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Abstract

This paper fits in the debate on the relationship between development aid and eco-
nomic growth. It aims to analyze the aid effectiveness for a small recipient country.
This country uses capital tax and international aid to finance public investment, which
may improve the capital productivity. For the case of a developing country, we analyze
the effects of aid, taking account of the corruption in use of aid as well as its charac-
teristics in terms of technology, fixed cost and efficiency of public investment. Given
donor’s rules, we determine conditions under which the foreign aid can generate good
perspectives in the long run for the aid recipient. We also discuss the existence of the
poverty trap and the conditions leading to an economic take-off as well as the existence
of a middle-income trap and conditions for the economy to converge to this trap.
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1 Introduction

At the United Nations Millennium Summit in September 2000, world leaders came to an
agreement on eight Millennium Development Goals (MDGs) to be achieved by 2015. Even
though several MDG targets have nearly been fulfilled, progress in many areas is far from
sufficient[] The post-2015 program follows the attainment of these MDGs and proposes new
strategies for sustainable development. Developing countries need international aid to achieve
their economic development and many issues are under debate regarding the effectiveness,
and the conditionality of foreign aid. However, extensive empirical investigations of the
effect of aid on growth show conflicting results. On the one hand, empirical studies such as
Burnside and Dollar (2000), Collier and Dollar (2001, 2002), Chauvet and Guillaumont (2003,
2009) show that ai may exert a positive and conditional effect on economic growth. Indeed,
the seminar paper Burside and Dollar (2000) finds that foreign aid has a positive effect on
growth only in recipient countries with good fiscal, monetary and trade policies. Collier
and Dollar (2001, 2002) use the World Bank’s Country Policy and Institutional Assessment
(CPIA) as a measure of policy quality and show that aid may promote economic growth
and reduce poverty in recipient countries if the recipient countries’ policy is sufficiently high.
The findings in Guillaumont and Chauvet (2001), Chauvet and Guillaumont (2003, 2009)
indicate that the marginal effect of aid on growth is contingent on the recipient countries’
economic vulnerability.

On the other hand, Hansen and Tarp (2001) find that the effectiveness of aid is conditional
to investment and human capital in recipient countries and aid has no effect on growth when
controlling for these variables. Their finding shed light on the link between aid, investment
and human capital. Precisely, it shows that aid increases economic growth via its impact on
capital accumulation. Robust evidence of a significant aid effect is not found in Easterly et
al. (2004). Using the same empirical specification as that in Burnside and Dollar (2000),
but expanding the sample of data set, this analysis nuances the claim from that of these
authors. The results on aid effectiveness seem to be fragile when varying the sample and the
definition of different variables such as aid, growth and good policy (Easterlin, 2003).

While empirical studies on the aid effectiveness are abundant, there are quite few theo-
retical analysis on this issue. Chatterjee et al. (2003) examine the effects of foreign transfers
on economic growth of the recipient country given that foreign transfers are not subject to
conditions and positively proportional to the recipient’s GDP. It is shown that their effects on
growth and welfare are different according the type of transfers, untied or tied to investment
in public infrastructures. Chatterjee and Turnovsky (2007) follows this issue by underlyin
the role of endogeneity of labour supply as a crucial transmission mechanism for foreign aid|
Distinguished from the previous studies, Dalgaard (2008) introduces an aid allocation policy
rule consistent with empirical literature by considering a flow of aid negatively depending
on the recipient’s income per capita and on the donor’s exogenous degree of inequality aver-
sion. The author considers an OLG growth model applied to the case of a recipient country
where government investments are fully financed by aid flows. It is shown that an exogenous
increase in foreign aid leads to a higher steady-state income and a higher social welfare in
the recipient country. Besides, the degree of inequality aversion of the donor determines the
characteristics of the transitional dynamics of income per capita.

1See the report 2015: http://www.un.org/fr/millenniumgoals/reports /2015

2Chenery and Strout (1996) proposes a theoretical model where aid would affect growth via investment.
Precisely, in a recipient country, investment is function of domestic saving and foreign aid. If we refer to a
Solow exogenous model, it is straightfoward to find a positive effect of investment, hence positive effect of
aid, on economic growth.



This paper contributes to the debate on the connection between aid, economic growth
and poverty. It aims to analyze the effectiveness of development aid for a small recipient
country under the poverty trap. Simply put, the main question is to examine how devel-
opment aid can help a recipient country to escape the poverty trap and then to study the
conditions necessary to an economic take-off. To do so, we consider a growth model where
public investment, partially financed by aid, may improve the capital productivity. As in
Dalgaard (2008), this paper formulates aid flows taking into account the donor’s rules and
the recipient’s need which is represented by a low initial endowment. However, different from
Dalgaard (2008), aid flows are limited by an upper threshold. This implies that a country
would no longer receive aid if it was on the growth path in the long run. For the case of a
developing country, we also consider the possibility of corruption (inefficiency) in use of aid
and examine its impact on the aid effectiveness. Other characteristics, such as importance
of fixed cost of public investment, its efficiency degree and level of technology, are also taken
into account in the analysis.

The main results can be summarized as follows: Firstly, if the initial political and eco-
nomic circumstances of the recipient are to a sufficient standard, the country does not need
international aid to achieve its development. This result is trivial and corroborates to that
of an AK model. We analyze then different effects of aid for the case where the recipient
economy is under the poverty trap without aid. We conclude that the effects of aid in the
long run are complex and conditional to recipient country’s characteristics. Aid may help
the recipient country to reach economic growth, to surpass its poverty trap or to reduce
this threshold. This is conditional to the degree of corruption in use of aid, the technology,
the fixed cost and efficiency of public investment, as well as to the donor’s rules. Then,
our second result shows that if the recipient country has a high quality of political and eco-
nomic circumstances (but not sufficiently high to be autonomous in the quest for economic
growth), international aid may help it to reach economic growth whatever its initial capital.
Consequently, there will exist a period where this economy no longer needs international aid
to stimulate its economic development. Thirdly, by analyzing the case with a low quality of
circumstances where the corruption is high and the government effort in public investment
is low, we show that aid does not affect the threshold for an economic take-off. However,
if aid is sufficiently generous, the recipient country may surpass this threshold while it is
impossible without international intervention.

The complex results are found in intermediate qualities of circumstances: high corrup-
tion and high government effort in public investment (intermediate circumstances 1), low
corruption and low government effort (intermediate circumstances 2). It is hard to conclude
which situation is better for aid effectiveness. In the first one, aid reduces the threshold for
an economic take-off and increases significantly the probability to escape the poverty trap
compared to the low circumstances. In the second one, the probability to escape the poverty
trap as well as the probability to collapse is lower. In particular, the economy may converge
to a middle-income trap or to fluctuate around it.

The remainder of the paper is organized as follows: Section 2 characterizes the case of
a small recipient country. Section 3 presents the poverty trap without international aid. In
Section 4, we emphasize the role of international aid by analyzing the conditions for the
effectiveness of aid. Section 5 concludes. Appendices gather technical proofs.



2 A small economy with foreign aid

This section will consider an economy with infinitively-lived identical individuals. The pop-
ulation size is constant over time and normalized to unity. Labor is exogenous and inelastic.
The representative firm produces a single traded commodity, which can be used for either
consumption or investment. The government uses capital tax and international aid to finance
public investment which can improve the capital productivity. The waste in spending of aid
is considered by the presence of unproductive aid. The latter has no direct effect neither
on the household’s welfare nor on the production process. The fraction of wasteful aid may
reflect the degree of corruption in the recipient government.

2.1 Foreign aid and public investment

Empirical literature on aid effectiveness has a large consensus on the criteria of aid receiving.
Countries with high need and high potential marginal effect of aid in terms of economic
growth should receive a high amount of aid. In this sense, apart from the initial poverty,
Burnside and Dollar (2000), Collier and Dollar, (2001, 2002) focus on the institutional and
quality of policy criteria. Following these authors, a country with high policy quality is more
able to use aid in an efficient way. Guillaumont and Chauvet (2001) focus on a fairness
argument when they underline the recipient’s economic vulnerability, while Guillaumont,
McGillivray and Pham (2016), Guillaumont, McGillivray and Wagner (2016) also consider
the lack of human capital as a determinant criterion.
We consider a function of aid flows as follows:

a; = (@ — ¢ky)t = max{a — ¢k, 0} (1)

where @ > 0 is the maximal aid flow that the recipient country can receive. Parameter
¢ > 0, independent of the per capita capital, may be referred to all exogenous rules imposed
by the donor. The couple (a, ¢) are taken as given by the recipient country. They represent
aid conditionalities. All other characteristics of the recipient country being unchanged, a
decrease in ¢ and/or an increase in a lead(s) to a higher aid flow. We might interpret ¢ as
an indicator of economic vulnerability arisen in Guillaumont and Chauvet (2001) following
that more aid should be given to countries with high economic vulnerability (low ¢) since
in these countries aid would be more efficient. This argument also fits in a philosophy of
fairness which proposes that aid should compensate the recipient country for its vulnerable
initial situation (in macroeconomics conditions or lack of human capital) so that all countries
can obtain the same initial opportunities.

Equation (1) also means that the higher the capital, the lower the country is in its need,
then the lower the aid flow received. This assumption corroborates with empirical analysis
on the allocation rules. Similar assumption may be found in Carter (2014) and Dalgaard
(2008)E The form of equation () implies that until a certain level of capital, the recipient
country no longer receives aid.

The recipient country uses aid and tax on capital to finance public investment, which
improves the private capital productivity. As some spending of aid is wasted in most de-
veloping countries, there is a significant part of unproductive activity, noted as a;. This is

3Carter (2014) considers that aid flow received by country i is positively correlated with country perfor-
mance rating as underlined in Collier and Collar (2001,2002) (with index Country Policy and Institutional
Assessment) and is negatively associated with income per capita. Dalgaard (2008) assumes that per capita
flow of aid at time t is also a reversed function of income of per capita at t —1, a; = fy;* ;, 6 > 0,1 <0. In
this aid function, A reflects the degree of inequality aversion on the part of the donor. Parameter 6 represents
exogenous determinants of aid.



potentially explained by the corruption, administrative fees, etc. Then, the attribution of
aid may be written as:

a; = a. + a? (2)
If we consider a fixed fraction of aid for each activity, we can rewrite equation (2) as follows:
Ay = ;A —+ Oy, At (3)

with o, = 1 — ;. Parameter «o; < 1 reflects the inefficiency in the use of aid, caused by
corruption.

Let us denote B; as the public investment financed by tax on capital and by aid, B; may
be written as:

Bt — E_l + a/i (4)

where T;_; is the tax at period t — 1, T;_; = 7K. Since, all capital tax is used to fund public
investment, 7 may be interpreted as the government effort in financing public investment.
The positive effect of foreign aid on public investment is an obvious finding in empirical
studies (Khan and Hoshino, 1992, Franco-Rodriguez et al., 1998, Ouattara, 2006, Feeny
and McGillivray, 2010). For example, using a sample of recipient countries over the period
1980-2000, Ouattara (2006) shows that aid flows are associated with increases in public
investment, but do not reduce tax revenue. Feeny and McGillivray (2010) analyze the
interaction between aid flows and different categories of public expenditures and show that
for Papua New Guinea, aid flows also increase public investment. However, for this aid
recipient, aid flows negatively affect revenue collections.

2.2 Production

The representative firm produces a single commodity with an AK technology. Private capital
is referred to a broad concept including for example human capital. Given A, the classical
AK form implies that the production function is homogeneous of degree 1 with respect to
private capital. In this sense, the marginal product of capital may be interpreted as the total
factor productivity.

We assume that technological level is not exogenous, and it depends on public investment
B;. Let us consider the following production function:

Y,=F(B;,K;)=A[l+4 (6B, —b)"| K, (5)

where A € (0, 00) is considered as the autonomous and exogenous technology while A(cB; —
b)t = Amax(cB; — b,0) represents the endogenous technology depending on public invest-
ment B,

We remark that if B, < b/o, this implies that A(cB; —b)™ = 0, it features the standard
AK model. This means that the positive effect of public investment in technology is observed
only from the level b/o. Parameter o € (0, 00) is exogenous and measures the extent to which

4Dalgaard (2008) considers a production function in the spirit of Barro (1990) with public spending as
a production factor and entirely financed by international aid. The production function is supposed to
be homogeneous of degree 1 with respect to private capital and public spending. Given that aid flow is
decreasing with income, it converges to a null value in the long run and the economy converges to a steady
state where income per capita is constant. Dalgaard (2008) showed that the donors’ rule affect only the
transitional dynamics of the economy and the steady state income.



the public investment translates into the technology and the production process. In this
sense, 0 may reflect the efficiency of public investment and b/o is considered as a threshold
from which the public investment improves the technology. This threshold is decreasing with
o.

At each period ¢, given public investment B, the representative firm maximizes its profit:

Pft . Ty = %%%F(Bt, Kt) — Tth (6)

It is straightforward to obtain r; and 7; for a competitive economy:

re=A[l+ (0B, — b)+] (7)

7Tt:O.

2.3 Consumption

Let us consider the optimization problem of the representative consumer. She maximizes
her intertemporal utility by choosing consumption and capital sequences (¢, ky):

+oo
P.: max Y B'U(c) (8)
(ee.k) %5 4o
s.t: c + ktJrl + E S (1 — (S)kt + T'tkt -+ (9)

where 3 is the rate of time preference and U(c¢;) the consumer’s instantaneous utility function
depending on consumption ¢;. 7T} is the tax at t, r, is the capital return while 7; is the
firm’s profit at date t. For the sake of simplicity, we assume that the consumer knows that
T; = 7k, and instantaneous utility function is logarithmic, U(¢;) = In¢;.

According to Lemma [7 in Appendix [6, we establish the relationship between k;,; and k;

1—90+r
kt+1 == BTTtkt (10)

By the concavity of the utility function, this solution is unique.

2.4 Intertemporal equilibrium

Definition 1. (Intertemporal equilibrium) Given capital tazx rate T, a list (ry, ¢y, ke, Ky, ay) is
an intertemporal equilibrium if

1. (ct, kt) is a solution of the problem P., given ai,r, m.
2. (K3) is a solution of the problem Py, given By and 1.
3. Market clearing conditions are satisfied:
K, = k (11)
a+ka+T = (1-0)k+Y:. (12)
4. The government budget is balanced: Ty = Tk, 1.

5. a; = max{a — ¢k, 0} and at = o;a,.



Combined with (), the dynamics of capital stock (equation (I0)) may be rewritten as
follows:

koot = G(ke) = f(ke)ke (13)
16+ A[1 + (o (rky + 4@ — ¢hky)*) — b)+]

where f(k;) = T

(14)

is the gross growth rate of capital stock. This growth rate depends not only on the level of
capital stock but also on other fundamentals.

The following sections analyze the dynamics of k; over time and the effects of international
aid on the long run situation of this economy. Notice that function G is non linear and may
not be monotonic, its properties will be presented in Section K11l before analyzing the
effectivenness of aid.

It should be useful to introduce the notions of growth and collapse before studying the
dynamics of capital stock.

Definition 2. .
1. The economy collapses if lim;_,o ky = 0. It grows without bound if lim;_,. k; = oo.

2. A wvalue k is called a poverty trap if for any kg < k, we have lim; o k; = 0 and for any
ko > k, we have lim;_, k; = o0.

Remark 1. Let us denote:

1—-64+A
Teg=f——. 15
P 1+7 (15)
We observe that the gross growth rate f(k;) is higher than > r, for any t. Therefore, it is
easy to see that when r, > 1, the economy will grow without bounds.

It should be noticed that when the autonomous technology A is sufficiently high, and
higher than HTT + 0 — 1 (corresponding to 7, > 1), then it may generate growth whatever
the levels of other factors such as: initial capital, efficiency of public investment, foreign aid.
In this case, the country is not eligible to receive aid. Since our purpose is to look at the
impacts of public investment and foreign aid, from now on, we will work under the following
assumption.

Assumption 1 (Assumption for the whole paper). r, < 15

This assumption implies that when autonomous and exogenous technology A is lower
than HTT + 0 — 1, this economy would never reach economic growth in the long run without
public investment B; (in infrastructure, in R&D program, etc.). Public investment B is
then required to raise the technology stock, as necessary for a positive economic growth in
the long run.

°In this case, f(k¢) > r, > 1, then ki1 > k; for any ¢.
6We ignore the case r, = 1 because this case is not generic.



3 Poverty trap without foreign aid

This section considers an economy which does not receive foreign aid, public investment B;
is entirely financed by tax revenue. We will analyze the dynamics of capital in the long run.
From equation (I3]), we have:

ke = 7"b(kt)kt (16)
1 —5—1—14[1 + (UTk‘t —b)ﬂ

where 7,(k:) = T,

(17)

Proposition 1. (Poverty trap) Consider an economy with a low level of autonomous tech-
nology, and without foreign aid. The public investment in technology is entirely financed by
tax revenue and the dynamics of capital is characterized by (16). There exists a steady-state:

b+ D

TO
1/1
where D = Z( ;T

k**

(18)

(1- 5)) -~ (19)

We have then three cases:

1. Ifry(ko) > 1, i.e., (oTko—b)" > D, then (k;) increases and the economy grows without
bounds.

2. If ry(ko) < 1, i.e., (07ko — b)* < D, then (k;) decreases and the economy collapses.
3. If ry(ko) = 1, i.e., (oTko — b)T = D, then ky = kg for any t.

This result is obtained from the analysis of the dynamics of capital stock given by equation

(I8) and the fact that r,(k;) is an increasing function. We observe that D > 0 as r, < 1
b+ D
(Assumption 1) and vty may be interpreted as the threshold from which public investment
o
Tko generates the economic growth. Indeed, as r,(ko) > 1 is equivalent to (o7ky — b)™ > D,
b+ D

this is equivalent to 7ky > Our result indicates that if the public investment in

technology (without aid) is higl(lj enough, the economy will grow without bounds.

In another way, we consider b as a fixed cost of public investment. If the return of public
investment (0B; = oTky) is less than b, public investment 7ky does not make any change
on the total factor productivity. Following this interpretation, b + D can be viewed as the
threshold so that if the return of public investment in R&D (0B;) is less than this level,
there is no growth of capital stock, i.e. k;1q < k; for all ¢.

Figure 1 illustrates Proposition 1. The point of interaction between the convex curve
and the first bisector corresponds to the unstable steady-state &** which is considered as a
poverty trap for this economy. For all initial capital k, higher than k** (corresponding to
(07ky — b)™ > D), the economy will grow without bounds while it collapses if the initial
capital is lower than k&**. It should be noticed that £** is decreasing in A, ¢ while it is
increasing in b. This means that an economy with a high autonomous technology A, a high
efficiency o and a low fixed cost b in public investment has more chances to surpass its
poverty trap as the condition (07kg — b)* > D is more likely to be satisfied.
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Figure 1: Poverty trap without foreign aid. Parameters in function G(k) are § = 0.8;0 = 0.2; A =
0.5;7 =0.4;0 = 2; a = 0; b = 2; verifying condition r, < 1.

4 Role of international aid

Proposition[Ilshows that this economy collapses without international aid if the initial capital
and the return of public investment in technology (o7k;) are low. For that reason, in this
section, we will work under the following assumption:

Assumption 2 (Assumption for the whole Section [4)).
(o7ko —b)* < D (20)
where D is given by equation (I9)

The economy is then under its poverty trap. We then investigate the effectiveness of aid
in this contexte. In other words, given the pessimist initial situation of the recipient country,
we examine how international aid could generate positive perspectives in the long run.

4.1 Properties of function G(k)

Before providing the dynamics of capital stock, it is useful to underline some properties of
function f(k) and G(k). Let us recall that k1 = G(k:), and

1-0+ A[l + (o(th + ai(a — ok)*) — b)+]

G(k) = f(k)k = 8 o

k (21)

4.1.1 Monotonicity of function G(k)

Lemma 1. .
1. The function fi(k) = (k —a)" is increasing in k.

2. The function fo(k) = 7k + a;(a — ¢k)T is increasing on [0,00] if T > a;¢. When
T < ¢, the function fo is decreasing on [0,a/¢| and increasing on [a/¢, co|.



3. fa(k) =7k + ay(a — ok)T > amin(ay, 7/0).

B _ +
. > J1-— : - .
4. flky) > 1—1—7’[1 5+A<1+(aam1n(al,7/¢) b) )}
We now study the monotonicity of function G. Let us denote
1 =a/o (22)
oo;a — b .
Ty = m l1.e. X9 SuCh that O'f2(x2> - b = O (23)
1-0+A(Q+oaa—0) . ,
= .. h th =0. 24
T3 2 Ao(awp — 1) i.e. w3 such that f5(z3) =0 (24)
where
11—+ A[l + (o(tz + y(@a — ¢z)) — b)}
= 2
fal) = 6 — : (2)
Lemma 2. .

1. G is increasing on [xq,00).
2. Assume that x5 > 0. We have G increasing on [z, 00).
Consequently, G is increasing on [min(zy, x3), 00).

Lemma 3. The function G is increasing on [0,00) if one of the following conditions is
satisfied.

1. 7> ;0.
2. T < a;¢ and xo < 0.
3. 7 < ;¢ and x5 > 0, and x3 > min(xq, z3).
Lemma 4. Assume that 7 < o;¢ and x3 > 0, and 3 < min(zy,x9). Then G is increasing

on [0, x3], decreasing on [x3, min(zy, x9)], and increasing on [min(xy, z3), 00).

4.1.2 Steady states

Steady-states are characterized by G(k) = k. We will then find all fixed points, i.e. positive
solutions of the equation G(k) = k. We see that G(k) = k if and only if f(k) = 1 which is
equivalent to:

folk) = 7k + au(a — ok) = 28 (26)

o

where D is defined in equation (I9). The following result is obtained using properties of
Lemma Bl and [l

Lemma 5. .

1. If camin(ay, 7/¢) > D + b, then there is no fized point.

2. If camin(oy, 7/¢) < D +b.

10



(a) If T > o, this implies cac; < D + b , then

i. the unique fized point is k* := ] € (0,a/¢) when car/¢p > D + bfi

T—

ii. the unique fived point is k** := 2t € (a/¢, 00) when oar/¢ < D + bl

(b) If T < a;¢, this implies ocat /¢ < D + b, then
i. If cac; < D+ b, then the unique fized point is k** = 2t € (a/¢, 00).

aoy

w. If cac; > D+ b, then there are two fized points k* = a;DT € (0,a/¢) and
L = D+b (a/(b’ )H

In the following sections, we will present different effects of aid on recipient perspectives
in the long run. The effects of aid may depend on the initial circumstances in the aid
recipient (corruption degree, efficiency in management of public investment, etc.) and on
the generosity of donors.

4.2 Growth with generous exogenous aid and low corruption

The aid donor’s rules are characterized by the couple (a, ¢). First, we consider the case with
very generous exogenous aid where the maximum level of aid a is very high and ¢ is low.

Proposition 2 (Growth). Considering an aid recipient under poverty trap without aid,
characterized by condition (20). The dynamics of capital with foreign aid is characterized by

Z3). if

ry = 1f7[1—5+A<1+(ac‘zmin(ai,T/(b)—b)Jr)} > 1 (27)
<= camin(ay, 7/¢) > D +b. (28)

1. the economy will grow without bounds for any level of initial capital ky.

2. a; = (a — ¢ky)T decreases in t. Consequently, there exists a time T such that aid
amounts a; = 0 for any t > T'.

This result is obtained from the analysis of f(k;) in the dynamics of capital defined by
equation (I3). Following point 4 in Lemma [l we observe that if condition (28]) is satisfied,
then f(k;) and G(k;) will be increasing in k; for all k;. Condition (28) may be written as
follows

Uag >D+b and owa> D+, (29)

where D is given by equation (I9). The first condition in (29) means that the foreign aid is
generous (high a and low ¢) and/or the efficiency o is quite high while the second condition

may be associated to a low corruption in use of aid. Indeed, this second condition implies that

D+b
=l-o<1- —+ In other words, given aid flows, condition (29)) is more likely to be

satlsﬁed if the rec1p1ent country has a high quality of political and economic circumstances,
decisive for the effectiveness of aid. Put simply, fixed cost b and degree of corruption in the
use of aid should be low and autonomous technology A should be sufficiently high.

"This condition guaranties that k* < a/¢
8This condition guaranties that k* > a/¢
9Condition caca; > D + b is to ensure that £* > 0.

11
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Figure 2: Growth without bounds. Parameters in function G(k) are § = 0.8;7 = 0.4;0 = 0.2; A =
0.4;0 = 2;a; = 0.8;b = 2,¢ = 0.4 verifying conditions r, < 1, a; < 7/¢. On the left: a = 0, and
condition (28) does not hold. On the right: @ = 17, and condition (28]) holds.

25 4 25 4
—a=0 — (28) holds

20 + 20 +
15 ¢ 15 ¢
10 ¢ 10 ¢

b} b}

0 1 1 1 1 1 0 1 1 1 1 1

0 5 10 15 20 25 0 5 10 15 20 25

Figure 3: Growth without bounds. Parameters in function G(k) are § = 0.8;7 = 0.4;0 = 0.2; A =
04;0 = 2;0; = 0.8;a = 17,b = 2, ¢ = 2 verifying conditions 7, < 1, a; > 7/¢. On the left: a = 0,
and condition (28] does not hold. On the right: @ = 17, and condition (28]) holds.
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Proposition 2 gives us the best and ideal scenario for the recipient country but also for
donors. Whatever the initial capital, generous aid combined with high quality of initial
circumstances could help the recipient country to grow without bounds in the long run.
Figures 2 and 3 illustrate this Proposition under condition (28). Figure 2 corresponds to
the case a; < 7/¢ and Figure 3 to the case o; > 7/¢. We observe that, without exogenous
aid (corresponding to a = 0), the dynamics of capital correspond to that in Figure 1 and
there is one poverty trap. Thanks to development aid, the dynamics of capital change and
are represented by the curve above the first bisector. And we observe that the poverty trap
disappears.

However, aid is always bounded due to the budget constraint from donors and being
subject to conditionalities. In addition, in developing countries, the corruption in use of aid
as well as high fixed cost and low technology are often a recurrent problem. For these reasons
we are now interested in the case where condition (28) (then condition (29)) is not verified.
In the following sections, we consider the case:

camin(ay, 7/¢) < D + b. (30)

From this condition, we can identify three possibilities:

D+b D+b
/6 < Zanda; < T (31)
aga aga
D+b
; 2
o < — <71/ (32)
D+
T/gb < e < oy (33)

If we focus on the degree of corruption in the use of aid («;) and the government effort
in financing public investment (7) considering constant other parameters (aid and efficiency
in public investment, autonomous technology, etc.), equation (BI]) represents a low quality
of circumstances with a high degree of corruption (low «;) and a low government effort (low
7). Equation (32) characterizes a high degree of corruption (low ;) and a high government
effort (high 7) while equation (B3) characterizes a low degree of corruption (high «;) and
low government effort (low 7). These both situations are represented as intermediate cir-
cumstances. We note that high circumstances with a low degree of corruption and a high
government effort are already analyzed in Proposition 2 and Figures 2,3 where condition (28]
holds.

4.3 Poverty trap: growth or collapse?

Proposition 3 (High corruption and poverty trap). Considering an aid recipient under
poverty trap without aid, characterized by condition (20). The dynamics of capital with
foreign aid is characterized by (I3) and one of three conditions in Lemma [3 holds. Given
aid flows (a,p), We then have two cases:

1. (Low circumstances) If the recipient country has a low quality of circumstances with a
high degree of corruption and a low government effort in financing public investment,
so that condition (Z1]) holds then there exists one poverty trap k**

_D+b
N TO

k**

(34)

13



2. (Intermediate circumstances 1) If the recipient country has an intermediate quality of
circumstances with a high degree of corruption and a high government effort in financ-
ing public investment, so that condition (32) holds then there exists another poverty

trap k*,
D+b _ =,
e % (35)
T — ;¢
and k* < k**.

Then, in both cases

o If f(ko) > 1, i.e., (0(7k0+ai(&—¢k0)+)—b)+ > D then (k;) increases and the economy
grows without bounds. Consequently, there exists a time T such that aid amount a; = 0
for anyt >T.

o If f(ko) <1, i.e., (0(7’]{;0—|—ai(c’L—gbk‘0)+)—b)Jr < D then (k;) decreases and the economy
collapses. Consequently, there exists a time T such that aid amount a; > 0 for any
t> 1.

o If f(ko) =1, then k; = ko for any t.

This Proposition gives two initial circumstances with high corruption in the use of aid.
Parameters condition (31]) reflects a bad situation which is opposite to that given by condition
28) or (29) in Proposition 2. It means that the recipient country should suffer a high
corruption (low «;) and a low government effort in financing public investment[[d. We remark
that the poverty trap is always k**, like in the case without international aid. However, this
result does not mean that development aid does not exert any effect on the aid recipient.
Indeed, it should be noticed that we are under condition o(7kg —b)* < D, i.e. the country is
under the poverty trap without development aid. With the same poverty trap, development
aid could impede the collapse and help the recipient country to escape poverty if aid flow
is sufficiently high so that condition (o(7ko + (@ — ¢ko)™) — b)+ > D for an economic
take-off is satisfied. In other words, the development aid might help the aid recipient to
surpass its poverty trap while this is impossible without foreign assistance. This result may
be considered as a theoretical illustration for the intuition evoked in Kraay and Raddatz
(2007) using a Solow model []

We remark that in the intermediate circumstances 1, characterized by a higher gov-
ernment effort, the poverty trap is lower, k* < k**. Simply put, the same aid flows and
corruption degree in the use of aid may generate a lower threshold for economic-takeoff.
Proposition [B] underlines the fact that given aid flows, the effectiveness of aid is conditional
to the initial situations in the recipient country Besides, analyzing k*, we can observe
that a higher value of a and/or lower value of ¢ will reduce the value of k[ This implies
that the more generous donors are, the more likely that the recipient country escapes the

19Qther characteristics such as autonomous technology, efficiency in public investment, or fixed cost b may
be identical or worse than in the high circumstances.

1Tn a Solow model with two exogenous saving rates, there are two steady states which are locally stable.
Kraay and Raddatz (2007) indicate that in such a model, if the saving rate is low, foreign aid could help the
recipient to accumulate capital. Saving rate might jump to the higher level, and then, the economy would
converge to to high steady state.

12Qther characteristics may be maintained unchanged, or take the values such that condition (32) holds.

13 As indicated previously, the donor’s rules are exogenous and represented by the parameter ¢ in function
of aid (). These donor’s rules representing aid conditionalities may be determined by macroeconomics
conditions of the recipient. For example, referring to Guillaumont and Chauvet (2001, 2003), we may
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poverty trap as the threshold for economic take-off becomes lower. In this case, it is more
likely to satisfy the condition ky > k* for getting out of the poverty trap. In other words,
the condition (o(7ko 4+ a;(a — ¢ko)T) — b)" > D is more likely to be satisfied for the case
with &* than with £**.

4.4 Middle-income trap: stability or fluctuations?

Let us now consider the last case verifying condition (30). It corresponds to equation (33]),
which characterizes a low degree of corruption (high «;) and a high government effort (low

7).
Assumption 3 (Assumptions for the whole Section [4.4]). .
1. T/¢ < ?‘——gb < .

2. xy >0 and x3 < min(z1, xy) where x1,x9, 23 are given by (23), (23) and (@)

4.4.1 Middle-income trap

Proposition 4 (Low corruption and middle-income trap). Considering an aid recipient
under the poverty trap without aid, characterized by (20) and the conditions in Assumption
[3. The dynamics of capital with foreign aid are characterized by (I13). Given aid flows (a, ¢):

o (Intermediate circumstances 2) If the recipient country has an intermediate quality of
circumstances with a low degree of corruption and a low government effort in financing
public investment, so that condition (33) holds, then there exist two steady-states k*, k**

and k* < k**
low steady-state: k" = ——2— T
ow steady-state po— € (0,a/9) (36)
D+b
high steady-state: k™ = il € (a/¢,0). (37)
TO

Proposition Mis obtained from Assumption 3, Lemma[ and Lemma[5l Indeed, according
to Lemmald], function G is increasing on [0, z3], decreasing on [x3, min(z1, 23)], and increasing
on [min(xy,x2),00), where z3 is the local maximum of the function G. According to point
(2.b) of Lemma [0 there are two steady states k* := ao;’;? € (0,a/¢) and k™ = £t ¢
(a/6, ).

We notice that the degree of corruption in use of aid and the initial conditions are decisive
for the effectiveness of aid. We compare Proposition 3 with Proposition 4. The first one
corresponds to high corruption while the second one corresponds to low corruption. On the
one hand, given the same flow of aid, the intermediate circumstances described in Proposition
[ give aid effects more satisfying than the low circumstances. Indeed, in the intermediate
circumstances 2, for all initial capital lower than £**, the economy no longer collapses, it may
converge to the middle-income trap £* if this one is stable Aid may not help to generate

interpret ¢ as the initial situation in recipient country in terms of economic vulnerability. A low value of ¢
may be associated to a high economic vulnerability. Therefore, country with low ¢ will receive more aid given
all others variables including initial poverty (low k,). Guillaumont and Chauvet (2001, 2003) recommend
that countries with high economic vulnerability should receive more aid than others as aid is more efficient
in these countries.

14This condition implies the non-monotonicity of transitional function G.

15Tts characteristics will be analyzed in the next section.
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growth, but may conduce the economy to a stable steady state where income per capita is
constant.

On the other hand, comparing point 2 in Proposition 3 with Proposition 4, both describe
the intermediate circumstances. For the first one, the corruption is high, but the government
effort in financing public investment is also high while for the second one, the corruption is
low, but the government effort is also low. Both situations conduce two results which are
not comparable. We recall that all other factors being equal, the case with high corruption
gives us a low steady-state £* while the case with low corruption gives us two steady-states
k* and k**. The difficulty of comparing both intermediate situations are justified by two
facts. First, if in the first case, k* is unstable and considered as a poverty trap, in the
second case, it may be stable and considered as a middle-income trap. Hence, for all initial
capital lower than £** if the initial situation verifies (B2 with high corruption, then the
economy collapses while for the initial situation verifying (B3)) with low corruption, there
may not be this risk as there exists a middle-income trap. Second, if the recipient economy
begins with an initial capital between k* and k**, the intermediate situation 1(condition [32])
is better in the sense that an economic-takeoff is possible as k* is unstable in this case. If
the recipient economy begins with an initial capital lower than £*, then the intermediate
situation 2 (condition [B3)) is better in the sense that the economy does not collapse but may
converge to a middle-income trap where the economic growth is null.

4.4.2 Stability of the middle-income trap

We analyze now the conditions for stability of the low steady state £* in the intermediate
circumstances 2 corresponding to Assumption [3l

Proposition 5 (Stability of low steady state). Under Assumption[3, we have

1. If parameters are so that cac; < D + b+ % <1+7T)E we have: if ky € (0,k*), then
ky € (0,k*) for any t. Moreover, we have limy_,, ky = k*.

2. If parameters are so that cac; > D + b + % <1+TT> the steady-state k* is locally
stabld'd if and only if

2 (1
aaai<D+b+Z< ;T> (38)

We notice that condition (38) is equivalent to

147
B

This one is certainly satisfied if the fixed cost b is so that b > 1+o0a;a. Figure 4 illustrates

the global stability of the low steady state k* when cac; < D + b+ % <HTT) On the graph,

this condition is represented by the fact that the local maximum z3 of function G(k) is higher
than k*.

'9This condition corresponds to x3 > k*, i.e., A(1+oa;a —b) > 2457 — (1 - 9)
'"This condition is equivalent to z3 < k*, i.e., A(1 +oa;a —b) < 25T — (1 —9).
18Tt means that there exists € > 0 such that lim;_, k; = k* for any ko € (k* — €, k* + ¢).

3

—(1-9)>A(l+owa—b). (39)
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Figure 4: Stability of low steady-state. Parameters in function G(k) are f = 0.5,7 = 0.2;§ =
0.8,A=0.5,0 =0.8,a; =0.8;a = 10,b = 1,¢ = 2, verifying condition (B3] and z3 > k*. We have
limy o ky = k* for any kg € (0, k*).

25 %
—ux3 < k¥
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Figure 5: Local stability of low steady state. Parameters in function G(k) are = 0.8,7 = 0.2; =
08,A=04,0 =1,a;, =0.7;a = 12,b = 3, ¢ = 2, verifying conditions [B3) and (B8)), x3 < k*.
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Figure 6: Fluctuation around the low steady state. Parameters in function G(k) are § = 0.8,7 =
02,6 =0.2,A=0.5,0 =1.2,a; = 0.8;a = 12,b = 2, ¢ = 2, verifying condition ((40])).

4.4.3 Fluctuations

It should be noticed that when the low steady state is not locally stable, there will be other
possibilities for this economy. In the following section, we consider the case where condition
(B]) is not satisfied. It is shown that fluctuations around this steady state may occur.
Besides, there is also a probability to obtain a "lucky growth".

Lemma 6. Assume conditions in Assumption[d hold and x3 < k*. Assume also that

a&ai>D+b+%<1—gT>. (40)
Then, there exist y, € (x3,k*) and yo > 0 in (0,22) such that
yi#F Y, fay) =v2, f3(y2) = v (41)
Moreover, if we add assumption that G(y,) < xa, then the above y1,y2 satisfy
yi #y2 Gy) =y, Gly) = v1. (42)

Considering ¥, y2 determined in point 2 of Lemmal[0 let us denote
Fo={y, e}, Fn=G ' (F) Vt>0, F=UsoF.
The following result is a direct consequence of Lemma [6l

Proposition 6 (Fluctuation around the low steady-state). We assume that conditions in
Assumption[3 hold. Assume also that conditions in Lemmal@ hold. We have that: if ky € F,
then there exist ty such that such that ko = y1, kor1 = yo for any t > to.

Figure 6 illustrates the fluctuation of the recipient economy around the low steady state
following the description in Lemma There exists an interval of capital so that for all
initial capital belonging to this interval, there is neither possibility for the recipient country
to converge to the middle-income trap, nor the possibility to reach an economic take-off.
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This result is obtained under condition ([@0]). We observe that this condition is equivalent to
34T — (1 —4§) < A(1 + oaya — b). Tt holds if and only if the two following conditions are

B
satisfied:
14+ oq;a >0 (43)
3T _ (1-19)
A A 44
= 1+ oa;a — b ( )

Comparing this condition (0) to (B8]), we remark that the economy fluctuates around the
middle-income trap under condition ([A0]) (Figure 6) while it converges to it under condition
[B8) (Figure 5). Simply put, the economy fluctuates around the middle income trap rather
than converge to it if the degree of corruption is lower (higher «;) and/or the fixed cost b is
lower and/or the level of autonomous technology A is higher, for all other parameters being
unchanged. It should be noticed that these characteristics always verify condition (B3])
for the existence of a low and a high steady-state. They are not sufficiently good to verify
condition (29) for a growth without bounds as shown in Proposition 2.

4.4.4 Lucky growth vs middle-income trap

When x3 < k**, we can consider two subcases: G(x3) > k™ = G(k**) corresponding to a
strong dynamics of capital and G(z3) < k™ = G(k**) a lower dynamics of capital.
Let us denote

Up(k™) == {x € [0,k™] : G(z) > k™*}, Ui (E™) := G HU(K™)), Vt>0
U(E™) := UpsoU (k™).

Note that k* ¢ U(k*), x5 € U(k**) and k* > x3. Here, k** is the high steady state. For any
ko > k**, then k; tends to infinity. The following result shows the asymptotic property of
equilibrium capital path (k;) for the case ko < k**.

Proposition 7 (Lucky growth vs middle-income trap). Assume that conditions in Assump-
tion [3 hold.

1. If G(x3) < k™, then ky < k™ for any ko < k™.
2. If G(x3) > k**, then we have: U(k*™) # 0, and tlim ki = oo for any ko € U(K*™).
—00

We remark that condition G(x3) > k™ is equivalent to

3 (1—5+A(1+o—aia—b)>2 Db

1+71 4A(c;p — ) = T (4)

The right hand side depends neither on (a, ¢) nor on (o, ;). Under Assumption B the left
hand side increases in a, o, o; but decreasing in (b. It means that when aid flows and the
efficiency in public investment are sufficiently high, and corruption is low, the dynamics of
capital are strong, G(x3) > k™. There always exist some “lucky values” of initial capital k,
so that G(k,) > k**, foreign aid may help the economy to surpass the poverty trap k** and

9For example, we take o; = 0.7, A = 0.4,b = 3,0 = 1 in Figure 5 and o; = 0.8, A=0.5,b=2,0 = 1.2 in
Figure 6.

20Tt is easy to see that the left hand side increases in @, o but decreasing in ¢. It is increasing in «; because
r3 < 7.
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Figure 7: Lucky growth vs. middle-income trap. Low curve corresponding to G(z3) < G(k**),
parameters in function G are 8 =0.8,7=0.2;0 =02, A=04,0 =1,0 =0.7;a = 12,0 =3,¢ = 2.
High curve corresponding to G(x3) > G(k™), with a = 14, oy = 0.8;0 = 2, other parameters
unchanged.

reach an economic take-off (high curve in Figure 7) Otherwise, the recipient country may
converge to the middle-income trap with a null growth (low curve in Figure 7).

It should be noticed that these characteristics in degree of corruption, government effort,
autonomous technology and efficiency of public investment, for a "lucky growth" do not
verify condition (29) for a growth without condition on the initial value of capital. This
means that there exist only an interval of initial capital around the value of x5 so that for all
k, belonging to this interval, its value for the following period G(k,) thanks to development
aid, is very high and surpasses the poverty trap £**, then the recipient economy may reach
the lucky growth.

5 Conclusions

This paper examines the effectiveness of aid in a recipient country with initial conditions
which are not favourable to achieving economic development. Aid flows depend on donors’
rule and initial poverty of the recipient. We suppose that the recipient country uses aid to
finance its investment in technology which allows to improve the capital productivity.
Considering the case where the recipient is under the poverty trap if there is no develop-
ment aid, we show that the initial situations in terms of autonomous technology, government
effort in financing public investment, fixed cost and efficiency of public investment are deci-
sive for the effectiveness of aid. We discuss the results following different characteristics of
the recipient country. It is shown that the effectiveness of aid varies depending on different
factors. Our first result shows that in case of a very high quality of political and economic
circumstances, the development aid may help the recipient country to reach economic growth
whatever the initial capital. Consequently, there will exist a period where this economy no

21The term “lucky values” of initial capital reflects its random character as there is no regular rule for
initial capital. For G(x3) > k**, there exist certainly other values of ko so that G(k,) < k**, then the
economy converges to the low steady state even with its strong dynamics of capital (corresponding to the
high curve).
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longer need international aid to stimulate its development.

Secondly, we underline the significant impact of corruption in the use of aid on the effec-
tiveness of aid. When comparing two scenarios distinguished by the corruption degree with
all other factors being equal, we remark that if the corruption is low, then the perspectives
in the long run are better. The recipient economy may converge to a middle-income trap
rather than collapse.

Thirdly, when controlling the degree of corruption in the use of aid, we can observe the
impact of other factors on the effectiveness of aid. For instance, comparing two scenarios
distinguished by autonomous technology and fixed cost in public investment, we find the
difference in aid effects. For a lower fixed cost and higher autonomous technology, aid may
help the recipient to reduce its threshold for an economic take-off. This implies that the
probability that the recipient escapes the poverty trap is higher. In another scenario, we
also find that aid may exert no effect on the threshold, but it helps the recipient to increase
the probability of surpassing it.

Finally, our analysis concerning the middle-income trap gives different properties. This
middle-income trap may be stable or unstable. The economy may be in a situation with
fluctuations around this trap without convergence or have a chance to get an economic take-
off. This depends on the initial situations in terms of fixed cost, technology, corruption
degree and donors rule.

This paper fits in the debate on the effectiveness of aid in terms of economic growth
and household’s welfare. One of the research perspectives consists to adopt this analysis
framework and its results as a starting point for an empirical investigation.

6 Appendix: Formal proofs for Section

Euler equation for the program P,

Lemma 7. Consider the optimal growth problem

o0

max B In(c 46
e 3t (1)
Ct + St+1 S Atst (47)
Ct, St Z 0. (48)

The unique solution of this problem is given by s;.1 = Aysy for any t > 0.

Proof. Indeed, the Euler condition ¢;, 1 = SA;,1¢; jointly with the budget constraint becomes
Stro — BA 181 = A1 (See1 — BAsy). Thus, a solution is given by s, = Aysy. It is easy
to check the transversality condition limy ., S/ (c;)s¢1 = 0.

By the concavity of the utility function, the solution is unique.

7 Formal proofs for Section (4

Proof of Lemma [l The three first points are obvious. Let us prove the last point. We
consider 2 cases. If k > a/¢, it is easy to see that fo(k) > 7k > 7a/¢ > amin(a;, 7/9).

If Kk <a/o, then fo(k) = aya+ (7 — ay;0)k.

When 7 — a;¢ > 0, we have fo(k) > wa.

When 7 — a;¢ <0, we have fo(k) > oya + (7 — ap)a/o = aua/¢. O
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Proof of Lemma 2. 1. G is increasing on [z, 00) because when = > x;, we have

1—5+A(1—|—(07x—b)+>
G(z)=2p 7 x.

2. If x; < x9, it is trivial that G is increasing on [z, 00) because it is increasing on [z, 00).

We now consider the case where xy > x5. Let x and y such that x > y > x5. We have
to prove that G(z) > G(y). It is easy to see that G(z) > G(y) when z,y € [xg,x;] or
x,y € [r1,00). We now assume that x > x; > y. In this case, we have

1—5+A<1+(a7'x—b)+)

1-6+A
Glx) = 8 - Y e
1—6+ A(l + (caza—b—o(a;¢ — T)y)+>
Gly) =7 T y
1-0+A
T
where the last equality is from the fact that y > x5. So, it is clear that G(x) > G(y).

0
Proof of Lemma 3. 1. When 7 > «;¢, by using point 3 of Lemma [I] we get that G is

increasing on [0, co).

2. When 7 < ;¢ and x5 < 0. We consider two cases.
If z < a/¢, then (o(tz+ o;(a— ¢z)*) — b)Jr = (caya—b—o(a;¢—T1)x)t =0 (because
oa;a — b < 0). So, in this case

1-0+A

—.

G(x) =
(x) b 1+7
When = > a/¢, we have

1 —5+A(1—|—(07’x—b)+>
G(z)=p0 = x.

It is easy to see that G is increasing on [0, 00).

3. We now consider the last case where 7 < ;¢ and x5 > 0, and x3 > min(xy, z5).
First, according to Lemma [2] we observe that G is increasing on [min(zy, z3), 00).

Second, we observe that G is increasing on 0,x3). Since z3 > min(xy, z3), we obtain
that G is increasing on [0, c0).
O

Proof of Lemma . According to Lemmal[2] we observe that G is increasing on [min(z1, z3), 00).
We now consider G on [0, min(z1, z3)]. Let x € [0, min(zy, 22)]. We have

1-0+A(l+o0aa—b—o(ap — 7))

Gla) = fule) = 6 o

(49)

By definition of x3, we have f}(xz3) > 0 if and only if x < x3. Therefore, G is increasing on
[0, 23], decreasing on [x3, min(zy, z5)]. O
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7.1 Proofs for Section [4.4]

Proof Proposition Gl Part 1. First, we need the following result.

Lemma 8. Assume that ac; > DH’ > ar/¢ and x3 < 5.
If x5 > k*, then G(z3) < 3. And therefore, G(x3) < x3 < w9 < k* = G(k*). In this case,
we have G(x) < k* for any x < k*.

Proof. 1t is easy to see that if 3 > k*, then G(z3) < w3.
Now, let x < k*. If x > k*, then G(z) <z < k*.
If z < k*, then we have
G(r) <maxG(z) < G(z3) < x3 < k" (50)

r<k*

We now come back to the proof of Proposition
If kg < k*, according to Lemma [§ we have k; = G(ko) < k*. By induction, we have
k; < k* for any t.
We now prove that tlim ki = k* for any ko € (0, k*).
—00
Case 1: ko € (0,z3]. Since G is increasing on [0, 3], we have tlim ky = k** for any
— 00

]i]o € (O,Jfg].
Case 2: ko € (x3,x2]. We see that k; = G(ko) < max G(x) = G(x3) < x3. Therefore

z€[0,z2]
ki1 < x3, and so lim k; = k**.
t—o00

Case 3: ko € [z2,a/¢], we have ky = G(ko) = Wko. Since W < 1, there exists
to such that k;, < xo. Thus hm ky = k**.

Case 4: kg € [a/o, k*], We have G (ko) < ko which means that f(ky) < 1. Combining with
ki1 = f(ko)ko, there exists t; such that k; < a/¢. This implies that thm k, = k**.
—00

Part 2. Recall that

G(k) = f(k) = 7 fT [1 — 5+ A<1 +oaa— o(aip — )k — b)] k (51)

= 1fT[1—6+A(1+0aia—b) —Aa(aigb—T)k}k: (52)

G (k) = fi(k) = < f_ - [1 — 5+ A(1+ oua — b) — 2A0(a6 — T)k} . (53)

We have
- Gy, — Btb

G'(k*) = - f - _1 — 0+ A(l+oa;a—b) — 2A0(au¢p — )%} (54)

- - f_ [1=5+ (1 + oo — b) — 240m0; + 24(B + )] (55)
:157_1—5+A(1+b+23—0—aai)]. (56)

It is well-known that k* is locally stable if and only if ||G'(k*)|| < 12 Since 23 < k*, have
have G'(k) < 0. So, k* is locally stable if and only if G’(k) > —1 which is equivalent to
1+7

3

—(1=96)+Ab—-1—o0aa) > 0. (57)

O

22Gee Bosi et Ragot (2011) among others.
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Proof of Lemma [6l. We will find vy, y» > 0 such that (&I)).
Let us denote n =1 —§ + A(1 + oasa — b) and m = Ao (¢ — T). y1,y2 must satisfy

n T(” — MY1)Y1 = Yo, = T(n —MY2)Y2 = Y1. (58)
Since y; # yo, we have
i T(” —m(y1 +12)) = —1. (59)
So, we obtain
1 1+7
H(yl)E1fT(n—my1)y1+y1—E<n+ 5 )=0 (60)

We have H(y;) < 0. We also see that H(k*) > 0 if condition (40)) is satisfied.
Under condition (40), there exists y; such that H(y;) = 0. Therefore, y; and yo = f3(y1)

satisfy (4I)). O
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