❛❧❧♦✇" %❤❡ ❈❇ %♦ ❛❞❞ ❛♥ ✐♥%❡ %❡♠♣♦ ❛❧ % ❛❞❡✲♦✛ ❜❡%✇❡❡♥ ♦♣%✐♠❛❧ ❜❡❤❛✈✐♦ ✐♥ t ❛♥❞

✐♥ ❧❛%❡ ♣❡ ✐♦❞"✱ ❣❡♥❡ ❛%❡❞ ❜② ✐%" ❛❜✐❧✐%② %♦ ♠❛♥✐♣✉❧❛%❡ ❢✉%✉ ❡ ✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥"✳ ❈✉  ❡♥%

♠♦♥❡%❛ ② ♣♦❧✐❝② ❞❡❝✐"✐♦♥"✱ ❣✐✈❡♥ %❤❡✐ ❡✛❡❝%" ♦♥ ❢✉%✉ ❡ ✐♥✢❛%✐♦♥ ❡①♣❡❝%❛%✐♦♥"✱ "❤♦✉❧❞ %❛❦❡

✐♥%♦ ❛❝❝♦✉♥% ❢✉%✉ ❡ ✐♥% ❛%❡♠♣♦ ❛❧ % ❛❞❡✲♦✛" ❜❡%✇❡❡♥ ✐♥✢❛%✐♦♥ ❛♥❞ %❤❡ ♦✉%♣✉% ❣❛♣✳ ❲❡

❛""✉♠❡ ❤❡ ❡ %❤❛% %❤❡ ❈❇ ❡①❛❝%❧② ❦♥♦✇" %❤❡ ❧❡❛ ♥✐♥❣ ❛❧❣♦ ✐%❤♠" ❢♦❧❧♦✇❡❞ ❜② ♣ ✐✈❛%❡ ❛❣❡♥%"

✇❤❡♥ "❡%%✐♥❣ %❤❡ ♠♦♥❡%❛ ② ♣♦❧✐❝②✳

❚❤❡ ❈❇✬" ♣♦❧✐❝② ❞❡❝✐"✐♦♥  ❡"✉❧%" ❢ ♦♠ "♦❧✈✐♥❣ %❤❡ ♠✐♥✲♠❛① ♣ ♦❜❧❡♠ ✭✺✮ "✉❜❥❡❝% %♦ ✭✶✮✲✭✸✮

✐♥ ✇❤✐❝❤ E∗

t xt+i+1 ✐" "✉❜"%✐%✉%❡❞ ❜② bt+i ❛♥❞ E∗

t πt+i+1 ❜② at+i✱ ❛♥❞ %♦ ✭✻✮✲✭✼✮✳ ❚❤❡ ▲❛❣ ❛♥❣✐❛♥

♦❢ %❤❡ ❈❇✬" ♠✐♥✲♠❛① ♣ ♦❜❧❡♠ ✐"✿

min
rt

max
ht

L
CB
t = Et

+∞
∑

i=0

βi{1
2

[

π2
t+i + αx2

t+i − θh2
t+i

]

− λ1,t+i [πt+i − βat+i − κxt+i − ut+i − ht+i]

−λ2,t+i

[

xt+i − bt+i + σ−1(rt+i − at+i)
]

− λ3,t+i [at+i+1 − at+i − γ(πt+i − at+i)]

−λ4,t+i [bt+i+1 − bt+i − γ(xt+i − bt+i)]}. ✭✶✺✮

❉❡ ✐✈✐♥❣ ✭✶✼✮ ✇✐%❤  ❡"♣❡❝% %♦ rt✱ ht✱ πt✱ xt✱ at+1 ❛♥❞ bt+1 ②✐❡❧❞" %❤❡ ✜ "%✲♦ ❞❡ ❝♦♥❞✐%✐♦♥"✿

λ2,t = 0, ✭✶✻✮

−θht + λ1,t = 0, ✭✶✼✮

πt − λ1,t + γλ3,t = 0, ✭✶✽✮

αxt + κλ1,t − λ2,t + γλ4,t = 0, ✭✶✾✮

λ3,t − Et

[

β2λ1,t+1 +
β

σ
λ2,t+1 + βλ3,t+1(1− γ)

]

= 0, ✭✷✵✮

λ4,t − Et [βλ2,t+1 + βλ4,t+1(1− γ)] = 0. ✭✷✶✮

✾



❚❤❡ #❡❝♦♥❞✲♦)❞❡) ❝♦♥❞✐+✐♦♥ ❢♦) +❤❡ ♠❛❧❡✈♦❧❡♥+ ❛❣❡♥+✬# ♠❛①✐♠✐③❛+✐♦♥ ♣)♦❜❧❡♠✱ ✐✳❡✳✱

∂2L CB
t

∂2ht
<

0✱ ✐♠♣❧✐❡# θ > 0✳ ❙✉❜#+✐+✉+✐♥❣ λ2,t = 0 ❣✐✈❡♥ ❜② ✭✶✽✮ ✐♥+♦ ✭✷✸✮ ❧❡❛❞# +♦ λ4,t = β(1−γ)Etλ4t+1✱

♦❢ ✇❤✐❝❤ +❤❡ ♦♥❧② ❜♦✉♥❞❡❞ ❢♦)✇❛)❞✲❧♦♦❦✐♥❣ #♦❧✉+✐♦♥ ✐# λ4,t = λ4,t+1 = 0✳ ❯#✐♥❣ +❤❡#❡ )❡#✉❧+#

✐♥+♦ ✭✷✶✮ ②✐❡❧❞# λ1,t = −α
κ
xt ❛♥❞ λ1,t+1 = −α

κ
xt+1✳ ❙✉❜#+✐+✉+✐♥❣ λ1,t = −α

κ
xt ✐♥+♦ ✭✷✵✮✱ ✇❡

❣❡+✿

πt +
α

κ
xt + γλ3,t = 0. ✭✷✷✮

❲❤❡♥ +❤❡ ❡①♣❡❝+❛+✐♦♥# ❛)❡ ❡①♦❣❡♥♦✉# ❛♥❞ ❝♦♥#+❛♥+✱ ✐✳❡✳✱ γ = 0✱ +❤❡ ❛❜♦✈❡ )✉❧❡ ✐# ✐❞❡♥+✐❝❛❧ +♦

+❤❡ ♦♥❡ ❣✐✈❡♥ ❜② ✭✽✮✱ ✇❤✐❝❤ ✐# +❤❡ +❛)❣❡+✐♥❣ )✉❧❡ ✉♥❞❡) ❘❊✳ ❚❤❡ )✉❧❡ ✭✷✹✮ #❤♦✇# +❤❛+ ♦♥❧② +❤❡

▲❛❣)❛♥❣❡ ♠✉❧+✐♣❧✐❡) ❛##♦❝✐❛+❡❞ ✇✐+❤ +❤❡ ❡✈♦❧✉+✐♦♥ ♦❢ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥#✱ ✐✳❡✳✱ λ3,t✱ ♣❧❛②# ❛

)♦❧❡ ✐♥ +❤❡ #❡++✐♥❣ ♦❢ ♦♣+✐♠❛❧ ♠♦♥❡+❛)② ♣♦❧✐❝②✳ ■+ ❢♦❧❧♦✇# ❢)♦♠ ✭✷✹✮ +❤❛+

λ3,t = −1

γ
(πt +

α

κ
xt). ✭✷✸✮

❚❤❡ ▲❛❣)❛♥❣❡ ♠✉❧+✐♣❧✐❡) λ3,t ❤❡)❡ )❡♣)❡#❡♥+# +❤❡ ♠❛)❣✐♥❛❧ ❡✛❡❝+ ♦❢ ❛♥ ✐♥❝)❡❛#❡ ✐♥ ✐♥✢❛+✐♦♥

❡①♣❡❝+❛+✐♦♥# ♦♥ ✇❡❧❢❛)❡ ❧♦## ❛+ +✐♠❡ t + 1✳ ❚❤❡ ❧❡❛)♥✐♥❣ ❤②♣♦+❤❡#✐# ♠❡❛♥# +❤❛+ γ > 0✱ ❛♥❞

❤❡♥❝❡ +❤❡ #✐❣♥ ♦❢ λ3,t ❞❡♣❡♥❞# ♦♥ ✇❤❡+❤❡) ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥# ❢♦)♠❡❞ ✐♥ +❤❡ ❝✉))❡♥+ ♣❡)✐♦❞

at ❛)❡ ♣♦#✐+✐✈❡ ♦) ♥♦+✳ ■♥❞❡❡❞✱ #✐♥❝❡ ✐♥✢❛+✐♦♥ +❛)❣❡+ ✐# #❡+ +♦ ③❡)♦✱ at ❝♦✉❧❞ ❜❡ ❡✐+❤❡) ♣♦#✐+✐✈❡

♦) ♥❡❣❛+✐✈❡ ❞❡♣❡♥❞✐♥❣ ♦♥ +❤❡ ♥❛+✉)❡ ♦❢ ♣❛#+ #❤♦❝❦#✳ ■❢ at ✐# ♣♦#✐+✐✈❡ ✭♥❡❣❛+✐✈❡✮✱ ❛♥ ✐♥❝)❡❛#❡

✐♥ at ❞)✐✈❡# ❢✉+✉)❡ ✐♥✢❛+✐♦♥ ❡①♣❡❝+❛+✐♦♥# ❢✉)+❤❡) ❛✇❛② ❢)♦♠ ✭❝❧♦#❡) +♦✮ +❤❡ +❛)❣❡+ ❛♥❞ ❤❡♥❝❡

)❡❞✉❝❡# ✭✐♥❝)❡❛#❡#✮ +❤❡ #♦❝✐❛❧ ✇❡❧❢❛)❡✱ ✐♠♣❧②✐♥❣ +❤❛+ λ3,t ✐# ♣♦#✐+✐✈❡ ✭♥❡❣❛+✐✈❡✮✳

❈♦♠❜✐♥✐♥❣ ❡P✉❛+✐♦♥# ✭✶✾✮ ❛♥❞ ✭✷✶✮ ❧❡❛❞# +♦

xt = −κθ

α
ht. ✭✷✹✮

❙✉❜#+✐+✉+✐♥❣ ht ❜② ✐+# ✈❛❧✉❡ ❣✐✈❡♥ ❜② ✭✷✻✮ ✐♥+♦ ✭✶✮ ②✐❡❧❞# ❛ ♠♦❞✐✜❡❞ T❤✐❧❧✐♣# ❝✉)✈❡✿

πt = βE∗

t πt+1 + (κ− α

κθ
)xt + et, ✭✷✺✮

✶✵
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♦❢ $❤❡ ❈❇ ❢♦# #♦❜✉%$♥❡%% ✭✐✳❡✳✱ ❛ ❞❡❝#❡❛%❡ ✐♥ θ✮✳

✹ ❘♦❜✉%&♥❡%% ❛♥❞ &❤❡ ❡✛❡❝&% ♦❢ ❝♦♥%&❛♥&✲❣❛✐♥ ❧❡❛3♥✐♥❣

❚❤❡ ❝♦♠♣❛#✐%♦♥ ♦❢ ❡:✉✐❧✐❜#✐✉♠ ✉♥❞❡# ❧❡❛#♥✐♥❣ ❛♥❞ ✉♥❞❡# $❤❡ ❘❊ ❤②♣♦$❤❡%✐% ✐% ❞♦♥❡ ❡①❤❛✉%✲

$✐✈❡❧② ✐♥ ▼♦❧♥C# ❛♥❞ ❙❛♥$♦#♦ ✭✷✵✶✹✮✱ %♦ ✇❡ ❢♦❝✉% ♦♥ $❤❡ ❞✐✛❡#❡♥❝❡ ✐♥❞✉❝❡❞ ❜② ❝♦♥%$❛♥$✲❣❛✐♥

❧❡❛#♥✐♥❣ ❛♥❞ #♦❜✉%$♥❡%% ❝♦♠♣❛#❡❞ $♦ $❤❡ ❜❡♥❝❤♠❛#❦ ♠♦❞❡❧ ✇✐$❤♦✉$ ♠♦❞❡❧ ✉♥❝❡#$❛✐♥$②✳

✹✳✶ ❊$✉✐❧✐❜)✐✉♠ +♦❧✉-✐♦♥

❚❤❡ ♠♦❞❡❧ ❤❛% ❛ ✉♥✐:✉❡ %♦❧✉$✐♦♥ ❝♦##❡%♣♦♥❞✐♥❣ $♦ $❤❡ ❈❇✬% ♠✐♥✲♠❛① ♣#♦❜❧❡♠ ✉♥❞❡# ❝♦♥%$❛♥$✲

❣❛✐♥ ❧❡❛#♥✐♥❣ ✭❆♣♣❡♥❞✐❝❡% ❆✳✶ ❛♥❞ ❆✳✷✮✳ ❚♦ ❡♥%✉#❡ $❤❛$ ✇❡ ❞♦ ♥♦$ ♦❜$❛✐♥ ❛ ❝♦✉♥$❡#❢❛❝$✉❛❧

%✐❣♥ ❢♦# $❤❡ ❝♦❡✣❝✐❡♥$% ♦❢ $❤❡ ❆▲▼% ✉♥❞❡# ❧❡❛#♥✐♥❣✱ ✇❡ ♠✉%$ ❤❛✈❡ θ > α
κ2 , ✇❤✐❝❤ ✐% ♠♦#❡

#❡%$#✐❝$✐✈❡ $❤❛♥ $❤❡ ♦♥❡ ✐♠♣♦%❡❞ ✉♥❞❡# ❘❊✱ ✐✳❡✳✱ θ > α
α+κ2 ✳

❚❤❡ ❆▲▼ ❢♦# ✐♥✢❛$✐♦♥ ✐%

πt = ccgπ at + dcgπ et. ✭✷✻✮

✇❤❡#❡ ccgπ = −p0+p2(ccgπ )
2

p1
≡ f(ccgπ ), dcgπ = αθ

θ(α+κ2)−α+θαγ2β2(β−c
cg
π )+γβ(1−γ)[θαβ−(θ(α+κ2)−α)ccgπ ]

✱

✇✐$❤ p0 = αβθ {1− β(1− γ) [1− γ(1− β)]} > 0✱ p2 = γβ {(κ2θ − α)(1− γ) + θα [1− γ(1− β)]}✱

p1 = −(κ2θ − α) [1− β(1− γ)]− αθ(1− β) {1− β [1− γ(1− β)])} − p0 − p2✳

❯♥❞❡# $❤❡ ❝♦♥❞✐$✐♦♥ θ > α
κ2 ✱ ✇❡ ❤❛✈❡ p2 > 0 ❛♥❞ p1 < 0✳ ❚❤❡ %♦❧✉$✐♦♥ ❢♦# ccgπ $❤❛$ ❡♥%✉#❡%

❛ ♥♦♥✲❡①♣❧♦%✐✈❡ ❡✈♦❧✉$✐♦♥ ♦❢ πt ❞❡%❝#✐❜❡❞ ❜② $❤❡ ❆▲▼ ❢♦# ✐♥✢❛$✐♦♥ ✭✷✽✮ ✐%✿

ccgπ =
−p1 −

√

p21 − 4p2p0
2p2

, ✭✷✼✮

✇❤❡#❡ 0 < ccgπ < αβθ

θ(α+κ2)−α
✭❆♣♣❡♥❞✐① ❆✳✷✮✳ ❚❤❡ ❧❛%$ ❝♦♥❞✐$✐♦♥ ✐♠♣❧✐❡% ccgπ < β ❛♥❞ dcgπ < 1✳

❲❤❡♥ ❡①♣❡❝$❛$✐♦♥% ❛#❡ ❝♦♥%$❛♥$✱ ✐✳❡✳✱ γ = 0✱ ✇❡ ♦❜$❛✐♥ ccgπ = αβθ

θ(α+κ2)−α
, ❛♥❞ dcgπ = αθ

θ(α+κ2)−α
✳

■♥%❡#$✐♥❣ πt ❣✐✈❡♥ ❜② ✭✷✽✮ ❛♥❞ ht = − α
κθ
xt ✐♥$♦ ✭✶✮✱ ✇❡ ♦❜$❛✐♥ $❤❡ ❆▲▼ ❢♦# $❤❡ ♦✉$♣✉$

✶✶



❣❛♣✿

xt = ccgx at + dcgx et, ✭✷✽✮

✇❤❡+❡ ccgx = − κθ
κ2θ−α

(β − ccgπ ) < 0 ❛♥❞ dcgx = − κθ
κ2θ−α

(1− dcgπ ) < 0✳

❙✉❜23✐3✉3✐♥❣ xt ❣✐✈❡♥ ❜② ✭✸✵✮ ✐♥ ✭✸✮ ②✐❡❧❞2 3❤❡ ❆▲▼ ❢♦+ 3❤❡ ✐♥3❡+❡23 +❛3❡✿

rt = δcgr bt + ccgr at + dcgr et, ✭✷✾✮

✇❤❡+❡ δcgr = σ✱ ccgr = 1+ σκθ
κ2θ−α

(β− ccgπ ) ❛♥❞ dcgr = σκθ
κ2θ−α

(1−dcgπ )✳ ■♥ 3❤❡ ❆▲▼ ❢♦+ 3❤❡ ✐♥3❡+❡23

+❛3❡✱ 3❤❡ ♦✉3♣✉3✲❣❛♣ ❡①♣❡❝3❛3✐♦♥2 ❤❛✈❡ ❝♦♥23❛♥3 ❢❡❡❞❜❛❝❦ ❡✛❡❝32✱ ♥♦ ♠❛33❡+ ❤♦✇ +♦❜✉23 3❤❡

♣♦❧✐❝② ✐2✳

❚❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝32 ♦❢ ✐♥✢❛3✐♦♥ ❡①♣❡❝3❛3✐♦♥2 ❛♥❞ ❝♦23✲♣✉2❤ 2❤♦❝❦2 ♦♥ ✐♥✢❛3✐♦♥✱ 3❤❡ ♦✉3✲

♣✉3 ❣❛♣ ❛♥❞ 3❤❡ ✐♥3❡+❡23 +❛3❡ ❛+❡ ❢✉♥❝3✐♦♥ ♦❢ 3❤❡ ♣+❡❢❡+❡♥❝❡ ❢♦+ +♦❜✉23♥❡22✳ ■3 ✐2 3♦ ♥♦3✐❝❡

3❤❛3 3❤❡ ❆▲▼2 ❢♦+ ✐♥✢❛3✐♦♥ ❛♥❞ 3❤❡ ♦✉3♣✉3 ❣❛♣ ❛+❡ ✐♥❞❡♣❡♥❞❡♥3 ♦❢ ♦✉3♣✉3✲❣❛♣ ❡①♣❡❝3❛3✐♦♥2

✉♥❞❡+ ❜♦3❤ ❧❡❛+♥✐♥❣ ❛♥❞ ❘❊✱ ✇❤✐❧❡ 3❤❡ ✐♥3❡+❡23 +❛3❡ ✉♥❞❡+ ❧❡❛+♥✐♥❣ +❡2♣♦♥❞2 3♦ ♦✉3♣✉3✲❣❛♣

❡①♣❡❝3❛3✐♦♥2 ✇✐3❤ 3❤❡ 2❛♠❡ ❝♦❡✣❝✐❡♥3 ❛2 ✉♥❞❡+ ❘❊✳

◆♦3✐❝❡ 3❤❛3 ❢♦+ γ = 0✱ 3❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥32 ✐♥ 3❤❡ ❆▲▼2 ❛+❡ ✐❞❡♥3✐❝❛❧ 3♦ 3❤♦2❡ ✐♥

✭✾✮✲✭✶✶✮✱ ❤❡♥❝❡ ✐❞❡♥3✐❝❛❧ 3♦ 3❤♦2❡ ✉♥❞❡+ ❘❊✳ ■♥❞❡❡❞✱ ✐♥ 3❤❡ ❛❜2❡♥❝❡ ♦❢ ❧❡❛+♥✐♥❣✱ ✐♥✢❛3✐♦♥ ❛♥❞

♦✉3♣✉3✲❣❛♣ ❡①♣❡❝3❛3✐♦♥2 +❡♠❛✐♥ ❛♥❝❤♦+❡❞ ❛3 3❤❡✐+ 23❡❛❞②✲23❛3❡ ✈❛❧✉❡2 ❛♥❞ 3❤✉2 ❛+❡ ✐❞❡♥3✐❝❛❧

3♦ 3❤♦2❡ ♦❜3❛✐♥❡❞ ✉♥❞❡+ ❘❊ ✭❆♣♣❡♥❞✐① ❆✳✷✮✳

✹✳✷ ❚❤❡ &'❛❜✐❧✐'② ❝♦♥❞✐'✐♦♥

❚❤❡ ❡①✐23❡♥❝❡ ♦❢ ❛ ❝♦♥✈❡+❣✐♥❣ 2♦❧✉3✐♦♥ ❢♦+ ccgπ ❡♥2✉+❡2 3❤❛3 3❤❡+❡ ✐2 ❛ ❝♦♥✈❡+❣✐♥❣ 2♦❧✉3✐♦♥

❢♦+ ♦3❤❡+ ❝♦❡✣❝✐❡♥32 ♦❢ ❆▲▼2✱ 2✉❝❤ ❛2 ccgx ✱ dcgπ ✱ dcgx ✱ ccgr ✱ ❛♥❞ dcgr ✇❤✐❧❡ δcgr ✐2 ✐♥❞❡♣❡♥❞❡♥3

♦❢ ❧❡❛+♥✐♥❣ ❛♥❞ +♦❜✉23 ❝♦♥3+♦❧✳ ❈♦♠♣❛+✐♥❣ 3❤❡ ❡①✐23❡♥❝❡ ❝♦♥❞✐3✐♦♥ ♦❢ ❛ ❝♦♥✈❡+❣✐♥❣ ♣❛3❤ ❢♦+

✐♥✢❛3✐♦♥ ✉♥❞❡+ ❘❊ ❛♥❞ 3❤❡ ♦♥❡ ♦❜3❛✐♥❡❞ ✉♥❞❡+ ❧❡❛+♥✐♥❣ ❧❡❛❞2 3♦ 3❤❡ ❢♦❧❧♦✇✐♥❣ ♣+♦♣♦2✐3✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✶✳ ❆❞❛♣$✐✈❡ ❧❡❛)♥✐♥❣ ✐♠♣♦.❡. ❛ ♠♦)❡ )❡.$)✐❝$✐✈❡ ❝♦♥.$)❛✐♥$ ♦♥ ♠♦♥✲

❡$❛)② ♣♦❧✐❝② )♦❜✉.$♥❡..✳ ❚❤❡ ❈❇ ❝❛♥ ❡♥(✉*❡ +❤❡ ❞②♥❛♠✐❝ (+❛❜✐❧✐+② ♦❢ +❤❡ ❡❝♦♥♦♠② ❜②

✶✷



✐♠♣♦$✐♥❣ ❛ ❤✐❣❤❡* ❧♦✇❡* ❜♦✉♥❞ ♦♥ 0❤❡ ♣❛*❛♠❡0❡* *❡♣*❡$❡♥0✐♥❣ ✐0$ ♣*❡❢❡*❡♥❝❡ ❢♦* *♦❜✉$0♥❡$$✱

✐✳❡✳✱ θ > α
κ2 ✱ ✇❤❡♥ ♣*✐✈❛0❡ ❛❣❡♥0$ ❢♦*♠ ❡①♣❡❝0❛0✐♦♥$ ✉♥❞❡* ❝♦♥$0❛♥0✲❣❛✐♥ ❧❡❛*♥✐♥❣✱ 0❤❛♥ ✉♥❞❡*

*❛0✐♦♥❛❧ ❡①♣❡❝0❛0✐♦♥$✱ ✐✳❡✳✱ θ > α
α(1−β)+κ2 ✳

 !♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✷✳

❆ ❤✐❣❤❡- ❧♦✇❡- ❜♦✉♥❞ ❢♦- θ ✐♠♣❧✐❡5 ❛ 5♠❛❧❧❡- ♣♦55✐❜✐❧✐7② ❢♦- 7❤❡ ❈❇ 7♦ ✐♠♣❧❡♠❡♥7 ❛ -♦❜✉57

♠♦♥❡7❛-② ♣♦❧✐❝② 57-❛7❡❣②✳ ❚♦ 5❤♦✇ 7❤❡ ❞✐✛❡-❡♥❝❡ ❜❡7✇❡❡♥ 7❤❡ 7❤-❡5❤♦❧❞5 ✐♠♣♦5❡❞ ♦♥ 7❤❡

❈❇✬5 ♣-❡❢❡-❡♥❝❡ ❢♦- -♦❜✉57♥❡55 ✉♥❞❡- ❧❡❛-♥✐♥❣ ❛♥❞ ❘❊✱ ✇❡ ✉5❡ ❲♦♦❞❢♦-❞✬5 ✭✶✾✾✾✮ ♣❛-❛♠❡7❡-

✈❛❧✉❡5✱ α = 0.048✱ β = 0.99 ❛♥❞ κ = 0.024✱ ❛♥❞ ✜♥❞ 7❤❛7 ✉♥❞❡- ❛❞❛♣7✐✈❡ ❧❡❛-♥✐♥❣✱ 7❤❡

7❤-❡5❤♦❧❞ ❢♦- θ ❛❜♦✈❡ ✇❤✐❝❤ 7❤❡ ❞②♥❛♠✐❝ 5②57❡♠ ✐5 57❛❜❧❡ ✐5 ✽✸✳✸✸✳ ▼❡❛♥✇❤✐❧❡✱ ❢♦- 7❤❡ 5❛♠❡

♣❛-❛♠❡7❡- ✈❛❧✉❡5✱ 7❤❡ ❝♦--❡5♣♦♥❞✐♥❣ 7❤-❡5❤♦❧❞ ❢♦- θ ✉♥❞❡- ❘❊ ✐5 45.45✳ ❚❤✐5 ✐♥❞✐❝❛7❡5 7❤❛7

7❤❡ ❈❇ ❝❛♥ ✐♥7-♦❞✉❝❡ ♠✉❝❤ ❧❡55 ♠♦❞❡❧ ♠✐55♣❡❝✐✜❝❛7✐♦♥5 ✇❤❡♥ ♣-✐✈❛7❡ ❛❣❡♥75 ❛-❡ ❧❡❛-♥✐♥❣

7❤❛♥ ✉♥❞❡- ❘❊✳ ◆♦7✐❝❡ 7❤❛7 7❤❡ ✈❛❧✉❡ ♦❢ θ ❝♦♠♣❛7✐❜❧❡ ✇✐7❤ 7❤❡ ❞②♥❛♠✐❝ 57❛❜✐❧✐7② ♦❢ 7❤❡

❡L✉✐❧✐❜-✐✉♠ ✐5 5♠❛❧❧❡- 7❤❛♥ 7❤❡ ❧♦✇❡- ❜♦✉♥❞ ♦♥ θ✱ ✐✳❡✳✱ θ > α
κ2 ✱ ✐♠♣♦5❡❞ 7♦ ❡♥5✉-❡ 7❤❛7 7❤❡

5✐❣♥ ♦❢ 7❤❡ ❝♦❡✣❝✐❡♥75 ✐♥ 7❤❡ ❆▲▼5 ✉♥❞❡- ❧❡❛-♥✐♥❣ ✐5 ♥♦7 ❝♦✉♥7❡-❢❛❝7✉❛❧ ✭❆♣♣❡♥❞✐① ❆✳✷✮✳

❈♦♥5❡L✉❡♥7❧②✱ 7❤❡ ❝♦♥❞✐7✐♦♥ ❡♥5✉-✐♥❣ 7❤❡ ❞②♥❛♠✐❝ 57❛❜✐❧✐7② ✐5 θ > α
κ2 ✳ ❚❤✐5 ✐♠♣❧✐❡5 7❤❛7 7❤❡

7❤-❡5❤♦❧❞ ❡♥5✉-✐♥❣ 7❤❡ ❞②♥❛♠✐❝ 57❛❜✐❧✐7② ♦❢ 7❤❡ ❡L✉✐❧✐❜-✐✉♠ ✉♥❞❡- ❧❡❛-♥✐♥❣ ✐5 ✐♥❞❡♣❡♥❞❡♥7 ♦❢

7❤❡ ❧❡❛-♥✐♥❣ ❝♦❡✣❝✐❡♥7✳

✹✳✸ ❚❤❡ ❡✛❡❝() ♦❢ ,♦❜✉)(♥❡)) ♦♥ (❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥() ♦❢ ❆▲▼)

❚♦ 7❤❡ ❞✐✛❡-❡♥❝❡ ♦❢ ▼♦❧♥O- ❛♥❞ ❙❛♥7♦-♦ ✭✷✵✶✹✮✱ 7❤❡ ❡✛❡❝75 ♦❢ ❧❡❛-♥✐♥❣ ✐♥7❡-❛❝7 ✇✐7❤ 7❤❡

❈❇✬5 ♣-❡❢❡-❡♥❝❡ ❢♦- -♦❜✉57♥❡55 ✐♥ 7❤❡ ♣-❡5❡♥7 ♠♦❞❡❧✳ ❲❡ ❡✈❛❧✉❛7❡ ❤❡-❡ ❤♦✇ 7❤❡ ❝♦♥❞✉❝7 ♦❢

♠♦♥❡7❛-② ♣♦❧✐❝② ✐5 ❛✛❡❝7❡❞ ❜② ❧❡❛-♥✐♥❣ ❛♥❞ ♠♦❞❡❧ -♦❜✉57♥❡55✳

❉❡-✐✈✐♥❣ ccgπ ✱ dcgπ ✱ ccgx ✱ dcgx ✱ ccgr ✱ ❛♥❞ dcgr ✇✐7❤ -❡5♣❡❝7 7♦ γ ❛♥❞ ❡①❛♠✐♥✐♥❣ 7❤❡✐- 5✐❣♥ ❧❡❛❞

7♦ 7❤❡ ❢♦❧❧♦✇✐♥❣ ♣-♦♣♦5✐7✐♦♥✳

 !♦♣♦&✐(✐♦♥ ✷✳ ❆❞❛♣$✐✈❡ ❧❡❛)♥✐♥❣ ♠❛❦❡. )♦❜✉.$ ♠♦♥❡$❛)② ♣♦❧✐❝② ❧❡.. ❛❝❝♦♠♠♦❞❛✲

$✐✈❡✳ ❆♥ ✐♥❝*❡❛$❡ ✐♥ 0❤❡ ❧❡❛*♥✐♥❣ ❣❛✐♥ γ *❡❞✉❝❡$ ✭✐♥❝*❡❛$❡$✮ 0❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥0$ ♦❢ ✐♥✲

✢❛0✐♦♥ ❡①♣❡❝0❛0✐♦♥$ ❛♥❞ ❝♦$0✲♣✉$❤ $❤♦❝❦$ ✐♥ 0❤❡ ❆▲▼$ ❢♦* ✐♥✢❛0✐♦♥ ❛♥❞ 0❤❡ ♦✉0♣✉0 ❣❛♣ ✭0❤❡

✶✸



♥♦♠✐♥❛❧ ✐♥&❡(❡)& (❛&❡✮✳

 !♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✸✳

❈♦♠♣❛.✐♥❣ ✭✾✮✲✭✶✶✮ ✇✐6❤ ✭✷✽✮✱ ✭✸✵✮ ❛♥❞ ✭✸✶✮✱ ✇❡ ✜♥❞ 6❤❛6 6❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝6 ♦❢ ✐♥✢❛6✐♦♥

❡①♣❡❝6❛6✐♦♥C ♦♥ 6❤❡ ❆▲▼ ❢♦. ✐♥✢❛6✐♦♥ ✭6❤❡ ♦✉6♣✉6 ❣❛♣✮ ✐C ❛66❡♥✉❛6❡❞ ✭❛♠♣❧✐✜❡❞✮ ✉♥❞❡.

❧❡❛.♥✐♥❣ ❝♦♠♣❛.❡❞ 6♦ ❘❊✱ ✐✳❡✳✱ ccgπ < αβθ

θ(α+κ2)−α
✭ccgx < −βκθ

θ(α+κ2)−α
✱ .❡C♣❡❝6✐✈❡❧②✮ ❛♥❞ 6❤✐C ✐C

♠❛❞❡ ♣♦CC✐❜❧❡ ❜② 6❤❡ C6.♦♥❣❡. .❡C♣♦♥C❡ ♦❢ 6❤❡ ✐♥6❡.❡C6 .❛6❡ 6♦ ✐♥✢❛6✐♦♥ ❡①♣❡❝6❛6✐♦♥C ✉♥❞❡.

❧❡❛.♥✐♥❣✱ ✐✳❡✳✱ ccgr > 1+ κθσ
κ2θ−α

✳ ❚❤❡ ✐♥6❡.❡C6 .❛6❡ .❡❛❝6C ♠♦.❡ C6.♦♥❣❧② ❛C γ ✐♥❝.❡❛C❡C✳ ❘❡❣❛.❞✐♥❣

6❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥6C ❛CC♦❝✐❛6❡❞ ✇✐6❤ ❝♦C6✲♣✉C❤ C❤♦❝❦C ✐♥ 6❤❡ ❆▲▼C✱ ✐6 ✐C C6.❛✐❣❤6❢♦.✇❛.❞

6♦ C❤♦✇ 6❤❛6 dcgπ < αθ
θ(α+κ2)−α

✱ dcgx < − κθ
θ(α+κ2)−α

❛♥❞ dcgr > σκθ
θ(α+κ2)−α

✱ ♠❡❛♥✐♥❣ 6❤❛6 ✉♥❞❡.

❧❡❛.♥✐♥❣✱ ✐♥✢❛6✐♦♥ ✐C ❧❡CC C❡♥C✐6✐✈❡ ✇❤✐❧❡ 6❤❡ ♦✉6♣✉6 ❣❛♣ ❛♥❞ 6❤❡ ✐♥6❡.❡C6 .❛6❡ ❛.❡ ♠♦.❡ C❡♥C✐6✐✈❡

6♦ ❝✉..❡♥6 ❝♦C6✲♣✉C❤ C❤♦❝❦C 6❤❛♥ ✉♥❞❡. ❘❊✳

❯C✐♥❣ 6❤❡ ❜❛C❡❧✐♥❡ ♣❛.❛♠❡6❡. ✈❛❧✉❡C✱ α = 0.048✱ β = 0.99✱ ❛♥❞ κ = 0.024 ❛♥❞ σ = 0.157✱

❋✐❣✉.❡ ✶ C❤♦✇C ❤♦✇ 6❤❡ ❧❡❛.♥✐♥❣ ❣❛✐♥ γ ❛♥❞ 6❤❡ ♣.❡❢❡.❡♥❝❡ ❢♦. ♠♦❞❡❧ .♦❜✉C6♥❡CC θ ❛✛❡❝6 6❤❡

❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥6C ✐♥ 6❤❡ ❆▲▼C✳

■6 ❡♠❡.❣❡C ❢.♦♠ ❋✐❣✉.❡ ✶ 6❤❛6 6❤❡ ❧❡❛.♥✐♥❣ ♣.♦❝❡CC ✇✐6❤ ❛ ♥♦♥✲6.✐✈✐❛❧ ❧❡❛.♥✐♥❣ ❣❛✐♥ ✭✐✳❡✳✱

γ > 0✮ ❛66❡♥✉❛6❡C 6❤❡ ❢❡❡❞❜❛❝❦ ❡✛❡❝6C ✐♥ 6❤❡ ❆▲▼C ❢♦. ✐♥✢❛6✐♦♥ ❜✉6 ❛♠♣❧✐✜❡C 6❤❡C❡ ❡✛❡❝6C ✐♥

6❤❡ ❆▲▼ ❢♦. 6❤❡ ♦✉6♣✉6 ❣❛♣ ❛♥❞ 6❤❡ ✐♥6❡.❡C6 .❛6❡ ❝♦♠♣❛.❡❞ 6♦ 6❤❡ ❝♦..❡C♣♦♥❞✐♥❣ ♦♥❡C ✉♥❞❡.

❘❊ ✭✇❤✐❝❤ ❛.❡ ✐❞❡♥6✐❝❛❧ 6♦ 6❤❡ ♦♥❡C ✇✐6❤ γ = 0✮✳ ▼♦.❡ ♣.❡❝✐C❡❧②✱ ❜♦6❤ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥6C

ccgπ ❛♥❞ dcgπ ❛.❡ ♣♦C✐6✐✈❡ ❛♥❞ C♠❛❧❧❡. 6❤❛♥ ✉♥✐6 ❛♥❞ ❞❡❝.❡❛C❡ ✇✐6❤ γ✳ ❈♦♠♣❛.✐♥❣ 6❤❡ ❡✛❡❝6 ♦❢

❛♥ ✐♥❝.❡❛C❡ ✐♥ γ ♦♥ ccgπ ❛♥❞ dcgπ ✱ ✇❡ ✜♥❞ 6❤❛6 ccgπ ❞❡❝.❡❛C❡C ❛6 ❛ ♠✉❝❤ ❢❛C6❡. .❛6❡ 6❤❛♥ dcgπ ✳

❲❡ ♥♦6✐❝❡ 6❤❛6 ❛C γ .❡❛❝❤❡C ✵✳✷✱ 6❤❡ ✈❛❧✉❡ ♦❢ ccgπ ✐C ✈❡.② ❝❧♦C❡ 6♦ 6❤❡ ♦♥❡ ♦❜6❛✐♥❡❞ ✇✐6❤ γ = 1

✇❤✐❧❡ 6❤❡ ✈❛❧✉❡ ♦❢ dcgπ ✐C R✉✐6❡ ❢❛. ❛✇❛② ❢.♦♠ ✐6C ✈❛❧✉❡ ❢♦. γ = 1✳ ❙✐♠✐❧❛. ♦❜C❡.✈❛6✐♦♥ ❝♦✉❧❞

❜❡ ♠❛❞❡ ✇✐6❤ dcgπ ✱ d
cg
x ✱ c

cg
r ✱ ❛♥❞ dcgr ✳

❯C✐♥❣ ✭✾✮✲✭✶✶✮✱ ✐6 ✐C ❡❛C② 6♦ C❤♦✇ 6❤❛6 ✉♥❞❡. ❘❊✱ 6❤❡ ❛❜C♦❧✉6❡ ✈❛❧✉❡ ♦❢ 6❤❡ ❝♦❡✣❝✐❡♥6C ✐♥

6❤❡ ❆▲▼C ❛.❡ ❛❧❧ ✐♥❝.❡❛C✐♥❣ ❛C θ ❞❡❝.❡❛C❡C✱ ♠❡❛♥✐♥❣ 6❤❛6 ❛♥ ✐♥❝.❡❛C❡ ✐♥ 6❤❡ ❈❇✬C ♣.❡❢❡.❡♥❝❡

❢♦. ♠♦❞❡❧ .♦❜✉C6♥❡CC ❛♠♣❧✐✜❡C 6❤❡ .❡C♣♦♥C❡C ♦❢ ❛❧❧ ❡♥❞♦❣❡♥♦✉C ✈❛.✐❛❜❧❡C 6♦ ❛ ❝❤❛♥❣❡ ✐♥

❡①♣❡❝6❡❞ ✐♥✢❛6✐♦♥ ❛♥❞ ❝♦C6✲♣✉C❤ C❤♦❝❦C✳ ●✐✈❡♥ 6❤❛6 6❤❡ ✐♥✢❛6✐♦♥ 6❛.❣❡6 ✐C ❡R✉❛❧ 6♦ ③❡.♦✱ 6❤❡
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❡①♣❡❝$❡❞ ✐♥✢❛$✐♦♥ ❛$ $❤❡ ❘❊❊ ✐. ❛❧✇❛②. ❡2✉❛❧ $♦ ③❡5♦ ❛♥❞ $❤❡ ❡✛❡❝$ ♦❢ 5♦❜✉.$♥❡.. ♦♥ $❤❡

❡❝♦♥♦♠② ✐. $5❛♥.♠✐$$❡❞ $❤5♦✉❣❤ $❤❡ ❝♦❡✣❝✐❡♥$. ❛..♦❝✐❛$❡❞ ✇✐$❤ ❝♦.$✲♣✉.❤ .❤♦❝❦. ✐♥ ✭✾✮✲✭✶✶✮✳

❋✐❣✉5❡ ✶✿ ❚❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥$. ♦❢ $❤❡ ❆▲▼❙

❯.✐♥❣ $❤❡ ❜❛.❡❧✐♥❡ ♣❛5❛♠❡$❡5 ✈❛❧✉❡.✱ ❋✐❣✉5❡ ✷ ✐❧❧✉.$5❛$❡. ❤♦✇ $❤❡ ♣❛5$✐❛❧ ❞❡5✐✈❛$✐✈❡. ✇✐$❤

5❡.♣❡❝$ $♦ θ ♦❢ $❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥$. ✐♥ $❤❡ ❆▲▼. ❡✈♦❧✈❡ ✇✐$❤ $❤❡ ❧❡❛5♥✐♥❣ ❣❛✐♥ γ ❛♥❞ $❤❡

♣5❡❢❡5❡♥❝❡ ❢♦5 ♠♦❞❡❧ 5♦❜✉.$♥❡.. θ✳
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❋✐❣✉$❡ ✷✿ ❚❤❡ *❡♥*✐,✐✈❡♥❡** ♦❢ ♣❛$,✐❛❧ ❞❡$✐✈❛,✐✈❡* ❢♦$ θ ♦❢ ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,* ✐♥ ,❤❡

❆▲▼* ,♦ γ ❛♥❞ θ✳

❉❡$✐✈✐♥❣ ,❤❡ ❢❡❡❞❜❛❝❦ ❝♦❡✣❝✐❡♥,* ✐♥ ✭✷✽✮✱ ✭✸✵✮ ❛♥❞ ✭✸✶✮ ✇✐,❤ $❡*♣❡❝, ,♦ θ ②✐❡❧❞* ,❤❡

❢♦❧❧♦✇✐♥❣ ♣$♦♣♦*✐,✐♦♥✳

 !♦♣♦$✐&✐♦♥ ✸✳ ❈❛✉#✐♦✉&♥❡&& ♦❢ *♦❜✉&# ♠♦♥❡#❛*② ♣♦❧✐❝② ✉♥❞❡* ❛❞❛♣#✐✈❡ ❧❡❛*♥✲

✐♥❣✳ ❆♥ ✐♥❝$❡❛'❡ ✐♥ (❤❡ ❈❇✬' ♣$❡❢❡$❡♥❝❡ ❢♦$ ♠♦❞❡❧ $♦❜✉'(♥❡'' ✭✐✳❡✳✱ ❧♦✇❡$ θ✮ ❛♠♣❧✐✜❡' (❤❡

✶✻



 ❡"♣♦♥"❡ ♦❢ ✐♥✢❛*✐♦♥✱ *❤❡ ♦✉*♣✉* ❣❛♣ ❛♥❞ *❤❡ ♥♦♠✐♥❛❧ ✐♥*❡ ❡"*  ❛*❡ *♦ ✐♥✢❛*✐♦♥ ❡①♣❡❝*❛*✐♦♥"

❛♥❞ ❝♦"*✲♣✉"❤ "❤♦❝❦"✳ ❚❤❡  ❡"♣♦♥"❡ ♦❢ *❤❡ ♥♦♠✐♥❛❧ ✐♥*❡ ❡"*  ❛*❡ *♦ ♦✉*♣✉*✲❣❛♣ ❡①♣❡❝*❛*✐♦♥"

✐" ✐♥❞❡♣❡♥❞❡♥* ♦❢ ♠♦❞❡❧  ♦❜✉"*♥❡""✱ ✐✳❡✳✱

∂δ
cg
r

∂θ
= 0✳ ❆❞❛♣*✐✈❡ ❧❡❛ ♥✐♥❣ ✇❡❛❦❡♥" *❤❡ ❛❣❣ ❡""✐✈❡

 ❡"♣♦♥"❡ ♦❢ *❤❡ ❈❇ *♦ ❝♦"*✲♣✉"❤ "❤♦❝❦" ♦ ❛ ❝❤❛♥❣❡ ✐♥ ✐♥✢❛*✐♦♥ ❡①♣❡❝*❛*✐♦♥" ❝♦♠♣❛ ❡❞ *♦

*❤♦"❡ ♦❜"❡ ✈❡❞ ✉♥❞❡  ❛*✐♦♥❛❧ ❡①♣❡❝*❛*✐♦♥"✳

 !♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✹✳

❋❡❛,✐♥❣ .❤❡ ✇♦,2.✲❝❛2❡ 2❝❡♥❛,✐♦2✱ .❤❡ ❈❇ ❜❡❝♦♠❡2 ♠♦,❡ ❛❣❣,❡22✐✈❡ ✐♥ ✐.2 ,❡2♣♦♥2❡2 .♦ ❝♦2.✲
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❧❡❛"♥✐♥❣ ✐' ❛♠♣❧✐✜❡❞ ❜② ❛♥ ✐♥❝"❡❛'❡ ♦❢ )❤❡ ❝❡♥)"❛❧ ❜❛♥❦✬' ♣"❡❢❡"❡♥❝❡ ❢♦" ♠♦❞❡❧ "♦❜✉')♥❡''✳

❆ ❆**❊◆❉■❳

❆✳✶ ❚❤❡ ❡&✉✐❧✐❜+✐✉♠ -♦❧✉/✐♦♥ ♦❢ ✐♥✢❛/✐♦♥ ✉♥❞❡+ ❧❡❛+♥✐♥❣

❙✉❜')✐)✉)✐♥❣ λ2,t+1 = 0✱ λ3,t ❛♥❞ λ3,t+1 ❣✐✈❡♥ ❜② ✭✷✺✮ ❛♥❞ λ1,t+1 = −α
κ
xt+1 ❢"♦♠ ✭✷✶✮ ✐♥)♦

✭✷✷✮✱ ✇❡ ♦❜)❛✐♥

πt = −α

κ
xt + β(1− γ)Etπt+1 +

[

αγβ2

κ
+ β(1− γ)

α

κ

]

Etxt+1. ✭❆✳✶✮

✷✶



❯!✐♥❣ Etπt+1 ≡ at ❛♥❞ ✭✷✼✮✱ ✇❡ ❣❡.✿

xt =
κθ

κ2θ − α
(πt − βat − et) , ✭❆✳✷✮

xt+1 =
κθ

κ2θ − α
(πt+1 − βat+1 − et+1) . ✭❆✳✸✮

❙✉❜!.✐.✉.✐♥❣ xt ❛♥❞ xt+1 ❣✐✈❡♥ ❜② ✭❆✳✷✮✲✭❆✳✸✮ ✐♥.♦ ✭❆✳✶✮ ❛♥❞ ❛;;❛♥❣✐♥❣ .❤❡ .❡;♠! ②✐❡❧❞!✿

Etπt+1 = A11πt + A12at + P1et, ✭❆✳✹✮

✇✐.❤

A11 ≡
κ2θ − α + αθ + θαγβ2 [1− γ(1− β)]

β {(κ2θ − α) (1− γ) + θα [1− γ(1− β)]} , ✭❆✳✺✮

A12 ≡ − αβθ [1− β(1− γ) [1− γ(1− β)]]

β {(κ2θ − α) (1− γ) + θα [1− γ(1− β)]} , ✭❆✳✻✮

P1 ≡ − αθ

β {(κ2θ − α) (1− γ) + θα [1− γ(1− β)]} . ✭❆✳✼✮

❆❝❝♦;❞✐♥❣ .♦ .❤❡ ♣;♦♣♦!✐.✐♦♥ ✶ ❢;♦♠ ❇❧❛♥❝❤❛;❞ ❛♥❞ ❑❛❤♥ ✭✶✾✽✵✮✱ .❤❡ ❆▲▼ !♦❧✉.✐♦♥ ❢♦;

✐♥✢❛.✐♦♥ .❛❦❡! .❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦;♠ ✿

πt = ccgπ at + dcgπ et. ✭❆✳✽✮

❆❞✈❛♥❝✐♥❣ ✭❆✳✽✮ ♦♥❡ ♣❡;✐♦❞ ❛♥❞ .❛❦✐♥❣ .❤❡ ❡①♣❡❝.❛.✐♦♥ ♦❢ .❤❡ ;❡!✉❧.✐♥❣ ❡O✉❛.✐♦♥ ✇❤✐❧❡ ✉!✐♥❣

✭✻✮ ②✐❡❧❞✿

Etπt+1 = ccgπ [(1− γ)at + γπt] . ✭❆✳✾✮

❯!✐♥❣ ✭❆✳✹✮ .♦ ❡❧✐♠✐♥❛.❡ Etπt+1 ✐♥ ✭❆✳✾✮ ❛♥❞ ❛;;❛♥❣✐♥❣ .❤❡ .❡;♠!✱ ✇❡ ❣❡.✿

πt =
A12 − ccgπ (1− γ)

c
cg
π γ − A11

at +
P1

c
cg
π γ − A11

et. ✭❆✳✶✵✮

✷✷



❈♦♠♣❛%✐♥❣ ✭❆✳✽✮ ❛♥❞ ✭❆✳✶✵✮ ②✐❡❧❞4✿

c
cg
π,t =

A12 − ccgπ (1− γ)

c
cg
π γ − A11

, ✭❆✳✶✶✮

❛♥❞

d
cg
π,t =

P1

c
cg
π γ − A11

. ✭❆✳✶✷✮

❲❡ ❣❛8❤❡% ❡:✉❛8✐♦♥4 ✭✻✮✱ ✭✼✮ ❛♥❞ ✭❆✳✹✮✱ ✇❤✐❧❡ ✉4✐♥❣ ✭❆✳✷✮ 8♦ 4✉❜48✐8✉8❡ xt 8♦ ♦❜8❛✐♥ 8❤❡

4②48❡♠ ♦❢ 8❤%❡❡ ❡:✉❛8✐♦♥4 ✿

Etyt+1 = Atyt + Ptet

✇❤❡%❡

yt ≡
[

πt at bt

]

, A ≡













A11 A12 0

γ 1− γ 0

− κθγ

α− κ2θ

γβκθ

α− κ2θ
1− γ













, andP ≡













P1

0

κθγ

α− κ2θ













.

❚❤❡ ❛❜♦✈❡ 4②48❡♠ ✐4 4✉❜❥❡❝8 8♦ 8❤%❡❡ ❜♦✉♥❞❛%② ❝♦♥❞✐8✐♦♥4✿ a0✱ b0✱ ❛♥❞ lim
s→∞

|Etπt+s| < ∞✳

❚❤❡ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ At ❛%❡ ❣✐✈❡♥ ❜② 1− γ ❛♥❞ ❜② 8❤❡ 8✇♦ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ A1✿

A1 =







A11 A12

γ 1− γ






. ✭❆✳✶✸✮

❲❡ ❝❛♥ 4❤♦✇ 8❤❛8✱ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✱ A1 ❤❛4 ❛♥ ❡✐❣❡♥✈❛❧✉❡ ✐♥4✐❞❡ ❛♥❞ ♦♥❡ ♦✉84✐❞❡ 8❤❡

✉♥✐8 ❝✐%❝❧❡✳@

❆✳✷ ❚❤❡ &✐♥❣❧❡ &+❛❜❧❡ &♦❧✉+✐♦♥

❆♠♦♥❣ ✐♥✜♥✐8❡ 48♦❝❤❛48✐❝ 4❡:✉❡♥❝❡4 4❛8✐4❢②✐♥❣ ❡:✉❛8✐♦♥ ✭❆✳✶✶✮✱ ✇❡ ❢♦❝✉4 ♦♥ ❛ ♥♦♥✲❡①♣❧♦4✐✈❡

4♦❧✉8✐♦♥✱ ✐✳❡✳✱ 8❤❡ 4♦❧✉8✐♦♥ ❝♦%%❡4♣♦♥❞✐♥❣ 8♦ 8❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A1 ❣✐✈❡♥ ❜② ✭❆✳✶✸✮ ✐♥4✐❞❡ 8❤❡

✉♥✐8 ❝✐%❝❧❡✳ ❚❤❡ 8%❛❝❡ ❛♥❞ ❞❡8❡%♠✐♥❛♥8 ♦❢ A1 ❛%❡ ❜♦8❤ ♣♦4✐8✐✈❡✳ ❚❤✉4✱ ❢♦% A1 8♦ ❤❛✈❡ 8✇♦

✷✸



 ❡❛❧ ❡✐❣❡♥✈❛❧✉❡) ✭µ1✱ µ2✮✱ ♦♥❡ ✐♥)✐❞❡ ❛♥❞ ♦♥❡ ♦✉/)✐❞❡ /❤❡ ✉♥✐/ ❝✐ ❝❧❡✱ ✐/ ✐) )✉✣❝✐❡♥/ /♦ )❤♦✇

/❤❛/ (1− µ1)(1− µ2) < 0✳ ❚❤✐) ❝❛♥ ❜❡  ❡✇ ✐//❡♥ ❛)✿

µ1 + µ2 > 1 + µ1µ2. ✭❆✳✶✹✮

❑♥♦✇✐♥❣ /❤❛/ µ1 + µ2 ✐) ❡<✉❛❧ /♦ /❤❡ / ❛❝❡ ♦❢ A1 ❛♥❞ µ1µ2 ❡<✉❛❧ /♦ ✐/) ❞❡/❡ ♠✐♥❛♥/✱ ✇❡

 ❡✇ ✐/❡ ✭❆✳✶✹✮ ❛)✿

κ2θ − α+ αθ + θαγβ2 [1− γ(1− β)]

β {(κθ − α)(1− γ) + θα [1− γ(1− β)]} + 1− γ > 1 + (1− γ)
κ2θ − α+ αθ + θαγβ2 [1− γ(1− β)]

β {(κθ − α)(1− γ) + θα [1− γ(1− β)]}

+γ
αβθ [1− β(1− γ) [1− γ(1− β)]]

β {(κ2θ − α)(1− γ) + θα [1− γ(1− β)]} .

❆❢/❡ )✐♠♣❧✐✜❝❛/✐♦♥✱ ✇❡ ❣❡/✿

(κθ − α) [1− β(1− γ)] + αθ(1− β) {1− β [1− γ(1− β)]} > 0,

✇❤✐❝❤ ✐) ✈❡ ✐✜❡❞ ❣✐✈❡♥ /❤❛/ β ∈]0, 1[ ❛♥❞ γ ∈ [0, 1]✳

❚❤❡ ❡ ❡①✐)/) ❛ ✉♥✐<✉❡ )♦❧✉/✐♦♥ /♦ /❤❡ ♦♣/✐♠✐③❛/✐♦♥ ♣ ♦❜❧❡♠✱ ✇❤♦)❡ ❆▲▼ /❛❦❡) /❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❢♦ ♠✿

πt = ccgπ at + dcgπ ut. ✭❆✳✶✺✮

❚♦ ❤❛✈❡ ❛ ❝♦♥✈❡ ❣✐♥❣ ✭❛♥❞ ♥♦♥✲❡①♣❧♦)✐✈❡✮ ✐♥✢❛/✐♦♥✱ ✇❡ ❤❛✈❡ /♦ ✜♥❞ ❛ ❝♦❡✣❝✐❡♥/ ccgπ ∈

[0, 1]✳ ❘❡✇ ✐/✐♥❣ ✭❆✳✶✶✮ ❛) γ(ccgπ )2 − A11c
cg
π − A12 + ccgπ (1− γ) = 0 ❛♥❞ )✉❜)/✐/✉/✐♥❣ A11 ❛♥❞

A12 ❜② /❤❡✐ ❡①♣ ❡))✐♦♥)✱ ✇❡ ♦❜/❛✐♥✿

p2(c
cg
π )2 + p1c

cg
π + p0 = 0 ✭❆✳✶✻✮

✷✹



✇❤❡#❡

p0 = αβθ {1− β(1− γ) [1− γ(1− β)]} > 0,

p2 = γβ
{(

κ2θ − α
)

(1− γ) + αθ [1− γ(1− β)]
}

,

p1 = α + β(1− γ)
{(

κ2θ − α
)

(1− γ) + αθ [1− γ(1− β)]
}

−
{

θ(κ2 + α) + αβ2γθ [1− γ(1− β)]
}

.

❚♦ ❝❤❛#❛❝(❡#✐③❡ (❤❡ (✇♦ +♦❧✉(✐♦♥+ ♦❢ ccgπ ✱ ✇❡ #❡✇#✐(❡ ✭❆✳✶✻✮ ❛+✿

ccgπ = −p0 + p2 (c
cg
π )2

p1
≡ f(ccgπ ). ✭❆✳✶✼✮

❲❡ #❡✇#✐(❡ p1✱ ❛❢(❡# +♦♠❡ (❡❞✐♦✉+ ❝❛❧❝✉❧✉+✱ ❛+

p1 = −(κ2θ − α) [1− β(1− γ)]− αθ(1− β) {1− β [1− γ(1− β)])} − p0 − p2, ✭❆✳✶✽✮

♦# ❛❧(❡#♥❛(✐✈❡❧② +✐♠♣❧✐❢② ✐( ❛+

p1 = −βp2 − θ(α+κ2)−α

θαβ
p0. ✭❆✳✶✾✮

❚❤❡ ❝♦♥❞✐(✐♦♥+ ✐♠♣♦+❡❞ ♦♥ θ (♦ ❡♥+✉#❡ (❤❛( p2 > 0✱ ✐✳❡✳✱ θ > α

α(1+ γβ
1−γ

)+κ2
✱ ❛♥❞ (❤❛( p1 < 0✱

✐✳❡✳✱ θ > α

κ2+α(1+ γ2β3

1−β(1−γ)2
)
✱ ❛#❡ ❧❡++ #❡+(#✐❝(✐✈❡ (❤❛♥ (❤❡ ❝♦♥❞✐(✐♦♥ θ > α

α+κ2 (❤❛( ✐+ ✐♠♣♦+❡❞ (♦

❡♥+✉#❡ (❤❛( ❝✉##❡♥( ✐♥✢❛(✐♦♥ ✐♥❝#❡❛+❡+ ✇✐(❤ ❛ #✐+❡ ✐♥ ❡①♣❡❝(❡❞ ✐♥✢❛(✐♦♥ ♦# ❛ ♣♦+✐(✐✈❡ ❝♦+(✲♣✉+❤

+❤♦❝❦+✳

❯♥❞❡# ❘❊✱ (♦ ❡♥+✉#❡ (❤❡ ❞②♥❛♠✐❝ +(❛❜✐❧✐(② ♦❢ (❤❡ ❡I✉✐❧✐❜#✐✉♠✱ ✇❡ ♠✉+( ❤❛✈❡ ❛❝❝♦#❞✐♥❣

(♦ ✭✾✮ (❤❛(

αθβ

θ(α+κ2)−α
< 1✱ ♦# ❡I✉✐✈❛❧❡♥(❧② θ > α

α(1−β)+κ2 , ✇❤✐❝❤ ✐+ ♠♦#❡ #❡+(#✐❝(✐✈❡ (❤❛♥ (❤❡

❝♦♥❞✐(✐♦♥ θ > α
α+κ2 ✳

❋♦# θ > α
α+κ2 ✱ ✇❡ ❛❧✇❛②+ ❤❛✈❡ p2 > 0✱ ❛♥❞ p1 < 0✳ ❚❤✐+ ✐♠♣❧✐❡+ (❤❛( f(ccgπ ) : [0, 1] → [0, 1]✱

✇✐(❤ f(0) = −p0 + p2

p1
> 0 ❛♥❞ 0 < f(1) = p0+p2

p1
< 1 ❛♥❞ f ′(ccgπ ) = −2p2

p1
ccgπ > 0✳ ❍❡♥❝❡✱ (❤❡

❇#♦✇❡# (❤❡♦#❡♠ ❛♥❞ (❤❡ ❢❛❝( (❤❛( f(ccgπ ) ✐+ +(#✐❝(❧② ♠♦♥♦(♦♥♦✉+❧② ✐♥❝#❡❛+✐♥❣ ✐♥ (❤❡ ✐♥(❡#✈❛❧

✷✺



ccgπ ∈ [0, 1] ✐♠♣❧② %❤❛% %❤❡)❡ ✐* ❛ ✉♥✐-✉❡ *♦❧✉%✐♦♥ ✐♥ %❤✐* ✐♥%❡)✈❛❧✳ ❚❤❡ ♦%❤❡) ♣♦**✐❜❧❡ *♦❧✉%✐♦♥

✐* ❣)❡❛%❡) %❤❛♥ ✉♥✐% ❛♥❞ ✐* ❡①❝❧✉❞❡❞ ❜❡❝❛✉*❡ ✐% ❧❡❛❞* %♦ ❛♥ ❡①♣❧♦*✐✈❡ ❡✈♦❧✉%✐♦♥ ♦❢ ✐♥✢❛%✐♦♥✳

❚♦ ❡♥*✉)❡ %❤❛% −p1 > p0 + p2 ❛♥❞ ❤❡♥❝❡ %❤❡ ❡①✐*%❡♥❝❡ ♦❢ ❛ *%❛❜❧❡ *♦❧✉%✐♦♥✱ ✇❡ ♠✉*% ❤❛✈❡

(κ2θ − α) [1− β(1− γ)] + αθ(1− β) {1− β [1− γ(1− β)])} > 0✳ ❚❤✐* ✐♠♣❧✐❡* %❤❛%✿

θ >
α

α(1− β)[1− γβ2

1−β(1−γ)
] + κ2

. ✭❆✳✷✵✮

❚❤❡ *%❛❜✐❧✐%② ❝♦♥❞✐%✐♦♥ ❣✐✈❡♥ ❜② ✭❆✳✷✵✮ ✐* %♦♦ ❧♦♦*❡ ❝♦♠♣❛)❡❞ %♦ %❤❡ ❧✐♠✐% ✐♠♣♦*❡❞ ♦♥ θ ✐♥

*✉❜*❡❝%✐♦♥ ✹✳✶✱ ✐✳❡✳✱ θ > α
κ2 , %♦ ❡♥*✉)❡ %❤❛% %❤❡ *✐❣♥ ❢♦) %❤❡ ❝♦❡✣❝✐❡♥%* ✐♥ %❤❡ ❆▲▼* ✉♥❞❡)

❧❡❛)♥✐♥❣ ✐* ♥♦% ❝♦✉♥%❡)❢❛❝%✉❛❧✳ ❆* ❛ )❡*✉❧%✱ %❤❡ *%❛❜✐❧✐%② ❝♦♥❞✐%✐♦♥ ✐* θ > α
κ2 ✐♥*%❡❛❞ ♦❢ ✭❆✳✷✵✮✳

❚❤❡ *%❛❜❧❡ *♦❧✉%✐♦♥ ♦❢ ccgπ ✐* ❣✐✈❡♥ ❜②

ccgπ =
−p1 −

√

p21 − 4p2p0
2p2

. ✭❆✳✷✶✮

❚❤❡ ♦%❤❡) ♣♦**✐❜❧❡ *♦❧✉%✐♦♥ ccgπ =
−p1+

√
p21−4p2p0

2p2
✐* ❣)❡❛%❡) %❤❛♥ ✉♥✐% ❛♥❞ ✐* ❡①❝❧✉❞❡❞ %♦ ❛✈♦✐❞

❛♥ ❡①♣❧♦*✐✈❡ ❡✈♦❧✉%✐♦♥ ♦❢ ✐♥✢❛%✐♦♥✳ ❙✉❜*%✐%✉%✐♥❣ A11 ❛♥❞ P1 ✐♥%♦ ✭❆✳✶✷✮ ❛♥❞ )❡❛))❛♥❣✐♥❣ %❤❡

%❡)♠* ❧❡❛❞* %♦✿

dcgπ =
αθ

θ(α + κ2)− α + θαγ2β2(β − c
cg
π ) + γβ(1− γ) {θαβ − [θ(α + κ2)− α] ccgπ } . ✭❆✳✷✷✮

❲❡ ♥♦✇ *❤♦✇ %❤❛% f(ccgπ ) ❞❡✜♥❡❞ ✐♥ ✭❆✳✶✼✮ ✐* ❜♦✉♥❞❡❞✱ ✐✳❡✳✱ f(ccgπ ) : [0; αβθ

θ(α+κ2)−α
] →

]0; αβθ

θ(α+κ2)−α
[✳ ❑♥♦✇✐♥❣ %❤❛% f(0) > 0 ❛♥❞ *✉❜*%✐%✉%✐♥❣ ccgπ ❜②

αβθ

θ(α+κ2)−α
✐♥%♦ %❤❡ ❢✉♥❝%✐♦♥

f(ccgπ )✱ ✇❡ ✜♥❞

f( αβθ

θ(α+κ2)−α
) = −

p0 + p2

[

αβθ

θ(α+κ2)−α

]2

p1

=

αβθ

θ(α+κ2)−α

{

θ(α+κ2)−α

αβθ
p0 +

αβθ

θ(α+κ2)−α
p2

}

−p1
. ✭❆✳✷✸✮

✷✻



❯!✐♥❣ p2 = θα(1−β)+κ2θ−α

θα+κ2θ−α
p2 +

θαβ

θα+κ2θ−α
p2✱ p0 = − θα(1−β)+κ2θ−α

θαβ
p0 +

θα+κ2θ−α
θαβ

p0 ❛♥❞ (❤❡ ❞❡✜✲

♥✐(✐♦♥ ♦❢ p0✱ p1✱ ❛♥❞ p2 ❣✐✈❡♥ ❛❜♦✈❡✱ ✇❡ !✉❜!(✐(✉(❡ p1 ✉!✐♥❣ ✭❆✳✶✾✮✱ ✇❡ ♦❜(❛✐♥✿

f( αβθ

θ(α+κ2)−α
) = −

p0 + p2

[

αβθ

θ(α+κ2)−α

]2

p1

=

αβθ

θ(α+κ2)−α

{

θ(α+κ2)−α

αβθ
p0 +

αβθ

θ(α+κ2)−α
p2

}

β(κ2θ−α)
θ(α+κ2)−α

p2 +
θ(α+κ2)−α

θαβ
p0 +

θαβ

θ(α+κ2)−α
p2

<
αβθ

θ(α + κ2)− α
.

●✐✈❡♥ (❤❛( f ′(ccgπ ) = −2p2
p1

ccgπ > 0 ❢♦; ccgπ ∈ [0, 1]✱ f(ccgπ ) ✐! !(;✐❝(❧② ✐♥❝;❡❛!✐♥❣ ✐♥ (❤❡ ✐♥(❡;✈❛❧
[

0; αβθ

θ(α+κ2)−α

]

✳ ❚❤✐! ♣;♦♣❡;(② ❛♥❞ (❤❡ ❢❛❝( (❤❛( f(ccgπ ) : [0; αβθ

θ(α+κ2)−α
] →]0; αβθ

θ(α+κ2)−α
[ ✐♠♣❧②

(❤❛( (❤❡;❡ ✐! ❛ ✉♥✐B✉❡ !♦❧✉(✐♦♥ ❢♦; ccgπ !♦ (❤❛( 0 < ccgπ < αβθ

θ(α+κ2)−α
.

❚❤❡ ❝❛%❡ ✇❤❡'❡ γ = 0✳ ❲❡ ♦❜(❛✐♥ ❜② !✉❜!(✐(✉(✐♥❣ γ = 0 ✐♥(♦ ✭❆✳✺✮✲✭❆✳✼✮ ✿

A11 ≡
θ(α + κ2)− α

β [θ(α + κ2)− α]
=

1

β
,

A12 ≡ − αθ(1− β)

θ(α + κ2)− α
,

P1 ≡ − αθ

β [θ(α + κ2)− α]
.

■( ❢♦❧❧♦✇! ❢;♦♠ ✭❆✳✶✶✮✲✭❆✳✶✷✮ (❤❛(

ccgπ =
αβθ

θ(α + κ2)− α
,

dcgπ =
αθ

θ(α + κ2)− α
.

✷✼



❚❤❡ ❝❛%❡ ✇❤❡'❡ γ = 1✳ ■♥"❡$%✐♥❣ γ = 1 ✐♥%♦ ✭❆✳✺✮✲✭❆✳✼✮ ②✐❡❧❞"

A11 ≡ θ(α + κ2 + αβ3)− α

αβ2θ
,

A12 ≡ − 1

β
,

P1 ≡ − 1

β2
.

❙✉❜"%✐%✉%✐♥❣ %❤❡ ❧❛%%❡$ ✐♥%♦ ✭❆✳✺✮✲✭❆✳✼✮ ❧❡❛❞" %♦ p2 = θαβ2 > 0✱ p1 = α−κ2θ−αθ−θαβ3 < 0

❛♥❞ p0 = αβθ > 0✱ ❛♥❞ ❤❡♥❝❡

ccgπ =
θ(α + κ2)− α + θαβ3 −

√

[θ(α + κ2)− α + θαβ3]2 − 4θ2α2β3

2θαβ2
,

dcgπ =
αθ

θ(α + κ2)− α + β2θα(β − c
cg
π )

.

❆✳✸ ❚❤❡ ❡✛❡❝() ♦❢ ❧❡❛.♥✐♥❣

❉❡$✐✈✐♥❣ p0✱ p1 ❛♥❞ p2 ✇✐%❤ $❡"♣❡❝% %♦ γ ❛♥❞ ✉"✐♥❣ ✭❆✳✶✾✮✱ ✇❡ ❣❡%✿

∂p0

∂γ
= αβ2θ [(2− β)(1− γ) + γβ] > 0,

∂p1

∂γ
= −β

∂p2

∂γ
− θ(α+κ2)−α

θαβ

∂p0

∂γ
< 0,

∂p2

∂γ
= β

{

(κ2θ − α)(1− 2γ) + θα [1− 2γ(1− β)]
}

,

= − 1

β

∂p1

∂γ
− θ(α+κ2)−α

θαβ

∂p0

∂γ
.

❉❡$✐✈✐♥❣ ccgπ ✇✐%❤ $❡"♣❡❝% %♦ γ ②✐❡❧❞"✿

∂ccgπ
∂γ

=

[

−∂p1
∂γ

− 1√
p21−4p2p0

(p1
∂p1
∂γ

− 2p0
∂p2
∂γ

− 2p2
∂p0
∂γ

)

]

p2 −
(

−p1 −
√

p21 − 4p2p0

)

∂p2
∂γ

2p22
,

✇❤✐❝❤ ❝❛♥ ❜❡ $❡✇$✐%%❡♥✱ ✉"✐♥❣

∂p2
∂γ

= − 1
β

∂p1
∂γ

− 1
β

θ(α+κ2)−α

θαβ

∂p0
∂γ

❛♥❞ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ p0✱ p1 ❛♥❞

✷✽



p2✱ p1 = −βp2 − θ(α+κ2)−α

θαβ
p0 ❛♥❞ ccgπ =

−p1−
√

p21−4p2p0

2p2
❛♥❞ ❛❢%❡' ❢❛(%✐❞✐♦✉( ❛''❛♥❣❡♠❡♥%( ♦❢

%❡'♠(✱ ❛(✿

✶✷

∂ccgπ
∂γ

=
1− θ(α+κ2)−α

θαβ
ccgπ

βp2
√

p21 − 4p2p0

(

p0
∂p1

∂γ
− p1

∂p0

∂γ

)

.

❯(✐♥❣ ccgπ < θαβ

θ(α+κ2)−α
✱ ✇❡ ♦❜%❛✐♥✿ 1 − θαβ

θ(α+κ2)−α
ccgπ > 1 − θαβ

θ(α+κ2)−α

θ(α+κ2)−α

θαβ
= 0✳ ❚♦

❞❡%❡'♠✐♥❡ %❤❡ (✐❣♥ ♦❢ H ≡ p0
∂p1
∂γ

− p1
∂p0
∂γ

✱ ✇❡ ✜'(% ❝❤❡❝❦ ✐%( ✈❛❧✉❡ ❢♦' γ = 1 ❛♥❞ %❤❡♥ ✐%(

❞❡'✐✈❛%✐✈❡ ✇✐%❤ '❡(♣❡❝% %♦ γ✳

■% ✐( ❡❛(② %♦ ❝❤❡❝❦ %❤❛% ❢♦' γ = 1✱ ✇❡ ❤❛✈❡

H = −αβ3θ
{

α− θ
[

κ2 − αβ
(

1− β2
)]}

< 0

✐❢ κ2 − αβ (1− β2) < 0❀ ♦%❤❡'✇✐(❡✱ ✇❡ ♠✉(% ✐♠♣♦(❡✿

θ >
α

κ2 − αβ (1− β2)
>

α

κ2
.

❉❡'✐✈✐♥❣ H ✇✐%❤ '❡(♣❡❝% %♦ γ ②✐❡❧❞(

∂H

∂γ
= p0

∂2p1

∂2γ
− p1

∂2p0

∂2γ

= 2αθβ3 (1− β)
{

[1− γ (1− γβ)]
{

θ
[

κ2 + α (1− β)
]

− α
}

+ β3γ2αθ
}

> 0.

❈♦♥(❡@✉❡♥%❧②✱ ❣✐✈❡♥ %❤❛% H < 0 ❢♦' γ = 1 ❛♥❞

∂H
∂γ

> 0 ❢♦' ∀γ ∈ [0, 1]✱ ✇❡ ❝♦♥❝❧✉❞❡ %❤❛%

∂ccgπ
∂γ

< 0.

✶✷

▼♦"❡ ❞❡%❛✐❧) ❛"❡ ❣✐✈❡♥ ✐♥ ❛ %❡❝❤♥✐❝❛❧ ❛♣♣❡♥❞✐① %❤❛% ❝❛♥ ❜❡ ♦❜%❛✐♥❡❞ ✉♣♦♥ "❡3✉❡)%✳

✷✾



❉❡"✈✐♥❣ dcgπ ❣✐✈❡♥ ❜② ✭❆✳✷✷✮ ✇✐/❤ "❡1♣❡❝/ /♦ γ ②✐❡❧❞1✿

∂d
cg
π

∂γ
=

κ2θ − α

κθ

∂d
cg
x

∂γ
= −κ2θ − α

σκθ

∂d
cg
r

∂γ

=
−αβθ

[

Φ− γ[αβγθ + (1− γ)Θ]∂c
cg
π

∂γ

]

[Θ + θαγ2β2(β − c
cg
π ) + γβ(1− γ)(θαβ −Θc

cg
π )]

2 ,

✇❤❡"❡ Θ ≡ θ(α + κ2) − α ❛♥❞ Φ ≡ 2αβγθ(β − ccgπ ) + (1 − 2γ)(αβθ − Θccgπ )✳ ❯1✐♥❣ /❤❡ ❢❛❝/

/❤❛/ β ✐1 ✈❡"② ❝❧♦1❡ /♦ ♦♥❡ ❛♥❞ ❤❡♥❝❡ 2β − 1 > 0✱ ❛♥❞ /❤❡ ❢❛❝/ /❤❛/ ccgπ < θαβ

θ(α+κ2)−α
✱ ✇❤✐❝❤

✐♠♣❧✐❡1 /❤❛/ β − ccgπ > 0 ❛♥❞ θαβ −Θccgπ > 0✱ ✇❡ ✜♥❞ /❤❛/

Φ = βθαγ (2β − 1) (β − ccgπ ) + βγ(θκ2 − α)ccgπ + β(1− γ)
{

θαβ −
[

θ(α + κ2)− α
]

ccgπ
}

> 0.

■/ ❢♦❧❧♦✇1 /❤❛/

∂dcgπ
∂γ

< 0.

❯1✐♥❣ /❤❡ ❞❡✜♥✐/✐♦♥ ♦❢ ccgx ✱ d
cg
x ✱ c

cg
r ❛♥❞ dcgr ✱ ✐/ ✐1 1/"❛✐❣❤/❢♦"✇❛"❞ /♦ 1❤♦✇ /❤❡ 1✐❣♥ ♦❢ /❤❡✐"

♣❛"/✐❛❧ ❞❡"✐✈❛/✐✈❡ ✇✐/❤ "❡1♣❡❝/ /♦ γ✳

❆✳✹ ❊✛❡❝'( ♦❢ +♦❜✉('♥❡((

❉❡"✐✈✐♥❣ p0✱ p1 ❛♥❞ p2 ✇✐/❤ "❡1♣❡❝/ /♦ θ ❛♥❞ ✉1✐♥❣ ✭❆✳✶✾✮✱ ✇❡ ❣❡/✿

∂p0

∂θ
= αβ {1− β(1− γ) [1− γ(1− β)]} =

p0

θ
> 0,

∂p1

∂θ
= −κ2

[

1− β(1− γ)2
]

− α(1− β) {1− β [1− γ(1− β)])} − ∂p0

∂θ
− ∂p2

∂θ
< 0,

∂p2

∂θ
= γβ

{

κ2(1− γ) + α [1− γ(1− β)]
}

> 0.

❉❡"✐✈✐♥❣ ccgπ ❣✐✈❡♥ ❜② ✭❆✳✷✶✮ ✇✐/❤ "❡1♣❡❝/ /♦ θ✱ ❛♥❞ ✉1✐♥❣ ∂p2
∂θ

= − 1
β

∂p1
∂θ

− (α+κ2)
αβ2

∂p0
∂θ
✱ /❤❡

✸✵



❞❡✜♥✐%✐♦♥ ♦❢ p0✱ p1 ❛♥❞ p2✱ p1 = −βp2 − θ(α+κ2)−α

θαβ
p0 ❛♥❞ ccgπ =

−p1−
√

p21−4p2p0

2p2
②✐❡❧❞✿

✶✸

∂ccgπ
∂θ

=
1

2p22

(

I
∂p0

∂θ
+ J

∂p1

∂θ

)

,

✇❤❡/❡ I = 2p2√
p21−4p2p0

{

p2 +
(α+κ2)
αβ2 p0 +

(α+κ2)
αβ2 p1c

cg
π

}

❛♥❞ J = 2p2

β
√

p21−4p2p0

[(

1− θ(α+κ2)−α

θαβ
ccgπ

)

p0

]

✳

❯2✐♥❣ %❤❡2❡ ❞❡✜♥✐%✐♦♥2 ❛♥❞ %❤❡ ❡①♣/❡22✐♦♥2 ♦❢

∂p0
∂θ

❛♥❞

∂p1
∂θ

❞❡/✐✈❡❞ ✐♥ %❤❡ ❛❜♦✈❡✱ ✇❡ ♦❜%❛✐♥✿

∂ccgπ
∂θ

=

(

−∂p1
∂θ

− 1
2

p1
∂p1
∂θ

−4p0
∂p2
∂θ

−4p2
∂p0
∂θ√

p21−4p2p0

)

p2 −
(

−p1 −
√

p21 − 4p2p0

)

∂p2
∂θ

2p22

=

(

−∂p1
∂θ

− 1
2

p1
∂p1
∂θ

−4p0
∂p2
∂θ

−4p2
∂p0
∂θ√

p21−4p2p0

)

2p2
− 1

p2
ccgπ

∂p2

∂θ
.

❯2✐♥❣ p1 = −βp2 − θ(α+κ2)−α

θαβ
p0✱ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ p0✱ p1 ❛♥❞ p2✱ ✇❡ ❝❛♥ 2❤♦✇ %❤❛% p0

∂p2
∂θ

−

p2
∂p0
∂θ

> 0 ❛♥❞ ❤❡♥❝❡

∂ccgπ
∂θ

= − 1

2p22

2p2
√

p21 − 4p2p0

{

[

1− θ(α+κ2)−α

θαβ
ccgπ

]

(

p0
∂p2

∂θ
− p2

∂p0

∂θ

)

+ 1
θβ
ccgπ p2

∂p0

∂θ

}

< 0.

❉❡/✐✈✐♥❣ dcgπ ❣✐✈❡♥ ❜② ✭❆✳✷✷✮ ✇✐%❤ /❡2♣❡❝% %♦ θ ②✐❡❧❞2

∂dcgπ
∂θ

=
−α2[1− βγ(1− γ)ccgπ ] + αθ {θαγ2β2 + γβ(1− γ)[θ(α + κ2)− α]} ∂c

cg
π

∂θ

{θ(α + κ2)− α + θαγ2β2(β − c
cg
π ) + γβ(1− γ) {θαβ − [θ(α + κ2)− α]ccgπ }}2

< 0.

❉❡/✐✈✐♥❣ ccgx ✱ d
cg
x ✱ c

cg
r ❛♥❞ dcgr ✇✐%❤ /❡2♣❡❝% %♦ θ ❧❡❛❞2 %♦

∂ccgx
∂θ

= − 1

σ

∂ccgr
∂θ

=
κα

(κ2θ − α)2
(β − ccgπ ) +

κθ

κ2θ − α

∂ccgπ
∂θ

,

∂dcgx
∂θ

= − 1

σ

∂dcgr
∂θ

=
ακ

(κ2θ − α)2
(1− dcgπ ) +

κθ

κ2θ − α

∂dcgπ
∂θ

.

❚♦ ❡♥2✉/❡ %❤❛%

∂c
cg
x

∂θ
= − 1

σ
∂c

cg
r

∂θ
> 0✱ ❛♥❞ ∂d

cg
x

∂θ
= − 1

σ
∂d

cg
r

∂θ
❃✵✱ ✇❡ ♠✉2% ❤❛✈❡

∂c
cg
π

∂θ
> − α(β−c

cg
π )

θ(κ2θ−α)

✶✸

▼♦"❡ ❞❡%❛✐❧) ❛"❡ ❣✐✈❡♥ ✐♥ %❤❡ %❡❝❤♥✐❝❛❧ ❛♣♣❡♥❞✐①✳
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∂d
cg
π

∂θ
> − α(1−d

cg
π )

θ(κ2θ−α)
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