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Abstract

We consider abstract social systems of private gnigpmade oh individuals endowed with non-paternalistic
interdependent preferences, who interact througihanges on competitive markets and Pareto-effidienp-
sum transfers. The transfers follow from a disttilmiliberal social contract defined as a redisttiitn of initial
endowments such that the resulting market equilibrallocation is both Pareto-efficient relativeindividual
interdependent preferences, and unanimously wealdferred to the initial market equilibrium. We ably
elicit two global properties of Pareto-efficientdigtribution in smooth differentiable social systeof the type
above. The first one is the separability of allamatand distribution: Pareto-efficient redistritarti leaves
unaltered the role of market prices in the coorilimaof market exchanges, as expressed, notablythey
existence and efficiency properties of competitggiilibrium. The second one is the global structfréhe set
of Pareto-efficient allocations: its relative iriteris a simply connected smooth manifold of dinien:-1,
homeomorphic to the relative interior of the unityglex of R". Both properties obtain under three suitable
conditions on the partial preordering of Paretooeisgéed with individual interdependent preferenoshijch
essentially state that: the social utility funcgdouilt from weighted sums of individual interdedent utilities,
by means of arbitrary positive weights, exhibit @perty of differentiable nonsatiation and sometadly
defined property of inequality aversion; and indivals have diverging views on redistribution, imgosuitable
sense, at (inclusive) distributive optima. The afenarket equilibrium allocations associated witke transfers
of the inclusive distributive liberal social contta then consists of the maxima, in the set ofirattde
allocations unanimously weakly preferred to théiahimarket equilibrium, of the weighted sums odfliiidual

interdependent utilities derived from arbitrary tars of positive weights oR++". Its relative interior is a
simply connected smooth manifold of dimensiei whenever the initial market equilibrium is noareto-
efficient relative to individual interdependent fenences. It is shown, finally, that the liberaktisd contract's
inclusive solutions for redistribution, so charaizted, maximize a family of social welfare functae that
verify Arrow’s non-dictatorship axiom and Sen’sdity axiom for the social systems to which it apgli
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1- Distribution in theliberal social contract

This article examines the possibility of rationaltynding the distribution institution on the
liberal social contract.

The liberal social contract (Kolm, 1985 and, noyalil996: 5, and 2004: Chap.3; see also the
related construct of Nozick, 1974) is a normatiggerence, corresponding to the unanimous
agreement of individuals derived from the sole aeration of their preferences and rights
by abstracting away all conceivable impedimentsh® achievement of this agreement or
implementation of its contents, that is, notablyformational and other obstacles to the
elaboration of the clauses of the social conti@ud, difficulties with their enforcement.

It differs from alternative normative theories Buas Harsanyi’s derivation of
utilitarianism (1955) or Rawl'I heory of Justic€1971) by deducing the normative reference
from actualindividual preferences and rights.

Harsanyi and Rawls use the fiction of the veilgrfarance of the original position for
abstracting away all possible sources of alteratibthe impartiality of individual judgment
that may follow from individual’s actual position society, his “interests” in an all-inclusive
sense, comprehending not only material wealthritteand the poor), but also human wealth
(the sick and the healthy, the smart and the ddi$tinctions, set of interpersonal relations
etc. Individuals, so abstractly placed in a positid objectivity, form their impartial judgment
over social states by means of acts of imaginagiwmpathy, which consist of imagining
themselves successively occupying all actual mosstin society. The norms of justice are
unanimous agreements of such individual impartigdgments, obtained from rational
deliberation and bargaining in the construct of Ravand from the axioms of rational
decision under uncertainty in the construct of ldays

The liberal social contract, by contrast, is arumeous agreement of individuals in
their actual position in society. It ispositivetheory in that respect. It becomes normative,
hence a theory of justice, only insofar as the @sscof contracting, and subsequent
implementation of clauses, are concerned. The tperaf abstraction that is performed at
this level extends to the whole space of socialtregting, as an “as if” or ceteris paribus
proviso, the abstract characteristics of perfeabmpetitive market exchange, notably
costless and immediate information, bargainingemfdrcement. The norms of justice are the
unanimous agreements that obtain in these ideaittmms of perfect social contracting. They
define (ideal) objectives for collective action.

Actual collective action inspired by the liberal sociahtract fills in the gap between
the norm of the social contract and the realityso€iety by means of actual contractual
arrangements, or institutional substitutes for thermich permit the achievement, partial or
complete, of some of its ideal objectives subjecthie constraints associated with the actual
costs of corresponding action. These modalitiesotéctive action include state intervention,
but do not reduce to the latter, in principle aiske In other words, the liberal social contract is
mute, by construction, on the modalities of its liempentation, as the costs of the latter
proceed from the circumstances (information, traetisa and enforcement costs) that are
assumed away for its derivation. This characteristiakes the liberal social contract a
possible explanation, in the normative, teleololgisanse, for a large variety of actual
institutions and arrangements of institutions, udahg the distribution institution, to which
we now turn.

The distribution institution consists of the sets legitimate acts of redistribution of
individually consumable wealth, and rights relativendividually consumable wealth.



So defined without making explicit the principleatHegitimates some redistributive
transfers and forbids others, the distributioniin8bn seems to be a universal trait of human
societies, large or small, across time and plagssuch, it must probably be included in the
small set of universal characteristics which, likeguage, should feature in any definition of
a general notion of human society.

We are specifically interested, in this articla, the distribution institution that is
founded on the liberal social contract as the piecof legitimacy of redistributive transfers.
That is: the set of acts of redistribution of indivally consumable wealth which meet the
unanimous agreement of individual members of spciappreciated from their actual
preferences and rights (this makes legitimate nelligion); the set of acts of redistribution of
individually consumable wealth vetoed by some i@l members of society from their
actual preferences and rights (this makes illegitenredistribution; the disagreement of a
single individual suffices, in principle, to makeransfer illegitimate); and the subset of the
latter which consists diorbiddenacts of redistribution, and so defines individughts to
redistribute.

If legitimate redistributive transfers are imagwardeduced from the abstract
assumption of perfect social contracting, we hdaeenbrm of the distributive liberal social
contract. If these transfers are the actual, paatihievements of this norm that obtain in the
practical conditions of collective action, we hatlhee practical distributive liberal social
contract.

This article derives some general properties ef tbrm of the distributive liberal
social contract.

The features of individual characteristics that specifically relevant for our purposes are
their preferences relative to the interpersondtribigtion of individually consumable wealth

on the one hand, and their rights relative to ilistron (in short, distributive rights) on the

other hand.

Individual preferences over distribution (in shodistributive preferences) make
distribution a public good, as an object of comnoamcern of the individual members of
society (Kolm, 1966, Hochman and Rodgers, 1969y #dividual wealth is also a public
good (or bad) in the same sense for the set oWiohakls who feel concerned about it,
whenever this set does not reduce to the wealtreoivmself.

An individual concern about another’s wealth candbehe benevolent type, also
caII?d altruistic concern, or of the malevolentayjn situations of envy or of ill-intended
gift.

Individual distributive concerns are the basic sewand condition for the existence of
the distributive liberal social contract

Altruistic concerns, if they are strong and widesr enough, induce willingness to
give. If the gifts are properly oriented and inteddthey can be accepted by beneficiaries.
Subject to the same condition, they may also arowsé&ustration and cause no objection
from those who do not take part in the gift-givirgationship as donor or beneficiary. They
may, therefore, meet unanimous agreement (the latgerstood in the wide, oreak sense
that includes indifference as a case of agreemé&ht$. makes the positive, active side of the

' Envy is defined by economic theory as a situatidmene an individual prefers another's position (here
another’s wealth) to his own. Envy in this sensesdoot imply malevolence; nor does malevolenceyirephvy

in this sense. They can be associated, thoughemsychological attitudes of some relative to whealthy,
when the consideration of wealthy positions credieth dissatisfaction with one’'s own and subsequent
resentment for the source of painful comparisonleMalent distributive concern does not reduce ®dhse of
envy, although the latter certainly has a greattmral importance. Another important case is itieimded gift
(see Kolm, 2006: 4.2, for a comprehensive clasgifion of gift motives, including the types of maddant gift-

giving).



distribution institution of the liberal social coatt, that is, legitimateedistribution according
to this ethical principle.

Malevolent redistribution is normally vetoed by isitéd “donors”, or by solicited
receivers in the case of ill-intended gifts. Théiagement of unanimous agreement from a
given distribution of individual wealth supposdsrefore, a type of individual right, namely,
equal individualdistributive liberty which consists of the liberty, for anyone, toidecwvhat
to transfer (that is, to choose the magnitude amutents of the transfer of individually
consumable wealth) and to whom, and also to dewid&t to receive, and from whom; in
other words, the ability of anyone to accept ousefgifts, and to make or not to make gifts,
subject to beneficiary’s acceptance when a giftmade. This makes the negative,
constitutional side of the distribution institutioof the liberal social contract, that is,
illegitimate redistribution forbidden by individualistributive rights. The latter rest on a
double individual-based ethical foundation: unanisi@agreement as principle of legitimacy
of transfers gbjectiveindividual-based ethical principle); and negatiweral appreciation of
redistributive acts driven by evil intentions (malence), considered from the subjective
perspective of involved individualsybjectivandividual-based ethical principle).

To sum up, the distributive liberal social contrgcbceeds from a self-consistent
system of individual preferences and rights rettio the distribution of individually
consumable wealth. Individuaistributive preferencesonvey distributive concerns of the
benevolent and malevolent kinds. The type of itietate redistribution that proceeds from
malevolent distributive concerns defines individutributive right as the right of any
individual to accept or refuse gifts, and to makenat to make gifts, subject to beneficiary’s
acceptance when a gift is made. Legitimate rebistion proceeds from altruistic distributive
concerns. It consists of the set of gifts thatwamanimously weakly preferred to distributive
status quo.

Vetoed altruistic redistribution is illegitimate the distributive liberal social contract,
but is not forbidden by individual rights when djsgement is not the fact of the donors or
beneficiaries involved in the gift-giving relatidnp. There remains, therefore, by
construction, the possibility of a logical inconsiscy of the distributive liberal social contract
in situations where some individuals are willingniake gifts, which beneficiaries accept, and
which are vetoed, notably for reasons of jealobsgyindividuals who are neither donors nor
beneficiaries in those gifts. In such cases, anth@m only, the distributive liberal social
contract is empty, because individual rights preditegitimate actions. The distribution
instituti%n cannot, then, be founded on it (see Example 14 of Mercier Ythier, 2006:
6.1.2.1):

Both sides of the distribution institution of thiedral social contract involve sizeable costs for
their practical elaboration and implementation.

On the active side of it, the public good charactar common altruistic distributive
concerns raise the usual difficulties for optimabwysion, that is, notably, indivisible
information and transaction costs that steeply ease with the size of the pool of
interdependent donors and beneficiaries, and esfoeat costs which might follow up
accordingly if free-riding behaviour increases wpttol size as conjectured by Olson, 1965. A
large variety of solutions is conceivable and dffety practised for these problems, from
state intervention (e.g. public assistance) tontlatifarious institutions and organizations of

2 This example refers, metaphorically, to the Amamicsecession war of 1860-1865. The reference to the
abolition of slavery is only partly relevant as arample in our context, because it involves muchemo
naturally, than a redistribution of property rigtaser individually consumable wealth. For a defonit of
jealousy, and a discussion of its relations withryem the context of distributive theory, see Merclthier,
2006, footnote®,



philanthropic economy (notably charities), and alsoluding important aspects of the
economics of the family.

On the constitutional side, distributive rights imghe right of anyone to retain one’s
own wealth for one’s own use, which is an essegbalstituent of individual property rights.
Elaboration here refers to the whole apparatuawf(including common law, if any, and case
law) and legislation relative to private propertmplementation reduces, in the main, to
enforcement by specialized state institutions, regséy the police and the law.

The practical distributive liberal social contracbnsists of the set of solutions
developed in order to achieve the norm of the ibistive liberal social contract, and
constraining this achievement, in a particular styci As already mentioned above, the
particular emphasis of this article is on the nafnthe distributive liberal social contract. We
will therefore refer to the practical aspects ainty incidentally in the sequel.

The distributive right derived above is only onped, albeit essential, of the right of private
property, namely, the aspect that refers to giftrgy. Its other aspects, relating to individual
consumption, exchange, production and disposalitesi, can be derived in the same way,
by logical deduction from the individual-based e#tiprinciples of the liberal social contract,
of the objective type (unanimous preference) arjestive type (moral appreciation derived
from the subjective perspective of individual papants in interactions). It is not the place
here to proceed to a systematic exercise of tipis. tWe will, instead, summarize the results
that are useful for the understanding of the nofth@e distributive liberal social contract, and
comment two aspects of them which are critical #or appropriate definition and
interpretation of the whole construct.

All relevant aspects of the norm of private prapef the liberal social contract (that
is, private property with perfect contracting) dist from gift-giving are summarized in the
norm of market exchange, as perfect competitivekatagxchange with free disposal. The
self-consistency of the construct supposes thaivicheal distributive concerns are non-
paternalistic. We briefly comment the critical fieias of free disposal and non-paternalism.

Free disposal refers to the possibility, for angividual or agent, of disposing of
commodities, that is, of either destroying themhaiit any counterpart in terms of welfare or
production, or transferring them to nature, ands@fdoing at no cost. This feature can be
viewed as a closure of the definition of perfeattcacting, supposing thatl consumption or
transfer activities are costless per se: consunseling or purchasing commodities, giving
them, or disposing of them only “costs” the markelue of consumed, transferred or
disposed commodities (with the usual sign convenfior quantities, namely: quantities
entering in (resp. getting out of) individual projyeare positive (resp. negative)). An
important implication of free disposal is that gift/ing necessarily increases the wealth of
the beneficiary, or at least does not diminishfigm the perspective of price-taking
individuals (Mercier Ythier, 2006: footnotd).

Non-paternalism analyzes in two complementary rapsions, stating respectively:
that any individual has well-defined preferencesrohis own individual consumption,
defining an ordinal index of private welfare indagent of the individual consumption of
others (his private utility or, to use the termsPafreto, 1913 and 1916, his ophelimity); and
that individual distributive concerns, if any, agecified over the private welfare of others, so
defined. The second aspect of non-paternalism @sdisom the first and perfect contracting
(Mercier Ythier, 2006: 4.2.4). Its correct interf@on supposes a clear notion of the relations
between individually consumable wealth, on the baed, and human wealth on the other
hand.

The human wealth of an individual consists of theous possible occupations of his
time, including the various types of leisure (Ba¢k964 and 1965). The whole construct



developed in this article views the human wealthso€iety, that is, the number of its

individual members and the human wealth of eaclfixad relative to redistributive transfers.

This means, in other words, that the distributiostitution of the liberal social contract, such
as analyzed here, is determined by human wealtti, dres not determine it in return.

Redistribution, in particular, consists of transfef individually consumable wealth between
pre-existing individuals, or, possibly also, betwdadividual members of non-coexisting

generations provided that, in the latter casefrdresfers do not condition or influence birth or
migration. Redistributive transfers do not altee tuman wealth of donors or beneficiaries
either, by assumption, although a significant drthem may follow from the necessity,

endorsed by unanimous weak agreement, to providinéobasic needs in private wealth and
welfare of individuals who have temporarily losethautonomy on these grounds. In sum,
the distribution of individually consumable weaithanalytically distinguished from the gross
and net production of human wedlth

We may now summarize the main features and compihetedefinition of the analytical
notion of distributive liberal social contract whithis article purports to study.

The distributive liberal social contract is defineelative to a fixed human wealth of
society, corresponding to a fixed population ofiwidlials and a fixed human wealth of each
of them.

The notion corresponds to the norm of the distivieuliberal social contract, that is,
we suppose perfect social contracting relativeistridution, perfect competition in market
exchange, and free disposal.

The distributive liberal social contract so ureleod consists of a distribution of
individually consumable wealth which meets the umaus agreement of the individual
members of society, appreciated from their non+patistic preferences and their private
property rights.

There remains to specify an original position, emderive an exact formulation of the
corresponding norm of the distributive liberal sb@ontract.

The original position of the social system consddt&ny fixed initial distribution of
individual endowments of individually consumable alkb, and any fixed associate
competitive market equilibrium (or Walrasian eduwilum). By original position, we simply
mean the situation of the social system prior $amatract redistribution. This isgical, not
chronologicalanteriority, time being abstracted by definitionthis rational construction of
the distribution institution within the liberal satcontract. The redistributive transfers of the
social contract, as, more generally, any individuatollective acts derived in the norm of the
liberal distributive social contract “before” or ftar” social contract redistribution, are
imaginary by construction, hence reversible.

The precise formulation of the contract deduces them the general definition
above, applied to the original position, that is:

The (norm of) distributive liberal social contracglative to an original position, consists of
the set of transfers achieved from the endowmesttitalition of the original position, and
associate Walrasian equilibrium, such that thedais a strong Pareto optimum relative to
individual non-paternalistic preferences, and isanimously weakly preferred to the
Walrasian equilibrium of the original position.

% This notably excludes from the field of liberal daontract redistribution education and healthestments,
support to persons in situation of long-run dependgyoung children, disabled aged, dependent bapged
etc.) or family allowances. Foundations for thipeyof productive transfers within the liberal sbaantract
resort to other components of the latter, namdig, parts which, such as fundamental insurance, dihl
provision for basic needs other than income (Kdlg85, 1996 and 2004).



In the remainder of this article, we: provide anfiat definition of the notions and

fundamental assumptions above (section 2); setimtedpret the working assumptions of
differentiability and convexity (section 3); derie&d interpret, as first fundamental property,
the separability of allocation and distribution dsen 4); characterize the set of inclusive
distributive liberal social contract solutions aaskociate notions of equilibrium (sections 5
and 7); define and interpret, as second fundamenbglerty, the regularity of the distributive

liberal social contract solution (section 6); studahe distributive liberal social contract
relative to social choice theory (section 8); amigfty return, finally, on the epistemological

status of the whole construct (section 9). An apperfsection 10) recalls some useful
fundamental properties of differentiable Walrastgonomies.

2- Formal definitions and fundamental assumptions

We consider the following simple society of indival owners, consuming, exchanging and
redistributing commoditie$.

There aren individuals denoted by an indexunning inN={1,...,n}, and| goods and services,
denoted by an indel running inL={1,...,I}. We letn=2 andl=1 in the sequel, that is, we
consider social systems with at least two agendsadheast one commaodity (the special case
I=1 is studied in Mercier Ythier, 1997, whose massuits are subsumed in the results of the
present study, and notably in Theorems 2 and 5).

The final destination of goods and services isviddial consumption. A consumption of
individual i is a vectorX,...Xi) of quantities of his consumption of commoditidenoted by
X. The entries ok are nonnegative by convention, corresponding toashels in the abstract
exchange economy outlined belodn allocation is a vectorx(,... x,), denoted by.

Individuals exchange commodities on a completeesysof perfectly competitive
markets. There is, consequently, for each commadwliyunique market price, denoted iy
which agents take as given (that is, as indepenfient their consumption, exchange or
transfer decisions, including their collective ster decisions if any). We let(py,....p).

Transfer decisions are made by coalitions, forma#fined as any nonempty subtet
of N, which may possibly be reduced to a single indigld A transfer of commoditk from
individual i to individualj is a nonnegative quantity,. We let:t;=( tj1,..., tj) denotei’s
commodity transfers tp ti=(t;);;s denote the collection of s transfers to others (viewed as a
row-vector ofR. ™). A collection of transfers of the grand coalitibnis denoted by, that
is: t=(ty,...,t).

We make the following assumptions on commodity djtias: (i) they are perfectlglivisible

* We abstract from production for simplicity. The risduction of privately owned, price-taking, profit-
maximizing firms with well-behaved (notably convexpduction sets does not imply any significantngeafor
the analysis below. Ophelimity-maximizing ownerdfiains unanimously wish, in particular, that therfs they
own maximize their profits. This holds true also €dility-maximizing owners endowed with non-patalistic
interdependent utilities (because utility maximiaatsupposes ophelimity maximization for such indiials).
This conformity of views of any individual in higfférent economic and social positions and roledimh
owner, consumer and (potential) donor suppose&@ecbmpetitive exchange, that is, price-takingavédr of
individuals and firms, and complete markets (withwgthout uncertainty). It does not hold true anymoin
general, in cases of imperfect competition or inplate markets. But, in the latter case, we areidaitthe
enchanted world of Arrow-Debreu economy which, wguad in section 1, is an essential part of theemor
general notion of perfect social contracting thatlerlies the norm of the distributive liberal séa@antract.
Note, finally, that the types of activities thaeaeally essential for the functioning of the ditive liberal
social contract are the transfer activities of abaontract gift-giving and market exchange. Praidug
consumption and disposal activities are only suasydn this respect.



(ii) the total quantity of each commodity is givence and for allgxchange economyith
fixed total resourcgsand equal to 1 (the latter is a simple choicerfs of measurement of
commodities); (iii) an allocatior is attainable if it verifies thaggregate resource constraint

of the economy, specified as followg‘“ , <1 for all h (this definition of attainability
impliesfree dispos3l

The vector of total initial resources of the ecomgorthat is, the diagonal vector
(1,...,1) of R, is denoted by. The set of attainable aIIocationxe&'”:ziDN x; <p} Is

denoted byA.

ON X

The society is &ociety ofprivate property In particular, the total resources of the economy
are owned by its individual members. The initialn@nship or endowment of individuain
commodityh is a nonnegative quantity,. The vector §y,...m;y) of i’s initial endowments is
denoted byw;. We haveziDN oi=p by assumption. The initial distributiomd,...,o,) is

denoted byo.

Individuals have preference preorderings over atioo, which are well defined (that is,
reflexive and transitive) and complete. The allmratpreferences of every individualare
assumedseparablein his own consumption, that i§s preference preordering induces a
unique preordering om's consumption set for all. We suppose that preferences can be
represented by utility functions. In particularetpreferences of individual over his own
consumption, as induced by his allocation prefezspare represented by the (“private”, or
“market”) utility functionu;:R.'~R, which we will sometimes also hame ophelimity ftioe

by reference to Pareto (op. cit). The product f@mc (Uiopra,...,Uno Pry):
(X1y+.. X%n)= (U1(X1),... Un(X%n)), Where prdenotes the i-th canonical projection,(.X,) —» X, IS

denoted byu. Finally, we suppose that individual allocatioreferences verify the following
hypothesis ohon-paternalistic utility interdependenctr all i, there exists a (“social”, or
“distributive”) utility function wi:u(R")-R, increasing in its i-th argument, such that the
product functionwio u: (Xa,...Xn)-Wi(U1(X1),...Un(X1))) representd’s allocation preferences.
Whenever’s distributive utility is increasing ifis ophelimity, this means that individual
endorsesj’s consumption preferences within his own alloaatipreferences (“non-
paternalism”). Note, nevertheless, that non-patistia utility interdependence does not
imply distributive benevolengen the sense of individual distributive utilitiéscreasing in
some others’ ophelimities. It is compatible, intgadar, with thedistributive indifferencef
an individuali relative to any other individugl that is, the constancy 0§ distributive utility
in j’'s ophelimity in some open subset of domafR.") (“local” distributive indifference of
relative toj) or in the whole of it (“global” indifference). Is compatible, also: with local or
global distributive malevolengdan the sense of individual distributive utilitie®creasing in
some others’ ophelimities; and, naturally, with ampssible combination of local
benevolence, indifference or malevolence of anywiddal relative to any other. For the sake
of clarity, we reserve the terms “individual dibtrtive utility function” for functions of the
type w; and “individual social utility function” for funans of the typew,cu. The terms
“individual distributive preferences” and “individlusocial preferences”, on the contrary, are
used as synonymous, and designate individual gmederrelations over allocation, in short,
individual allocation preferences.

Individual private utilities are normalized so thg0)=0 for alli. Naturally, this can
be done without loss of generality, due to thermmabicharacter of allocation preferences.

We let w denote the product functiorwy,...,wp): 0~ (wi(Q),...wn(0)), defined on
u(R.").



We use as synonymous the following pairs of prigeof the preference preordering
and its utility representationsmooth(C', with r>1) preordering, and smooth "jQutility
representations; monotone(resp. strictly monotone, resp. differentiablyicsly monotone)
preordering, andncreasing(resp. strictly increasing, resp. differentiabtyicly increasing)
utility representationsgonvex (resp. strictly convex, resp. differentiably syicconvex)
preordering, and quasi-concave (resp. strictly igc@aiscave, resp. differentiably strictly
guasi-concave) utility representations. Their dafins are recalled, for the sole utility
representations, in a footnote of section 3.

A social system is a lisiwu,p) of social and private utility functions of indduals, and
aggregate initial resources in consumption commesditA social system of private property
is a list (v,u,w), that is, a social system where the total ressiaf society are owned by
individuals and initially distributed between theecording to distributiom.

It will not be necessary, for the definite purposégshis article, to develop a fully explicit
concept of social interactions, synthesized inran& notion of social equilibrium, such as
those of Debreu, 1952, Becker, 1974 or Mercier &fthiLl993 or 1998a for example (see
Mercier Ythier, 2006: 3.1.1, 4.2.1 and 6.1.1 foreaiew of such notions). The following
informal description, and set of partial definitsomvill suffice.

Market exchange is operated by individuals, whderact “asympathetically”
(Edgeworth, 1881) or “nontuistically” (Wicksteed9113) on anonymous markets, through
ophelimity-maximizing demands determined on the $alsis of market prices.

Sympathetic or altruistic interactions take plateedistribution. They may proceed,
in principle, from a whole range of moral sentinserdf individuals, from individual
sentiments of affection between relatives, to irdlial moral sentiments of a more universal
kind such as philanthropy or individual sense stributive justice. They may, likewise, find
their expression in a large variety of actionspfrmdividual gift-giving to family transfers,
charity donations, or public transfers. We congadetr in this article, onlump-sum
redistribution which meets the (weak) unanimouseagrent of the grand coalitipthat is,
redistribution of initial endowments that is appedvby some individual members of society
(one of them at least) and is disapproved by nbio¢e that, due to distributive indifference,
any bilateral transfer so (weakly) preferred by timanimity of individuals may be an object
of effective concern for only a very limited numhérpersons, possibly reduced to the donor
and the beneficiary of transfer. In other words, &lbstract notion of altruistic transfer that we
use here covers a wide spectrum of possibilitieghintary redistribution, such as individual
gifts, or collective transfers within groups of apgssible size from families to society as a
whole.

These elements of social functioning are summadrizehe formal definitions below,
of a competitive market equilibriumand adistributive liberal social contractThey are
complemented by the two notions of Pareto efficyematurally associated with them, that is,
respectively, the Pareto-efficiency relative toiwndual private utilities (in shortmarket
efficiency or market optimury and the Pareto-efficiency relative to individsakial utilities
(in short,distributive efficiencyor distributive optimum

Definition 1: A pair (p,xX) such thatp>0 is acompetitive market equilibriunalso called
Walrasian equilibriunp with free disposal of the social system of prevatoperty \,u,0) if:

(i) x is attainable; (ii)pn(1-D_ . X, )=0 for all h; (iii) and x maximizesu; in {zER,"
th PhZin SthL p,, win} for all i.



Definition 2: An allocationx is astrong (resp.weal market optimunof the social system
(w,u,p) if it is attainable and if there exists no attdte allocationx’ such thatu;(x’") > ui(x)
for all i, with a strict inequality for at least onéresp.u;(x")>u(x) for all i). The set of weak

(resp. strong) market optima af,(1,p) is denoted by, (resp.P, O P,).

Definition 3: An allocationx is a strong (resp.weak distributive optimumof the social
system \,u,p) if it is attainable and if there exists no attbte allocationx’ such that
wi(u(x)) > wi(u(x)) for all i, with a strict inequality for at least onéresp.wi(u(x))> wi(u(x))
for all i). The set of weak (resp. strong) distributive wygtiof (v,u,p) is denoted by, (resp.
P.OP,).

Definition 4: Let (p,x) be a competitive market equilibrium with freembsal of the social
system of private propertyv(u,®). Pair @’,(p’,x)) is adistributive liberal social contracof
(w,u,m) relative to market equilibriunp(x) if (p’,X) is a competitive market equilibrium with
free disposal ofw,u,®’) such that: (i)x' is a strong distributive optimum of(u,p); (ii) and
wi(u(x)) >wi(u(x)) for alli.

For the sake of brevity, the competitive marketildgrium with free disposal of Definition 1
will often be referred to as Walrasian equilibriemeven simply as “market equilibrium” in
the sequel. Likewise, we will often refer to thetdbutive liberal social contract simply as the
“social contract”.

Whenever a paire(,(p’,X)) is a distributive liberal social contract of,(,00) relative
to market equilibrium [,x), we also refer tao’ as a distributive liberal social contract of
(w,u,m) relative to p,x), and tox as adistributive liberal social contract solutioaf (w,u,®)
relative to p,x).

3- Differentiable, convex social systems

In this section, we first present our differentlapiand convexity hypotheses, summarized in
Assumption 1 below. The definitions of correspogdstandard properties of utility functions,
such as differentiability, quasi-concavity, strigtasi-concavity and other, are recalled in the
associate footnote, with brief comments on thdatiens and on some of their elementary
consequences.

We next discuss the general significance andfications of the hypothesis, with a
particular emphasis on its application to individsacial preferences in parts (ii) and (iii) of
the assumption.

We use the following standard notations. ez, ...,zn) andz=(Zy,...,Z n)OR™, m=1: 227’
if z>z' for anyi ; 22z’ if 2z’ and z£z' ; z»>7’ if z>z' for anyi ; zZ is the inner product

> 77, ;7 is the transpose (column-) vectorR,"™={zeR™ z-0} ; R.."={zeR.™ 2>>0}.
Let f=(fy,...,fg):V ~ RY, defined on open s&OR™, be the Cartesian product of tB2 real-
valued functiond;:V - R : of and d?f denote its first and second derivative respegtjvel
of (x), viewed in matrix form, is thegxm (Jacobian) matrix whose generic entry
(of; 10x;)(x), also denoted byd; f,(x (pr, sometimes, byc’)Xj f,(x)), is the first partial
derivative off; with respect to its j-th argumentyatthe transposedf, (x 1J of the i-th row of

of (x) is the gradient vector df atx; finally, 8°f,(x), viewed in matrix form, is thenxm
(Hessian) matrix whose generic entri@ f. /0x;0x%,)(X), also denoted b@fk f,(x), are the



second partial derivatives Hfatx.

Assumption 1° Differentiable convex social system: (i) For all i, u; is: (a) continuous,
increasing, and unbounded above ; (BJrCR.+ ; (c) differentiably strictly quasi-concave in
R+, and, in particular, differentiably strictly corneain an open, convex neighborhood of
{x€R++" % <p} in Ry (d) and such that>>0 whenevewu;(x)>0(=u(0)).(ii) For alli, w; is:
(a) increasing in its i-th argument and continud®;C in R.."; (c) quasi-concave; (d) and
such thawv;(0)>w;(0) if and only ifG>>0. (iii) For alli, w;- uis quasi-concave.

Assumption 1 will be maintained throughout the sgqu

The use of private utility functions endowed wittojperties of smoothness (that is, \@ility
functions, withr>2), rather than the weaker property of continuisygenerally justified by
reference to approximation theory (see notably 8aal1988: 2.3, for an informal discussion,
and Mas-Colell, 1985: 2.8 and 8.4, for formal pmbies). The latter states, essentially, that
any continuous function can be approximated amiigr&lose by a smooth function. This
basic density property can, moreover, in some cafk#teoretical interest, be complemented
with a property of openness of relevant dense ssilitfesmooth utility functions, yielding a
statement of genericity of the corresponding smoetl properties. The latter holds true,
notably, for differentiably strictly convex mono®iprivate preferences, which make an open
and dense subset of the set of convex monotonatprpreferences (Mas-Colell, op. cit.:
8.4.1).

This general principle of method applies to indual social preferences and utilities
as well. Note nevertheless that, for reasons maglkc# below, we do assume that individual
distributive utilities w; are smooth (Assumption 1-(ii)-(b)), but dweot suppose them
differentiably strictly quasi-concave (Assumptiotii}-(c)).

®Recall thaty; is defined orR.', the nonnegative orthant . We say that such a functioniireasing(resp.
strictly increasing) ifx>x' (resp.x>x'") implies u(x)>ui(x’). It is: quasi-concaveif u(x)>ui(x’') implies
Ui(ox+(1-0)x")>ui(x') for any 2o>0 ; strictly quasi-concave if u(x) > u(x’), X #X  implies
i(ax+(1-a)x’)>ui(x’) for any 13>0 ; differentiably strictly quasi-concava an open, convex set R, if its
restriction toV is C? (that is, twice differentiable with continuous sad derivatives), strictly quasi-concave, and
has a nonzero Gaussian curvature everywheré far equivalently a nonzero determinant of the borde

9%u; (%) [0u; (x)]"
ou; (x;) 0
if its restriction toV is C and such that the Hessian matﬁ%ui (x;) is negative definite for every in V. Note

that the differentiable strict quasi-concavity wfin R..' implies the existence of a differentiably strctl
concave utility representation of the underlyingfprence preordering on any compact, convex sudfsgt,
(Mas-Colell, op. cit.: 2.6.4), so that the secorattpf assumption 1-(i)-(c) does not imply any diddial
restriction, relative to the first part of the samssumption. Note also that an increasingvhich also is
differentiably strictly quasi-concave iR,. must bedifferentiably strictly increasingn R.., that is, such that
ou; (x;) >>0 everywhere iR, (hence strictly increasing R.."). And note, finally, that in the special caseof

single market commodity (that id=1), we can letu(x)=Log(1+x) without loss of generality (as “C
differentiable strictly quasi-concave” degenerateshis simple case, to “Gtrictly increasing”).

Suppose, next, that utility representatigns bounded above and verifies all other Assumgtib+i).
Let supu(R.)=b>a>u(p). Note thatau,(R.)=[0,b),sinceu; is continuous and increasing. Defifid0,b) - R,
by: &(t)=t if t0[0,a) ; and&(t)=t+(t-a)’exp(1/p-t)) if tO[a,b). One verifies by simple calculations thds strictly
increasing, and thato u; is G, unbounded above, and therefore represents the gaeordering as; and
verifies assumption 1-(i). That is, there is ncslo$ generality in supposing unbounded above.

Assumption 1-(i) notably implies thatR.™ -~ R," is onto (sinceu; is a continuous, increasing,
unbounded above functidR,' — [0, ) for all i), so that the domain(R.' ) of individual distributive utility
functions coincides with the nonnegative orthanRdfThe definitions above extend readily to functisnsnd
W o U.

Hessian for everyx in V); differentiably strictly concavim an open, convex s&t O R,



The convexity (resp. strict convexity) of prefereads sufficient, and in general necessary,
for the continuity (resp. continuity and determiyplaof individual preference-maximizing
behaviour relative to the parameters of the indiglts environment, such as market prices,
the distribution of wealth, or the actions of other

What appears essential, strictly speaking, foreggnequilibrium analysis, is not so
much the continuity of individual demand behaviaur convexity of individual private
preferences per se, as the continuity or conveXitsuitable aggregate counterparts, such as,
notably: for the existence of general equilibritime continuity of aggregate excess demand
relative to prices; and, for the price-supportépilof market-efficient allocations, the
convexity of the set of aggregate demands assdcvta allocations unanimously preferred
to the market optimum (for private preferences). réboer, approximate continuity or
convexity follow naturally from aggregation wheretaconomic and social systems consist of
a large number of negligible individual agents.other words, nonconvexities in individual
private preferences, if any, can be safely negik@s far as the global properties of the social
system are concerned, when the latter is largenaaudk of individual agents who are small
relative to it (such as households, for example).

The argument above applies, in similar terms, bwththe market (i.e. private)
preferences of individuals, and to their distrilbati(i.e. social) preferences. There s,
moreover, an additional argument in favour of tbewexity assumption, which specifically
applies to the latter type of preferences, nam#élg natural connections between the
convexity of distributive preferences, and ineqyakversion. Quasi-concavity implies a
“preference for averaging” (in the sense thatz dnd zZ are indifferent for the preference
relation, theruz+(1-0)Z is weakly preferred to bothandz for any a in [0,1]) which, applied
to distribution issues, admits a natural intergretain terms of a weak preference for
equality.

We have recorded, at this point, the main reasonghé use of the smoothness and convexity
hypotheses of Assumption 1 in the context of thiglg There remains to give the reasons
for: (i) the boundary conditions 1-(i)-(d) and Hid), which state that positive utility implies
that all the arguments of the utility function gpesitive; (ii) and the weakness of the
monotonicity and convexity assumptions on sociakfgrences, relative to similar
assumptions on private preferences.

The boundary condition on private utilities is arstard technical convenience, designed to
eliminate inessential singularities associated widmer solutions in individual consumption
behaviour (that is, with zero equilibrium consuroptiof some commodities by some
individual).

The boundary condition on distributive utilities & substantial assumption on the
contrary. Associated with the former, it impliesttall individuals strictly prefer allocations
where every individual is enjoying a positive whadind welfare, to allocations where any
individual is starving to death.

The hypothesis of increasing private utilities (2(&)), which, combined with differentiable
strict quasi-concavity, actually implies that pteautiliies are differentiably strictly
increasing (see the footnote of Assumption 1)seduas a peculiarly simple and direct way of
eliminating such borderline cases of little praatimterest as zero equilibrium prices, and
associate pathologies such as, notably, individualget sets with empty interiors (for
individuals whose endowment is not strictly posjiand associate discontinuities in demand.
It can be relaxed to a mere assumption of difféeabfe nonsatiation (that i®u, (x ) # fr



all xcR.), provided that one moreover supposes, for exantpit all individuals have
strictly positive endowments (that is,>>0 for alli), and that, at any system of nonnegative
prices, all commodities are desired by some indiaigl (linked allocation: Mas-Colell, op.
cit.: Chap. 4).

Monotonicity assumptions on individual social prefeces obey quite different
considerations, narrowly conditioned by their obj@nd notably by the large-scale character
of the latter (the allocation of resources in stycés a whole).

We only assume that an individual’s distributivaitytis increasing in his own private
utility (see section 2). The latter follows fromethbasic hypothesis of separability of
individual allocation preferences in own consumptiand interprets as a basic consistency
requirement, stipulating that an individual's “saltiview on his own consumption, as
induced by his allocation preferences, must comaidth his “private” view on the same
object, as represented by his private utility fiorct

We mentioned in section 2 that our formulationta hypothesis of non-paternalistic
utility interdependence was compatible with thetritbsitive malevolence or indifference of
any individual relative to any other, in a localiora global sense. The casual observation of
social life suggests that none of such psycholbégtiitudes can be excluded on a priori
grounds. It is also a commonplace of the stylizegchological theory of economists,
elaborately expressed in Adam Smitieeory of Moral Sentimentd759, that individuals
should, in most circumstances of ordinary life,nbare sensitive to their own welfare (in the
sense of their ophelimity) than to the welfare tiess (at least “distant” others), notably
because the psychological perception of othersfarelproceeds, to a large extent, from acts
of imaginative sympathy (imagining oneself in ththay’s skin), which tend to be associated
with less powerful affects in terms of frequencyl @verage intensity, hence to produce less
vivid and enduring perceptions, than the perceptibane’s own welfare through one’s own
sense¥ Considered from this elaborate theoretical petipe or from flat factual evidence,
individual social preferences should notably extwiaide ranges of indifference, distributive
or else, due to the large-scale character of tigect. It seems natural to expect, for example,
that an individual will ordinarily feel indiffererntelative to reallocations between individuals
of close observable characteristics, such as gsimiays of life for instance, if these
characteristics are very different from his own ahtle has no personal relationship with
these fellows. Such indifference is inconsistemtgeneral, with strictly monotone, or strictly
convex preferences.

We chose, therefore, to keep to a minimum the nwmoty and convexity
assumptions on social preferences at the individwal. Meaningful hypotheses of this type,
if any, must be stated directly at the aggregatel)efor the Paretian partial preordering
induced by individual social preferences. This veei section 4, for monotonicity, and in
section 6 for differentiable strict convexity.

4- The separability of allocation and distribution

The first general property of the abstract socigbtems outlined in section 2 is the
separability of allocation and distribution. Theoperty states, essentially, that the
redistribution of the social contract does notraite fundamental features of the allocation of
resources through the market, which follow from tble of market prices in the coordination
of individual supplies and demands, namely, thaterice of market equilibrium, the Pareto-

® See Lévy-Gargoua et alii, 2006, for a comprehengéview of the literature, and also for originaws on the
formation of the social preferences of individuad®veloped notably (but not only) from the econashis
perspective.



efficiency of equilibrium allocations relative toiyate utilities (“market-efficiency”) and the
price-supportability of market optima.

The existence of market equilibrium, and the sd¢eddlirst and second fundamental theorems
of welfare economics (that is, respectively, in tarms, the market-efficiency of equilibrium
allocation and the price-supportability of marketima), are well-known consequences of
Assumption 1-(i). Social contract redistribution sv&haracterized, in section 2, as a
redistribution of individual endowments yieldingnaarket equilibrium that is both Pareto-
efficient relative to individual social utilitiesnd unanimously (weakly) preferred to the initial
market equilibrium. The separability property réadollows, therefore, from the notion of
distributive liberal social contract itself, proed that the latter is consistently defined, that is
provided that there always exists a market equlibr which is a distributive optimum
unanimously preferred to the initial market equiliin for individual social preferences.

The section is organized as follows. We first esthlthe inner consistency of the definition

of the distributive liberal social contract in Them 1. We next provide a useful

characterization of distributive optima as the maxiof averages of individual social utility

functions (Theorem 2). We then proceed to thetation of an important consequence of
separability, namely, the equivalence of cash am#ind transfers for Pareto-efficient

redistribution (Theorem 3). And we conclude withaaralysis of the significance and scope of
separability.

The inner consistency of the definition of the wimitive liberal social contract is a simple
consequence of the well-known fact that distribaitioptima are necessarily also market
optima, provided that: (i) utility interdependentse non-paternalistic; (i) and the partial
preordering of Pareto associated with distributitiéities verifies some suitable property of
nonsatiation (see notably Rader, 1980 and Lemdf&g;la detailed account of this literature
is provided in Mercier Ythier, 2006: 4.1.2). Thestihem below first fits this basic property
into the differentiable setup of the present agti@nd next draws its consequences for the
existence of the distributive liberal social contra
The strong (resp. weak) partial preordering oeRarelative to distributive utilities (in

short, strong (resp. weak) distributive preorderfigPareto), denoted by, (resp.>,,), is
defined on the set(R.") of ophelimity distributions byli>- 0" (resp.l>,0") if w()>>w({)
(resp. w(0)>w(0')). The weak (resp. strong) ophelimity distributg associated with the
distributive optima of \,u,p) are, by definition, the maximal elementssef (resp.>,) in
the setu(A) of attainable ophelimity distributions, that the elementsi of u(A) such that
there exists n@’ in u(A) such thati' = 0 (resp.0’ >, Q).

Note that weak and strong distributive efficierarg not equivalent, in general, under
Assumption 1. We will therefore maintain the distion between the weak and strong
notions of distributive optimum throughout thisield. On the contrary, as is well-known,
weak and strong market efficiency are equivalertenrAssumption 1-(i) (see Proposition 6
in the Appendix). Therefore we shall not distinduietween them anymore in the sequel.

For any integerm>2, we denote byS, the unit-simplex ofR™ that is, set

{z=(2,... 2)UR™ D" 7 =1}

Theorem 1: Let (w,u,p) verify Assumption 1, and suppose moreover tlaatafl uL 1S, and all
a0u(A) n R+", ZiDN wiow;(0) # 0 (differentiable nonsatiation of the weak distrilgat

preordering of Pareto). Then: (i) any distributioptimum is a market optimum; (ii) there



exists a distributive liberal social contract faryanitial distributiono, relative to any market
equilibrium of (v,u,w).

Proof. (i) A distributive optimumx is by definition a local weak maximum of the protu
function (vioU,...,WhoU) in the set of attainable allocatioAs Assumptions 1-(i)-(d) and 1-
(ii)-(d) readily imply x>>0 andu(x)>>0. The first-order necessary conditions (f.ofor)this
smooth optimization problem (e.g. Mas-Colell, ofit.: dD.1) then state that there exists

(Lp)O R."xR.' such that: (i) i§,p) % 0; (ii) p.(p- D % )70 (i) D MG W(U(X))oui(x;)-
p=0 for alljLUN. We must have>0, for otherwisg=0 by f.o.c. (iii), which contradicts f.o.c.
(). Sincep>0, (u,p) can be replaced bW(ZmN W, p/ZiDN W ) in the f.o.c., that is, we can

suppose from there on that] S, . F.o.c. (iii) is equivalent to:ZiDN Higwi(u(x)))ou;(x)=p

for all j. Differentiable nonsatiation of the Paretian pdesing and strictly increasing private
utilities then imply thatp>>0 andziDN miowi(u(x))>0 for all j. The necessary first-order

conditions reduce therefore to the following, ealnt propositionx is >>0, such that
DX =p, and there existaup)LS, xR+ such that, for alJUN, Doy MiOWi(U(x))>0 and

6u,-(><,-):(1/2iDN wowi(u(x))p. The latter system of conditions characterizesnarket

optimum of (v,u,p) under Assumption 1-(i), by application of stardlaesults on the
characterization of Pareto optima of differential@leonomies (see Proposition 6 of the
Appendix). This establishes the first part of Thezorl.

(i) Let (p,X) be a competitive market equilibrium with free gbsal of (v,u,w). The set
AX)={zO A:w, (u(2)) 2 w, (u(x)) for all il N '} of attainable allocations unanimously weakly

preferred tok is nonempty (it containg), and compact (as a subset of compacAsethich is
closed by continuity oo u for all i). Continuous functionziDN ui(wiou) therefore has at

least one maximum iM\(x), for any givenullS,. Let ® be such a maximum, that is:
Do MiWi(u(@)=D  miwi(u(@) for all zOA(x), for a given p0S,. We suppose
moreover thatuy>>0. We want to prove that there exists a pricetesysp’ such that

(o",(p,®")) is a distributive liberal social contract of,(1,®) relative to p,x).
If zO A(X) is not a strong distributive optimum, that is,hkte exist' [1 A such that

w(u(z))>w(u(2), thenz O A(X , and ziDN wi(wi(u(z))> ziDN ui(wi(u(2) (sinceu>>0), so
that z does not maximizeziDN pi(wiou) in A(X). Therefore,’ is a strong distributive

optimum of (v,u,p), unanimously weakly preferred to by construction. It suffices to
establish, to finish with, that there exists a @raystenp’ such that ', ") is a competitive
market equilibrium with free disposal of/,(,»’). But this readily follows from the first-order

conditions of the end of part (i) of this proofdadl thatP, 00 P,), by application of standard
results on the characterization of competitive Hopia of differentiable economias.

An important by-product of the proof of Theoremslthe characterization of distributive
optima as maxima of weighted averages of indivicg@ial utilities (see the first part of
Theorem 2 below). The latter extends to distribaitioptima and utilities, with similar
arguments, the familiar characterization of madggima as maxima of weighted averages of
individual private utilities.

The Pareto-efficient redistribution of the disttiive liberal social contract, in
particular, implicitly supposes a process of ider#tion of socially desirable allocations by:
(i) aggregation, first, of “individual-social” utiles into a “social-social” utility function



ZiDN wi(wiou) by means of arbitrary vectors of weighislS,; (i) and maximization,

second, of these *“social-social” utility functions the set of attainable allocations
unanimously weakly preferred to some original aftillm position (see our constructive
proof of the existence of a distributive liberalced contract, in part (ii) of the proof of

Theorem 1). Note, nevertheless, that the distiweuiberal social contract, such as defined in
section 2, does not itself implement the distrieitioptimum. It only redistributes

endowments, and leaves to the market the taskhidwing the equilibrium allocatidn

Theorem 2: Let (w,u,p) verify Assumption 1, and suppose moreover tlatafl uL 1S, and all
a0u(A) n R+", z piow;(0) # 0. The following three propositions are then equewndl (i)
x is a weak distributive optimunw(u,p); (ii) x is >>0, such thatZiDN X; =p, and there exists

(L,p)US xR+ such that, for aliCIN, Do MmOWi(U())>0and O wigwi(U(X))aui(%)= p;
(iif) there existaullS, such thak maximizesziDN pi(wiou) in A

iON

Proof. The proof of Theorem 2 is a simple extension mfasgument developed in the first
part of the proof of Theorem 1, where we alreadgpldshed that (B (ii). We now prove
that (ii)= (iii) = (i).

If x is not a weak distributive optimum, that isxifl A, or if X0 A and there exists
X O A such thatv(u(x))>>w(u(x)), then, clearlyx is not a maximum oEiDN wi(wiou) in
A, whatevenlS,. Therefore, (iii}= (i).

We establish, to finish with, that (i (iii). Suppose thatx is >>0, such that
>, X% =p, and that there exists,p)LUS, xR+ such that, for aljLN, Do HiOWiI(U(x)>0

and ZiDN wigwi(u(x)ou;(x)= p. Fixing p, this set of conditions coincides with the firstter
necessary conditions for a local maximum EiDN wi(wiou) in A (apply to the latter

program the argument developed in the proof of Térol for the derivation of the f.o.c. for
a weak distributive optimum). The proof will be cpleted, therefore, if we establish that

these necessary conditions for a local maximunﬁ)léN wi(wiou) in A are also sufficient

conditions for a global maximum of the same progr8ut this readily follows from our
assumptions and the Theorem 1 of Arrow and Enthoi@81 (notably their conditions (b) or
(c), which are both verified under our assumptians)

The third property outlined in this section is tbguivalence of cash and in-kind Pareto-
efficient redistribution.

We first introduce a notion of price-wealth distrilye optimum, on a pattern similar
to the price-wealth equilibrium of market equiliom theory, and next prove that this notion
is equivalent to the distributive optimum definadsection 2.

" Except, of course, in the special case, where,napait (ii) of the proof of Theorem 1, endowment
redistribution achieves market equilibrium. Thisesial case is theoretically interesting, becauss @lways
accessible in theory (by the second fundamentalréme of welfare economics), and therefore provaiegasy
and simple way for establishing the existence dis&ributive liberal social contract. The corresgimg market
equilibrium is the autarkic equilibrium, that is, market equilibrium where each individual demandsl a
consumes his own endowment. This equilibrium isessarily unique under Assumption 1-(i), due notablthe
regularity assumption of differentiable strict cemity of individual private preferences (Balaskp, oit.: 3.4.4).
This means, in particular, that social contractsteitbution fully crowds out market exchange instibase, which
therefore appears empty on practical grounds, amlaeconomies hardly reach or even approach aig sf
reasonable economic efficiency without large madsetanges.



We use standard definitions and properties of aelvend indirect utility functions,
which hold true under Assumption 1-(i). Notablyeté exists, for each individual a C
demand functiorf;:R.++' xR+, _, R+, that is, a & function such that, for any price-wealth
vector ©,r)>>0, fi(p,r;) is the (unique) consumption bundle that maximineprivate utility
of individual i subject to this individual’'s budget constramk<r;. The (private) indirect
utility function of individuali, defined asvi=uiof;, also is a & function R.s'xR.: _, R,
Moreover, f; andv; are both well defined and continuous Ba.'xR., with f;(p,0)=0 and
Vi(p,0)=0 for allp>>0. Demand functions are: positively homogenedudegree 0 (that is,
fi(ap,ari)= fi(p,ri) for all (p,r;)R+ xR+ and allalR..); and such thap.fi(p,r)=r; for all
(p,r)UR++ xR, (the so-called additivity property of Walrasian derd). Indirect utility
functions are positively homogeneous of degreend, strictly increasing with respect to
wealth. Since the money wealth of an individualuegs, in our setup, to the market value of

his endowmentri=p.;, we get ziDN p.f,. (p, p"”i)zzim p.oi=p.p as the expression of

Walras Law for aggregate demand, verified for apsteam of positive market pricgs>>0
and any distribution of initial endowmentﬂ]{zDRJ”:ziDN z, =p}. From Walras Law and

the homogeneity properties of individual demandsystem of equilibrium market prices is
defined only up to a positive multiplicative condtaln the sequel, market prices are

normalized so thaplLl§ (that is, we replace by the equivalenplziDL p, ; this always is

possible sinceziDL p, necessarily is >0 at equilibrium with our defioits and assumptions).

With this normalization, we ggd.p=1 for anyp, which means that the market value of the
aggregate resources of the economy is constaniveeta normalized market prices, equal to
1. We let: the distribution of money wealth,(..,r,) be denoted by; the product function
(p,r) - (fi(p,ra),-.., fa(p,rn)) be denoted bf; the product functionp(r) — (vi(p,r1),--., Va(p,rn))
be denoted by.

There is a well-known one-to-one correspondence,differentiable economies,
between market optime 1P, and the systems of prices and wealth distribufon such that

ZiDN f,(p,r;) =p (price-wealth market equilibria). Precisely, undasumption 1-(i): for any

XU Py, there exists a uniqye] S such that the paip(r)=(p,(p-X1,...,p-Xn)) is a price-wealth

market equilibrium (and the equilibriumis then >>0); conversely, ip() is a price-wealth
market equilibrium, them=f(p,r) is amarket optimump is >>0 and r=(p.xy,...,p.-X,) (see the
Appendix: Proposition 6). The notion of price-wéalharket equilibrium yields a natural
alternative definition of distributive optimum aspace-wealth market equilibrium which is
not Pareto-dominated, relative to individual socialities, by any other price-wealth market
equilibrium. Formally:

Definition 5: A price-wealth market equilibriumof social system w,u,p) is a pair
(p)OS xS, suchthatd”_ f,(p,r,) =p.

Definition 6: A pair (p,r)US xS, is a (weak)price-wealth distributive optimuraf social

system ,u,p) if: (i) (p,r) is a price-wealth equilibrium of w(u,p); (ii) and there exists no
price-wealth equilibriumg,r’) of (w,u,p) such thaw(v(p’,r’))>>w(v(p,r)).

The following theorem establishes the equivalenéethe two notions of distributive
efficiency for the social systems that verify Asqiion 1 and differentiable nonsatiation of
the weak distributive preordering of Pareto. Neitesstraightforwardly follows from
definitions. The proof of sufficiency, on the carty, is far from immediate. Its complexity



stems from the definition of price-wealth distrilvet optimum as a maximum @fov in the

set of price-wealth equilibria ofw(u,p). The latter set has a complex structure. Under
Assumption 1-(i), its intersection witR..'xR.." is a ¢ manifold of dimensiom-1 C*-
diffeomorphic toP,n R+." (as implied by the proofs of Balasko, op. cit7.4, 5.2.1 and
5.2.4 with suitable adjustments in definitions amskumptions; see the Appendix of the
present article for a discussion of the relatiom$ween our setup and Balasko’s). This
complexity finds its expression in the set of fiostler necessary conditions for the maxima of
wo Vv, derived in the first step of the second part led proof below. Their computation
involves some of the fundamental properties of \A&aén demand, such as additivity, Walras
Law and the rank of the substitution matrices ot$dy.

Theorem 3: Let (w,u,p) verify Assumption 1, and suppose moreover thlatafl (1S, and all
a0u(A) n R4", me piow;(0)# 0. Let x be a market optimum ofwu,p). The following

two propositions are then equivalent: XiJs a weak distributive optimum; (ii) the unique
(p,r)O§ xS, such thak=f(p,r) is a weak price-wealth distributive optimum.

Proof. We begin with a short summary of standard restotscerning the f.o.c. for market
optima of exchange economies verifying Assumptiofi) {see the Proposition 6 of the
Appendix). A first familiar result states thatis a market optimum ofa(u,p) if and only if

ZiDN X; =p, and there exists a price systenp(LR."xR..' such that, for ali: eitherx=0; or

x>>0 andA;du, (x,) = p. In particular, ifx is a >>0 market optimum, we must hawe-0 and
Aioui(x)=p for all i. In the latter case, the vector of multipliexgp] of the f.o.c. is unique up a
positive multiplicative constant, and there is aque (.,p) that verifies the f.o.c. witpLS.

In the general caseX0 market optimum)p is unique up to a positive multiplicative constant
proportional to CI‘ZJ'DLajDLui(Xi ))ou. (x) OS for anyi such that>>0 (there necessarily

exists at least one such Vectors p,x) that verify the f.o.c. above are competitive nadrk
equilibria with free disposal of the social systefiprivate propertyw,u,x), and one and only
one of them is such thatlS. Consequently, for any market optimunof a social system
(w,u,p) that verifies Assumption 1-(i), there exists aique price-wealth equilibrium
(p,r)O S xS, such that=f(p,r); andp is then necessarily >>0. If, moreovegris >>0, this
unique equilibrium g,r) is >>0, becausg=p.fi(p,r;)>0 for alli as a joint consequence of the
additivity property of Walrasian demand, the asgtiom thatx is >>0, and the fact thatis
>>0. Finally, the envelope theorem implies that,doy f,r)>>0, the inverse of multipliex;

is equal tod, v; (p,r; ) the partial derivative afs indirect utility function with respect to its
wealth argument; (i's “marginal ophelimity of wealth”).

Suppose, now, that proposition (ii) of Theorens 3ot verified, that is, in view of the
former paragraph, suppose that the unique)l{ S xS, such thatx=f(p,r) is not a price-
wealth distributive optimum. Definitions 3 and 6ethreadily imply that is not a weak
distributive optimum. Therefore @ (ii).

We now prove the converse. Lqef,(*)DS xS, denote the uniquepf) such that
x=f(p,r), and suppose that it is a weak price-wealth ibistive optimum. The proof proceeds
in three steps. We first derive the first-orderessary conditions for a local weak maximum
of wov in R++ xR.," subject to constraint- ziDN f.(p,r;) 2 0. We next establish thap (r')
is a local weak maximum of this program. And wealiy prove that the f.o.c. of the program

characterize a weak distributive optimum.
The f.0.c. read as follows: there existafl] R."xR.' such that:



0 (ma)z0;

i) olp-) .(Pr)) 0;

(iii) ZiDN M'Z ON w; (v(p, I’))apvj(p,r )= Zml_ “'Z jON prl (p.r )
(iv) ZiDN Hlaj i(V(p’r))arjvj(p’rj)_zim_ (xlarjfji(p'rj) for all jLIN.

Suppose thata=yp, with yUR.+. Since p>>0 by assumption, f.o.c. (ii) implies
ZlDN f,(p,r;)=p. The differentiation of Walras Law with respect go(resp.rj) moreover

yields identity p.>"  a,f (p,r,)=->  f(p.r;) (resp.> . po, f;(pr;)= 3. The right-
hand side of f.o.c. (iii) then reduces 0>,
right-hand side of f.o.c. (iv) reducesytoF.o.c. (iv) therefore implieg>0 (sincey>0). Using
Roy's identity (which states thak(p,ri) = -(0,v;(p,r;)/0,v,(p,r;)) for all i), we can write
the left-hand side of f.o.c. (iv) equivalently as:

-ZjDN ZiDN uiajwi(v(p,r))arjvj (p,r;) f;(p,r;) . Substituting f.o.c. (iv) into f.o.c. (i) and
using f.o.c. (ii) then yields the redundant eqyafitp, that is, f.o.c. (i) and (iv) together

imply f.o.c. (iii). Summarizing, ifo=yp with y[JR.., the system of first-order necessary
conditions reduces to the following equivalent egsion: §,r)>>0 is such that
> fi(pr)=p, and there exists>0 inR" such that) |~ 1id;w, (M(p,r), v;(p,rj)=1
for all j. It will suffice, therefore, for completing thig$t step, to establish thatis nonzero
and proportional tp. This we do in the next paragraph.

In view of f.o.c. (iv),a=0 is inconsistent with the differentiable nonsaia of the
weak distributive preordering of Pareto. Let usverthata is proportional t@. Using Roy’s
identity, rewrite, as above, the lednd side of f.o.c. (iii) equivalently as:

-ZjDN ziDN uiajvvi(v(p,r))arjvj(p,rj)fj(p,rj). Consider f.o.c. (iv) for allj and add up
over j. Substituting the result into the left-handesof f.o.c. (iii) rewritten as above, we
get: -ZjDN Qo 00, FTCANMICINEIN ainDN o fi (p.1;). Rewriting in matrix
form and rearranging yields the following equivalmpressmn for the latter equation:
ZDN ofi(pr)+a, f;(pr;)=0. Matrix ZDN fi(pr)+a, f(pr)) is the sum of
the matrices of coefﬁments of substitution oftSky 9, f j(p,rj)+6ri f,(p,r;). Itsrankid-1

p,r,), which is =yp by f.o.c. (ii), while the

ON '(

under Assumption 1-(i) (see the end of the prodiedhma 5.2.1 in Balasko, 1988). Equation
oc.ZjDNapfj(p,r].)+6rj f,(p,r;) =0, viewed as a linear equation dn therefore defines a
linear space of dimension 1, which contamssince p.szapfi(p,ri)mr] f,(p,r;) is

identically =0, from the identities derived from s Law recalled in the beginning of the
former paragraph. This completes the first step.
The f.o.c. obtained in the first step finally reduo the following: §§,r)>>0 is such

that ZDN f.(p,r, )=p, and there exists p>0 in  R" such that
ZiDN Mo i(v(p,r))arjvj(p, r;)= 1 for allj. In view of the homogeneity and additivity
properties of Walrasian demand, they defiper)(only up to a positive multiplicative
constant. In particular, ifp(r) verifies the f.o.c., thenp(ziDL p, ,rlziDL p )OS xS, is a
price-wealth equilibrium that also verifies the.€.0 This means, in other words, that any



local weak maximum ofvev in {(p,r) LR+ xR, p- ZiDN f,(p,r;) =20} is, up to a positive

multiplicative constant, a price-wealth equilibriuof (w,u,p). As a partial converse, any
price-wealth equilibrium ) of (w,u,p) such thatr>>0 belongs to {6,r)0R..'xR.,"p-
ZiDN f.(p,r;) 20} (becausep necessarily is >>0, as recalled above). Therefitre,local

weak maxima ofwov in {(p,r)DR++'XR++”:p-Zi (p,r;))=0} normalized so that

ON fi
(p,)US xS, coincide with the local weak maxima wfov in {(p,r)U R.xR.."(pr) is a
price-wealth equilibrium of w,u,p)}. In view of Definition 6, it suffices, consequigyy for
completing the second step of the proof, to esthlihat all price-wealth distributive optima
(p,r) are >>0.

If (p,r) is a price-wealth distributive optimum, thengta price-wealth equilibrium by
Definition 6, andp must therefore be >>0 as recalled above. We coadhé proof of the
second step by establishing the following:pf LIS xS, is such thap>>0 andr;=0 for some
i, then there exists a >>0 price-wealth equilibrigpy,r’) 1SxS, of (w,u,p) such that
w(v(p,r))>>w(v(p,r)). Note first that if f,r)LISxS, is such thap>>0 andr;=0 for somei,
and if @',r)SxS, is >>0, then:vi(p,ri)=0<vi(p’,r’) (see the properties of indirect utility
functions recalled above); henegv(p,r))<w(0)<<w(v(p’,r")) by Assumption 1-(ii)-(d). We
prove, to finish with, that strictly positive priseealth equilibria exist under Assumption 1-
(): pick any initial distribution® such thato;>>0 for all i; (w,u,0) has at least one
competitive market equilibrium with free disposal’,X) by application of the general
existence theorem of Arrow and Debreu, 1954; asadl noticed, we necessarily hape>0
at equilibrium under Assumption 1-(i); therefor@.@,...,.p.®,) is >>0, and {,
(p'.o1,...,p".0p)) is a >>0 price-wealth equilibrium ofv(u,p). This completes the second step.

Recall that we denoted by (r') the unique price-wealth equilibrium such that
x=f(p ,r’), wherex is some fixed market optimum, and that we supptisedp ,r ) is a weak
price-wealth distributive optimum. We established the second step above that,i()

necessarily is a local weak maximumaofv in {(p,r) LR+ xR, p- me f.(p,r;)=20}. The

f.o.c. obtained in the first step then imply thae>0 (sincex=f(p,r’) and ¢’,r’)>>0);
> X =p; and there existg>0 inR" such that)’ _ ~ pid,w, («( p,r)a, v (p,r)=1for

all j. Sincex is a >>0 equilibrium allocation, we must hade; (x;) =9, v( p,r;)p forallj.

The f.o.c. therefore imply, equivalently, the fallimg: x is >>0, such thatzi =p, and

X.
ON 1
there existgi>0 inR" such that ziDN wiowi(u(x))>0 andziDN MiajWi(U(X))an(Xj)zp* for all

J. The conclusion then follows from Theorem 2, wisluitable adjustments in the
normalizations ofu andp (we can freely normalize either or p in the f.o.c., but cannot
normalize them simultaneouslw).

We finally return, to conclude this section, to threaning and scope of the separability
property (see also Mercier Ythier, 2006: 2.2, omghme object).

Separability states that any distributive optimwmaimarket optimum, and that it always is
possible to redistribute endowments in such a Wwaythe market equilibrium associated with
the new distribution of endowments is a distribatoptimum unanimously preferred to the
market equilibrium associated with the initial distition. In other words, the redistribution of
endowments by the distributive liberal social caoty and the allocation of resources by
competitive markets, can be viewed as autonomaasepses, which articulate consistently in
the sense that the allocation that they jointlydoi®e (they do produce some, which is
unanimously preferred to the initial market equilim) is Pareto-efficient relative to both the



private and the social preferences of individuals.

Separability is closely related to a similar pndpeof the Bergson-Samuelson social
welfare function (Bergson, 1938; Samuelson, 1947YapC VIIl). We established in Theorem
2 that Pareto-optimal redistribution was equivalémtthe maximization, in the set of

accessible allocations, of a weighted averaEeDN pi(wiou) of individual social utility
functions, with arbitrary weights[1S,. Such “social-social” utility functionsziDN wi(wio u)
are Bergson-Samuelson social welfare functions whemzm wiw; are strictly increasing

in ophelimities (that is, strictly increasing fuitets u(R.") — R, or, in a restrictive but
nevertheless possible interpretation of the constrstrictly increasing in some open
neighbourhood of the set of distributive optimatenthat the latter is implied by the f.o.c. of
Theorem 2-(ii)). The distributive liberal social ntoact therefore yields solutions to the
problem of the joint optimization of allocation addtribution, which belong to the general
class of solutions defined by Bergson and Samuglpoovided that the social welfare
functions that they implicitly maximize are incraas in all individual private utilities in
some relevant subset af(R."). These solutions are distinguished, within thehegal
framework of Bergson-Samuelson, by the following tepecific features: the social welfare
function is a weighted average of pre-existing widiial social utility functions; and the
equilibrium allocation of the social contract isjuéred to be unanimously weakly preferred to
the initial equilibrium allocation, that is, it musot be vetoed by any individual agent
comparing it with this initial allocation. The didtutive liberal social contract solutions, in
other words, consists of a set of Bergson-Samuelsguations constrained by existing
individual views on distribution (through the aggaéion of individual social preferences) and
by initial equilibrium allocation (through individdi rights of veto on redistribution).

The separability property relies upon a set of foain conditions: (i) Walrasian equilibrium;
(i) non-paternalistic utility interdependence;i)(ilump-sum endowment transfers; (iv) and
nonsatiation of the distributive Pareto preorderib@ch of them can be considered as
essential for the property, independently of thedhothers; and they together delineate the
scope and the limits of the property. We conceatoatr comments on condition (iii) (lump-
sum transfers), which requires a specific attentwaithin the present construct, where
redistribution proceeds from the distributive prefeces of individualg.

Strategic transfers of individuals or coalitiorfsamy, could operate, in principle, through two
channels, namely: the strategic manipulation oéthtransfers; or the strategic manipulation
of market prices.

The distributive liberal social contract, such a$irted in section 2, is a cooperative solution
to the problem of optimal redistribution which, bgnstruction, only considers the transfers
preferred by the grand coalition, hence ignores fitet channel. A full-fledged game-
theoretical foundation for this cooperative solntie developed in Mercier Ythier, 1998ab, in
the single-commodity setup (see also Mercier Yi{H2@06: 2.2 and 6.1). We provide natural
assumptions on individual distributive prefereneeglying that any system of redistributive

8 Conditions (i) and (iii) are traditional topics dfstribution theory. Their relations with the aegbility of
allocation and distribution are appropriately dssed in the formulation of this theory by Bergsard a
Samuelson in the references cited above, wherduthp-sum transfers are construed as taxes maxignain
social welfare function which is given a priori. f@htion (iii), in particular, reduces then to a meechnical
characteristic of the tax system. Conditions (iJl giv) have been elaborated and discussed initdrature on
general equilibrium with interdependent utilitiesferred to at the beginning of this section andensgd in
Mercier Ythier, 2006 (notably in sections 4.1.2.3.and 4.2.4).



transfers blocked by an individual agent or by aliton, in a cooperative game of
simultaneous redistributive transfers, must be Ke#dcby the grand coalition also. The
assumptions are: that individuals do not want thstebute wealth from themselves to the
wealthier (veak self-centredngssand that they do not object to progressive (tisat
inequality reducing) bilateral transfers whenevesytare not the donor in the transfeorg-
jealousy. Status quo (that is, zero transfers) then isutiigue strong Nash equilibrium of the
game of transfers at the distributive optimum dfbaral social contradt This property in
turn provides an ex post justification to the pattef simultaneous interactions built in the
game of transfers and associate equilibrium condemum, once performed the lump-sum
transfers of endowments of the distributive libesatial contract, and once achieved the
associate Walrasian equilibrium, the resulting riistive optimum appears robustly self-
sustained, as the unique status quo strong Naslibeigm of a relevant cooperative game of
simultaneous redistributive transfers.

The grand coalition could, in principle, “play witthe market” when performing the
endowment transfers of the social contract, butsessthe reasons for it. Lump-sum
redistribution suffices as an instrument for thai@gement of a distributive Pareto optimum
unanimously preferred to the initial market equiliin, which is the object of the distributive
liberal social contract. The considerable informiadl, computational and transactional
difficulties of the task of solving the “millionsf @quations with millions of unknowns” of
economic equilibrium and enforcing the associaadactions are adequately resolved by the
markets in this construct. Put differently, theaility property, and notably the underlying
condition (i) (Walrasian equilibrium) allows theagd coalition to save the considerable costs
of discovering the equilibrium correspondence & #tonomy and of enforcing a particular
equilibrium, by making these knowledge and enforeehtosts useless for the achievement
of the objectives of the social contrdct

The second channel for strategic redistributionds operative, therefore, at the level
of the grand coalition under condition (i). But wannot apply the same statement, in
principle at least, to proper sub-coalitions of thger. A well-known case for the strategic
manipulation of equilibrium market prices by measisvoluntary endowment transfers is
made by the large body of literature on the trangégadox (see the brief discussion of this
literature, in relation to distribution theory, Mercier Ythier, 2006: 4.3). The latter refers to
the logical possibility that an agent or group géats of a Walrasian economy withholding,
destroying or transferring some fraction of theitial endowment ends up better off (and/or
the recipients of transfers, if any, worse off)aphelimity terms, due to the effects of their
endowment manipulations on equilibrium market wic&€his possibility has been amply

° This property implies that the transfers of theiabcontract crowd out all other voluntary tramsfevhether
individual or collective (see Mercier Ythier, 200%1.1, notably 6.1.1.2).

% There nevertheless remains some room for a prigieypwithin this construct, when the endowment
distribution of the social contract induces sevararket equilibria, such that some are distributbima
unanimously preferred to the initial equilibriumoalation, and others are not. Choosing a vectomafket
prices inside the (typically finite) set of equiiilbm price systems then becomes a way of seleatingllocation
endowed with the wished properties. An alternatiray is lump-sum redistribution itself, since autarfnarket
equilibrium is generically unique (see footndtabove; note that it is not necessary to fully aavut market
exchange to make a market optimum the unique équith of the economy: it suffices to select an emtent
distribution in the fiber associated with the &trgllocation, and to take it “sufficiently close’the latter, in the
sense of belonging to a suitable connected comparfehe set of regular economies which contairssét of
market optima (Balasko, op. cit.: 3.4.4 and 7.3.1T0he choice of the policy instrument (price pgliersus
lump-sum transfers) for removing the indeterminatynarket equilibrium (if any) should be determirtdthe
comparison of their costs, notably informationabmputational and enforcement costs. The latter rente
modeled in the construct. This omission can be gtkws an assumption that these costs are notgmdarto
make the social contract unenforceable in suclatiitos.



documented by the production of nhumerous theotletxamples, most often referring to the
context of international trade (see the referemméedercier Ythier, 2006 above for a selected
sample of such examples).

The embedding of such strategic manipulations dlrééian equilibrium in the
definition of social equilibrium confronts basidfdiulties, which notably include the logical
possibility of wars of gifts, and the discontinagi of the Walrasian equilibrium
correspondence associated with variations in timetan of equilibria. The discussion of these
issues goes beyond the scope of this article. Wecamtent ourselves here with the simple
remark that the deliberate manipulation of Walnasgguilibrium by means of endowment
transfers supposes very demanding conditions torbe@ffective, notably: the existence of a
coalition which, while a proper subset of the wholesociety, nevertheless is large enough to
be able to exert a sizeable influence on generalliliequm by means of transfers in the
endowments of its members; the practical abilitytla§ large coalition to act collectively
through some adequate institutional representadind to impose the effects of this collective
action on the other members of society (effectscivimecessarily are detrimental to some of
the latter); and a sufficient knowledge of the Veaian equilibrium correspondence, that is,
an ability to determine, with sufficient accuraayr fconscious and deliberate action, the
effects of endowment transfers on equilibrium wicEhere seems to be little real basis, to
say the least, for the three conditions to holdhivita nation. And it is debatable whether the
third one actually holds in the international comte

In sum, the manipulation of Walrasian equilibritoyy means of endowment transfers
appears pointless at society level, and seems @gnenfeasible at sub-society level.

Note, to conclude this comment of condition (iif)at the exclusion of strategic transfers
which it assumes, while it is not implied by théet conditions for separability, nevertheless
heavily depends upon condition (i). In other woldsap-sum redistribution is an independent
assumption, which is compatible with the other ¢hmonditions, and which generally

becomes irrelevant in the presence of non-marketangé®. An analogous remark applies to

non-paternalistic utility interdependence as ¥ellhe set of four conditions underlying the
separability property analyzes, therefore, to finigth, as follows: a basic hypothesis on the
(ideal) organization and functioning of market exahe (condition (i)); the design of a

redistribution institution exactly compatible withe former (conditions (ii) and (iii)); and the

hypothesis of civil peace as a common foundatiord/a joint consequence, of market
exchange and social contract redistribution (caoali€iv)).

5- Supported distributive optima
This section draws the consequences of the publ gharacteristics of the distribution of
ophelimity or wealth (Kolm, 1966, op. cit.), in tes of the latter's valuation by suitably

defined supporting prices at distributive optimum.

We first recall the definition of amarket price equilibrium and then proceed to the
construction, on an analogous pattern, of a naif@ocial contract price equilibrium

Definition 7: Attainable allocationx is a market price equilibriumwith free disposal of

™ This reliance of condition (v) on conditions (ica(ii) is nicely illustrated, notably, by the litgures on
strategic bequests and on the Samaritan’s dilersg@Nlercier Ythier, 2006: 2.1 and 7.1.3).

12 Tutelary transfer motives are generally incompatibith Walrasian exchange (Mercier Ythier, 20062.3
and 4.2.4) and with non-strategic redistributiore(der Ythier, 2006: 2.3 and 7.1.2).



(w,u,p) if there exists a vector of market pricesO such that p.(p- ziDN x; )=0 and x;
maximizesu; in {zeR.": p.z <p.x} for all i.

Under Assumption 1-(i), market price equilibrium a@guivalent to market optimum, as a
consequence of the first and second theorems damgetconomics (Appendix: Proposition
6).

We saw in section 4 that, under Assumption 1 aeddifferentiable nonsatiation of the weak
distributive preordering of Pareto, the weak dmttive optima of \,u,p) could be identified

with the maxima of ) p(wou) in the set of attainable allocations
A:{xe]RJ”:ZDN x; <p}, the vector of weightst running over the unit-simple®, (Theorem
2). This fact yields the following definition ofsuipported distributive optimum

Definition 8: A weak distributive optimunx of (w,u,p) is supportedoy vectorn# 0 of R." if X
maximizesziDN wi(wiou) in the set of attainable allocations of the slogystem.

The maxima of the “social-social” welfare functimﬁm pi(wiou) with strictly positive

weights are of special interest from a normativespective, as they take into account, to
some extent at least, the distributive preferemmées! individuals. For this reason, we label
theminclusivedistributive optima below, defined formally asléats:

Definition 9: A weak distributive optimum igclusiveif it is supported by a >>0 vectar

Supported distributive optima are identical to weakributive optima by Theorem 2. The set
of inclusive distributive optima is contained inetiset of strong distributive optima as an
immediate consequence of definitions. The lattelugion is proper in general (see the

remark following Theorem 5, in section 6 below). \Wenote byP," the set of inclusive
distributive optima. We therefore haRg¢ O P, O P, , with generally proper inclusions.

We know from Theorem 1-(i) and Theorem 2-(ii) tleaty weak distributive optimum is
supported by a strictly positive vector of marketcgs. A pair ,p)LR."xR., (with
u# 0) supporting any weak distributive optimuns defined up to a positive multiplicative

constant by the first-order conditions of Theoretii)2 and therefore can be chosen so that
eithernS, orpdS (but not both, except by coincidence). Note thated not be unique,
in general, for a givep, while p necessarily is unique for any givanlIf y; is >0, the term
uiajwi(u(x))arj v;(p, p-x;) of the first-order conditions interprets as thergnzal valuation, by

individual i, of individual j’'s wealth. The sumziDN uiajwi(u(x))arivj(p, p.x;) is the

“social-social” marginal valuation gfs wealth at the distributive optimum. It is congtaver
j (=1: see the proof of Theorem 3). The distinctidnao individual and a “social-social”
marginal valuation of individual wealth is a congeqce of the public good character of

wealth distribution in this setup. The f'OEmN uiajwi(u(x))arj v;(p, p-x;) =1 derived in the
proof of Theorem 3 correspond, in particular, te Bowen-Lindahl-Samuelson condition for



the optimal provision of “public good’.*®

“Social-social” marginal valuations of individuaplelimities are well-defined at any weak
distributive optimum, while a complete system ddiindual marginal valuations of his and
others’ ophelimities is well-defined only for inciwe distributive optima (as the definition of
a meaningful system of marginal valuations of ardiiiduali supposes a positive supporting
w). These facts, and the normative reason for ai@paansideration of inclusive distributive
optima, justify the introduction of the two addital notions below, which emphasize the
inclusive outcomes of social contract redistribatio

Let m; denotei’s marginal valuation of’'s wealth, corresponding, in the former
paragraph, to a term of the typ@?,-wi(u(x))arj V;(p, p-X;) . This corresponds tos Lindahl

price of j’'s wealth, in a scheme of Lindahl pricing of weattistribution as a public good.
Note thatr; necessarily is positive at inclusive distributyyg@imum under Assumption 1, but
thatm; could be negative (resp. =0) for a pair of didtindividualsi andj, if (and only if)i is
malevolent (resp. indifferent) foat this optimum that is, iwi(u(x))<O (resp. =0). We let
i=(mi1, ..., mn) @ndzn=(ms,...,m,) in the sequel. We then define @xclusive distributive liberal
social contractand asocial contract price equilibriuras follows:

Definition 10: Pair @’,(p’,X)) is aninclusivedistributive liberal social contracof (w,u,»),
relative to competitive market equilibrium with é&ealisposal (§,x) of (w,u,»), if (p’,X) is a
competitive market equilibrium with free disposafl (w,u,®’) such that: (i\Ww(u(x)) >w(u(x));
(i) andx is an inclusive distributive optimum ofv(u,p).

Definition 11: Market price equilibriunx’ of (w,u,p) is asocial contract price equilibriurof
(w,u,m), relative to competitive market equilibrium wittee disposalf,x) of (w,u,w), if: (i)
w(u(x)) >w(u(x)); (ii) there existsif,n) such that: (ap’ supportsx’; (b) ZiDN m;=1 for allj;

(c) and, for all, r'=(p'.x¢,...,p.%y’) maximizesr - wi(v(p’,r)) in {rLUR:" m.r<m.r’}.

The next theorem establishes the necessary coongdietween these last two notions, and
shows, as a by-product, that the set of (>>0) $coiatract price equilibria of a social system
of private property, relative to a Walrasian eduilim x of the latter, is the set of inclusive
distributive optima unanimously weakly preferrecto

Theorem 4. Let (w,u,p) verify Assumption 1, and suppose moreover thatafl u[1S, and all
a0u(A) n R4", ZiDN wiow;(0) # 0; and for allp>>0 and alliLJN, functionr - wi(v(p,r)) is

quasi-concave inR..". The following propositions (i) and (ii) are thesguivalent: (i)
Allocation X =o " is a >>0 social contract price equilibriush (w,u,0), relative to competitive
market equilibrium with free disposa’(x°) of (w,u,®); (ii) Endowment distributiom =X is,
both: (a) an inclusive distributive optimum e¥,(,p); (b) and an inclusive distributive liberal
social contract ofWf,u,0), relative to competitive market equilibrium wittee disposal,x°)
of (w,u,m). In particular, the set of >>0 social contraacerequilibriaof (w,u,®) relative to

(P° ) is equal to %0 P, :w(u(X))>w(u(<))}.

Proof. The last part of Theorem 4 is a simple consequ@fhdche first part and Definition 10.

13 The f.o.c. QEN widwi(u(x))ou;(x)=p of Theorem 2-(ii) correspond formally, likewise, Bmwen-Lindahl-

Samuelson conditions for “public good For a detailed comment of the paradoxes assdcwite the formal
identification of private wealth with a public goaske Mercier Ythier, 2006: 6, notably pp. 296-300.



Let us prove the first part, that is, &) (ii).

(i) We first prove that (i (ii). Let X be a >>0 social contract price equilibrium relatio
competitive market equilibrium with free dispospl,{°) of (w,u,®). Thenx is a market price
equilibrium by Definition 11. It is supported by>20 system of market pricgs, hence such

that " % =p. Sincex’ is >>0, we havedu,(x) =9, v;(p", p’.x)p for alli. Moreover, for
all i there exists;LIR.+ such thatd w; (v( p*,r*))arj v;(p’,r; ¥vim; for all jUN, by the first-
order conditions for a >>0 maximum of- wi(v(p',r)) in {rUR." m.r<m.r} (where
r=(p X ,..., p X )). Dividing both sides of the f.o.c. by, adding up over for any given,
and using the fact thaZiDN mj=1 by Definition 11, one gets the set of Bowen-lahtd

Samuelson  conditions: )" (1/vi)6jvvi(v(p*,r*))0rjvj(p*,rj*)=1 for all j. Letting

u=(1As4,...,1Ny), and combining the findings above, we end up whith following: X is >>0,
such that ZiDN X =p, and there exists wp)UR"xR., such that, for alljOUN,

>, mowi(ux))>0 and {_ méwi(u(x))au(g)=p. The conclusion follows from

Theorem 2 with a suitable normalizationuof

(i) We now prove the converse (@ (i). Let endowment distributiom” be an inclusive
distributive optimum ofy,u,p) and an inclusive distributive liberal social a@uat of (v,u,®)
relative to competitive market equilibrium with éredisposal °x°) of (w,u,®). From
Theorem 2 and the definition of an inclusive dimitive optimum:e is >>0, such that

>, @ =p, and there exists alR.." and a uniquep US such that, for alljUN,
> mowW(u(@))>0 and " mowi(u(e ))du(w; )=p . We know that, consequently:
is a market price equilibrium with free disposal @f,u,p), supported byp, and
thato, v, (p",p .0 =1/ wéw(u()) for all j. Let r'=(p.oi,.., p.on); m=
uiajvvi(v(p*,r*))a,jvj(p*,rf) for all (,j). Then > m;=1 for all j. And for all ,):
o,w (v(p’, r*))arj v (P, 1) = (Lw)my, with 144>0.

At t*his stage, we have proved that: there existgstem of market pricgs>>0 which
supportso as a market price equilibrium ofv,p), and a system of Lindahl pricassuch
that: m;= uiajvvi(v(p*,r*))a,jvj(p*,rf) for all (,j); >, m=1 for allj; and, for alli, r

verifies the first-order necessary conditions féoaal maximum of — wi(v(p ,r)) in {rUR."
m.r<m.r }. There remains to establish that(u(e ))>wi(u(x®)) for alli; and r* is a global
maximum ofr — wi(v(p ,r)) in {rUR.": m.r<z.r'} for all i.

Endowment distributiom” being a market price equilibrium oft{1,p) necessarily is
the unique Walrasian equilibrium allocation @f§,»’) under Assumption 1-(i) (Balasko, op.
cit.: 3.4.4). The definition of a liberal distribwé social contract then readily implies that
wi(u(o))=wi(u(x)) for alli.

Finally, the functiong — wi(v(p ,r)) being quasi-concave iR.." by assumption, the
first-order necessary conditions for a local maximef r — wi(v(p,r)) in {rUR." m.r<m.r'}
are also sufficient conditions for a global maximafthe same program, as a consequence of
the Theorem 1 of Arrow and Enthoven, 1961.

The assumption that functions— wi(v(p,r)) are quasi-concave ilR.." does not imply
significant additional restrictions on individualeferences, relative to the quasi-concavity of
distributive utility functionsw;, as established in the following proposition:



Proposition 1: Suppose thatu) verifies Assumption 1, and I&;(0) (resp.Dj’(r)) denote
the j-th principal minor of the bordered Hessiampfresp.r — wi(v(p,r))), evaluated afi>>0
(resp.r>>0). Then:Dij’(r):(Hksjarkvk(p, rk))zDij(v(p,r)) for all (p,r)>>0, and alli andj. In

particular, for alli: (i) principal minorsD;’(r) verify the necessary condition for the quasi-
concavity ofr - wi(v(p,r)) in R.."; (ii) if principal minorsDj;(0) verify the sufficient condition
for the quasi-concavity of; in R..", thenr — wi(v(p,r)) is quasi-concave iR..".

Proof. The bordered Hessian ofi - wi(0), evaluated at(0>>0, is matrix H;(0)=

2 ~ A\1T
97w () fow, (0] . The bordered Hessian of- wi(v(p,r)), evaluated at>>0, is matrix

ow; (0) 0
Hi'(r)= 0% (w ov)(p.r) [0(w OV)(p’r)]T. The generic entry oB*(w, ov)(p,r Which is
oW, - V)(P.1) 0

located on the j-th row and k-th columnkf(r) isa?kvvi (v(p,r))arjv]. (p.r;)0, Vi (pry). The
generic entry ofd(w, ov)(p,r Xresp.[d(w, oV)(p,r)]") which is located on the k-th column
(resp. jth row) of Hi(r), with k<n (resp. j<n), is 9w (v(p,r))d, v, (p,r) (resp.
ajvvi(v(p,r))arjvj(p,rj)). The multilinearity of the determinant then ingdi
Dij'(r)z(Hksjarkvk(p,rk))ZDij(v(p,r)). The marginal ophelimities of wealtd v, (p,r, )

being >0 for alk, D;’(r) is equal to O if and only ;(v(p,r))=0, and otherwise has the same
sign asDj(v(p,r)). The second part of the proposition is a singgasequence of these facts
and of the Theorem 5 of Arrow and Enthoven, 1861.

Note, to conclude this section, that the conceioafal contract price equilibrium introduced
above endorses the separation of allocation aridldiBon as autonomous processes. There
is not, and actually there cannot be, in this sedny price system that would simultaneously
coordinate the allocation and distribution choioésndividuals. The reason for this is quite
simple indeed, embodied in the basic structurehef donstruct: for any given endowment
distribution, the systems of equilibrium marketcps are entirely determined by individual
private preferences, through the aggregate exceswmmt function that the latter induce.
Symmetrically, the coordination of redistributivarisfers by means of Lindahl prices, if any,
must be made on the basis of given market pricesdgvelop an equilibrium concept of this
type in section 7.

6- Global propertiesof regular distributive efficiency

This section characterizes the global structurthefsets of inclusive distributive optima and
social contract price equilibria, which stems frim characterization of inclusive distributive
optima as maxima of positively weighted sums ofivitiial social utilities in the set of
attainable allocations. We first elicit, in subseat6.1, the regularity conditions on the system
of individual social preferences ensuring that gkés of inclusive distributive optima and of
social contract price equilibria are well-behavadterms of dimension and connectedness.
This general property is complemented, in subsedi@, with the presentation of examples
of social systems where the social contract salusippears degenerate, for reasons rooted in
their basic structure, that is, in the initial endoeent distribution or in the system of
individual social preferences. Subsection 6.3, limaprovides insights on the type of
restrictions on social systems required to obtaireb-behaved social contract solution.



6.1- Regular distributive efficiency

In this subsection, we notably concentrate on spordencep:S, - A defined by:e(u)=
argmax{ziDN wwi(u(x)):xJ A}. The correspondence is well-defined, and its gallare
contained inP,, when the social system verifies Assumption 1 &nel differentiable

nonsatiation of the weak distributive preorderirig?areto (Theorem 2).We summarize some
of its elementary properties in the next propoaitio

Proposition 2: Let (w,u,p) verify Assumption 1, and suppose moreover tratafl u(1S, and
all a0u(A) n Rs.", me piow;(0)# 0. Then: Py, is a nonempty and compact subsetApf

ando is a well-defined, upper hemi-continuous, compaaotd convex-valued correspondence
S - Pu.

Proof. The continuity of functionsziDN wi(wiou) for all 1S, and compactness éfreadily
implies thate is well-defined, that is, that argmagiDN wiwi(u(x)):xJ A} is a nonempty
subset ofA for all u[1S,. The convex-valuedness @fis a straightforward consequence of the
convexity of sefA and quasi-concavity of functiongo u for alli. Py=0 . ¢(1) by Theorem

2. It will suffice, therefore, to finish with, tostablish that Grapl is closed (see Mas-Colell,
op. cit.: A.6). Let (9x% be a converging sequence of elements of Gggpnd denote by
(u,X) its limit. We want to prove that=¢(x). From Theorem 2 and the continuity of functions

ow,, u; andau, for alli: xis>0, such thatZiDN x, =p, and there exisgR.' such that, for
all (i,j))LINxX N, (ZiDN wiowi(u(x))ou;(x)=p. n belongs toS, by closedness of the latter, so

thatu>0. Thereforex verifies the first-order necessary conditionsdarveak maximum ofv
in A. The f.o.c. are also sufficient, by Assumption rid ahe Theorem 1 of Arrow and

Enthoven, 1961. Therefor&] P,, and the conclusion then comes as a simple coasequof
Theorem Za

Correspondence will be viewed, consequently, as a correspondéiceP,, from there on.
Let Int S, denote the relative interior & (=S, n R+"). The restriction of to Int S, appears

as a natural candidate for a homeomorphisng|nt P, , provided notably thatp(u) and

¢(x) be single-valued for ajlLlInt S, and allxLJ P.". This need not hold true in general. The

following notion of regular distributive efficiencgets minimal sufficient conditions forto
define such a homeomorphism.

Definition 12: The differentiable social systemw,(,p) is regular with respect to distributive
efficiency if: (i) ow(u(X) is nonsingular for allx( P, ; (i) and ZiDN wi(wiou) is
differentiably strictly concave at atllo(u) for all ullInt S,.

We show in Theorem 5 below that the second redgulaondition (differentiable strict
concavity) is sufficient forp(u) to be single-valued for alillInt S,, and that the first
regularity condition of Definition 12 (nonsingulgyj is sufficient fore™(x) to be single-
valued for allxLJ P, .

The manifold structure of the set of inclusive ulsitive optima of differentiable
social systems, and of the set of social contrace gquilibria of differentiable social systems



of private property, then follows from the firstgrdarity condition by means of the Regular
Value Theorem.

Theorem 5: (i) Let (w,u,p) verify Assumption 1, and suppose that: for jallS, and all
G0u(A) n R+", ZiDN wiow;(0)# 0; and ,u,p) is regular with respect to distributive

efficiency. ThenP," is a simply connected'@nanifold of dimensiom-1, homeomorphic to

Int S.. (i) Suppose moreover that functions. wi(v(p,r)) are quasi-concave iR.." for all
p>>0 and allilIN. Then, for any initial distributionrolJA and any competitive market
equilibrium with free disposap(x) of (w,u,0) such thakJ P, , the relative interior of the set

of social contract price equilibriaf (w,u,0) relative to p,x) is a simply connected 'C
manifold of dimensiom-1, whose inverse image lgyis a simply connected, open subset of
Int S..

Proof. The proof proceeds in three steps.
(i) In Step 1, we prove thaThe restriction ofp to Int S is a homeomorphism Int,S P,
with a C inverse; in particularP,” is simply connected

We first prove that the second regularity conditiomplies thate(u) is single-valued for all
ullint S,. Let ullint S,. We suppose thag(y) contains two distinct elemenksandx’, and
derive a contradiction. The definition efand the quasi-concavity of functions. u together
imply that w(u(ox+(1-0)x))>w(u(x))=w(u(x’)) for all real numberall[0,1]. The second
regularity condition readily implies that thé flinctionsw; - u are all strictly concave in some
neighbourhoodU of x in R™. For a<1 sufficiently close to 1, we must therefore have
w(u(ox+(1-a)x))>>w(u(x)). But ax+(1-o)x 0O A, due to the convexity of the latter set.
ThereforexUOo(p), the wished contradiction.

We next prove that, for ang] P, ¢(x) is single-valued and’C

From Theorems 1 or XLI P, is a >>0 market price equilibrium supported by>®>

price systemp which is unique up to a positive multiplicativenstant. Letp  denote the
unique supporting price systemyothat belongs toS. Theorem 2 implies that for any
nOoe™(x) there exists a unique price system, proportional tg with aJR.., such that, for

all jUN, 3" 1iowi(u())=1/0, v, (ap ,op X;).
The homogeneity of degree 0 of indirect ophelimifynctions imply that
9, v, (Bop Bap x%)=(1/B) 9, v, (ap ,ap ;) for all p>0 (positive homogeneity of degree -1 of

the derivative). Letting=0, v, (ap ,ap .x1) and applying f.0.cau,(x,) =0, v, (ap ,ap X2)op ,
one getsd, v, (ap ,ap %)/0, v, (ap ,ap xa)= 9, v, (AU, (%,),0u,(x,).x;) for allj>1.

Dividing f.o.c. D" wdwi(u(x)=1/0, v, (ap’,ap x) by fo.c. > mowi(u(x)=
1/6r1v1(ap*,ap*.x1) for all j>1, and using the result of the former paragrapte gets the
following equivalent system of-1 equations: (12iDN wio1w;i(u(x))) ziDN wiowi(u(x))=
1/6,jvj (0u, (x,),0u,(X,).x;) . Multiplying both sides byZiDN wiowi(u(x)) and rearranging,
one finally gets:ziDN ui(ajwi(u(x))-(llari V; (0u, (%,),0u, (%,)-X;) )01wi(u(x)))=0, j>1.

Denote by B(x) the nxn matrix obtained from Jacobian matridgw(u(x)) by
substracting column-vector (ajljvj (0u, (x),0u, (%)X ) Jow(u(x)) to the first and j-th

columns ofow(u(x)) for all j>1, and byC(x) the nx(n—1) matrix obtained fronB(x) by
deleting its first column. The system of f.o.c. abhed at the end of the former paragraph



writes, in matrix form:p.C(x)=0, or equivalently ¢(x)]".u'=0, which, for any giverx,
characterizes the kernel of the transpos€(®f. The first regularity condition of Definition
12 and the multilinearity of the deternmba imply |6W(u(x))|=|B(x)| #0, hence
rank C(x)=rank [C(X)]'=n-1. Therefore dim Kerneld(x)]'=n-(n-1)=1, that is, the kernel of
[C(¥)]"is a homogeneous line d&", which moreover admits a >0 directing wect
since ¢™(x) L Kernel [C(x)]". Its intersection with hyperplane[{]R”:ZiDN z, =0} reduces,
consequently, to {0}. This implies in turn that th& n matrix D(x) obtained fromB(x) by
substituting the transpose of the unit diagonal-veetor (1,...,1) oR" for its first column is
nonsingular, for: rank D(X)= rank Dx)]" =n-dim Kernel PX)]'= n-dim
{zOR™ ziDN z =0} n Kernel [C(X)] "= n. Therefore equatiop.D(x)-(1,0,...,0)=0, viewed as

a linear equation ip for any fixedxLl P, , admits a unique solution, =(1,0,....@(K)] ™. We
can leto™'(X)=(1,0....,0).D()] ™. Moreover,o*is C" by Assumptions 1-(i)-(b) and 1-(ii)-(b)
(C? utility functions) and the implicit function theem applied to functio®"xR.." — R™
(LX) - n.D(X)-(1,0,...,0) at any point(x) 1S, x P." such thafiLlg™(x).

From there on, the restriction ¢fto IntS, is denoted by’

Theorem 2 and the definition of inclusive distrivat optimum readily imply that
o(Int $)=P." . Function ¢’ therefore is a one-to-one mapping $it- P, with a C inverse.

We now prove thatp’ is continuous. Let sequence® converge tou in Int S,. The
compactness oA implies that sequenag(p? admits a converging subsequenceiir_et x

be the latter's limit. The continuity ofuf) — ZiDN wiwi(u(x)) implies that inequalities

Do WU (uh))= D, mi*wi(u(2)), which hold true for all pairsuf,¢’(u) and all
z[1 A by definition ofg’, extend to the limit pair(,x). That isx=¢’( ).

Finally, Int S, is simply connected, as a convex set. ThereRye; ¢'(Int S) is
simply connected, as homeomorphic to the formeis ¢bmpletes the proof of the first step.
(ii) In Step 2, we prove tha®." is a C manifold of dimension n-1
Let g denote the EfunctionR.+"xInt Py — R" defined byg(u,x)= n.D(X)-(1,0,...,0) (see Step

1 above). Under Assumption 1-(i), IRt is a C manifold of dimensiom-1 (Mas-Colell, op.
cit.: 4.6.9). Functiong therefore is a €function on a € manifold of dimension 1,

mapping into a € manifold of dimensionn. From Theorem 2, Graplp’'=g™(0) .
8 ,9(1,X)=D(x), which is a nonsingulanxn matrix at anyxJ P," by the first regularity

condition (see Step 1 above). Therefore ramgku,x)=n everywhere in Grapt’, that is, O is a
regular value ofy. The Regular Value Theorem (see Mas-Colell, ap. idi2.2) then implies
that Graphy’ is a C* manifold, whose dimension is equal to ditn{’xInt P.)-dim R"=n-1.
Finally, denote by h(, a local C diffeomorphismR™ - Graphg’ at some point)(,x) of

Graph ¢’; pr, the projection Graply’ — P, defined by pi(u,X)=x; and @ function
P _ Graph¢’ defined by®(x)=(¢’(x),X). Note that pris C*, while ® is C' by Step 1 of
this proof. Therefore, pshy.y is a local € diffeomorphisnR™ - P." at (1,x), whose €
inverse is I(1(H,X))'10<D. This completes the proof of Step 2.

(i) In Step 3, finally, we prove the second paffTheorem 5.

Let L denote the set of social contract price equililofigw,u,m) relative to the Walrasian
equilibrium (,x) of the latter, and suppose thgflP,. From Theorem 4]l n Ris"=
P n {zOR™w(u(2)>w(u(x))}. The continuity ofw andu and the opennessBf then imply

that Int L is equal t&, n {zUR™w(u(2)>>w(u(x))}. Since xOP,, open set fLIR™



w(u(2)>>w(u(x))} is nonempty. And P, n {zLR™:w(u(2)>w(u(x))} is nonempty by the
proof of the second part of Theorem 1. TherefooeissntL (since P, is open). Functions
wio u being quasi-concave, set§R"™w(u(2))>>w(u(x))} is convex, and is therefore an open
convex subset oR™, hence is a simply connected @anifold of dimensiorin. P’ being a
simply connected €manifold of dimensionn-1<in by Steps 1 and 2 above, so is its
intersection with FUR™w(u(z))>>w(u(x))}. That is, Int L is a simply connected *C
submanifold of.", of same dimension as the latter. Consequentfyint L) is a simply

w !

connected, open subset of Hitm

Note, to conclude this first subsection, that, atraightforward consequence of definitions, if
wiou is strictly quasi-concave for all (an assumption that we are not willing to make in
general, for the reasons discussed in the lasgpghs of section 3, but that proves useful

below for illustrative purposes), they = P, . If, moreover, the social system is regular with
respect to distributive efficiency, we haw® =Int P, by Theorem 5, so that, in particular,

inclusion P,” [ P, is proper in this case (see Proposition 2). Thadsethen yields a simple

geometric representation of well-behaved socialtregh solutions for 3-agents social
systems, illustrated in Figure 1.

The Figure exploits the following consequenceshefassumptions of Theorem 5 and
the strict quasi-concavity of functiomge u.

From Assumption 1-(ff: u(A) is a convex subset of dimensionof u(R."=R."
function x - u(x) is a homeomorphisnP, - u(P,) and a ¢ diffeomorphism IntP, —

Int u(P); the set of market-efficient ophelimity distrilrts u(Py)(=u(P; )) coincides with
the upper frontier ofi(A), that is, with set§dou(A) :0’>0= 0'0du(A) }; its relative interior
is a smooth (€ hypersurface (that is-1 dimensional submanifold) &".

These facts and Theorem 5 then imply th@®," ) is a smooth hypersurface Bf
contained in Intu(P,). The same property applies, essentially, to u¢t)={aCu(P, ):
w()>>w(u(x®)}, that is, to the interior of the set of opheliyndistributions of inclusive
social contract solutions associated with initisdrket equilibrium allocation®, when the
latter is not a distributive optimum: this set i€'shypersurface oR" contained iru(P;").

Introducing the additional assumption of strict gju@oncavity of functionsw;ou
yields the following additional properties: the efimity distribution that maximizes; in P,
is unique; and Inti(P)=u(P,") (for u is a homeomorphis®, - u(P,), and IntP,, =P, by
the strict quasi-concavity assumption).

In Figure 1, we denote b§f the maximum ofw; in Py, and byd® the ophelimity
distribution associated with some market equilibriallocation®CP,. From the facts above,
u(Py) is the subarea of surface Ini(P,) delimited by the continuous curves

4 The convexity ofu(A) is a simple consequence of Assumptions 1-(i)ail —(c) and the normalization
u(0)=0. Functiorx — u(x) is a homeomorphisfi, - u(P,) as a consequence of Assumptions 1-(i)-(b) and -(c)
(e. g. Mas-Colell, op. cit.: 4.6.2) and & @ffeomorphism IntP, — Int u(P,) as consequence of Assumption 1-
(i) (Mas-Colell, op. cit.: 4.6.9). Equality( PJ):{OD Ou(A):0'>0= 0'0du(A) } follows from the definition of
strong market optimum and the continuity of privateferences (as implied by Assumption 1-(i)-(ayhile
equality u(Py)=u( Pu*) follows from the strict monotonicity and contitwiof private preferences (as implied by

Assumptions 1-(i)-(a) and -(c)); its global strugtuof smoothn-1 dimensional manifold follows from
Assumption 1-(i) by Mas-Colell, op. cit.: 4.6.9.



GiOj:argmax{@vi(ﬂ),vw(a)):GD P,} for all pairs {i,j} of distinct individuals ofN={1,2,3}. The
set of ophelimity distributions associated with thelusive distributive optima of the social
system is the relative interior of the former so€a that s, surface

u(P )\ (0102 O 020° 0 6'0°%) . Finally, setu(L n R++") is the subarea of the former delimited
by the indifference curves of, andws throught®, and Intu(L) is its relative interior.

[Figure 1 approximately here]
6.2- Examples **

The three examples that we develop in this sulzse&xhibit four cases of social systems
where the distributive liberal social contracts,ilehwell-defined in the formal sense of
Definition 4, nevertheless appear degenerate inesonportant respects. We first briefly
summarize their main characteristics, and next ggdcto the detailed derivation of their
salient properties.

The social systems of the first two examples harapeesentative agent, in the sense that they
“behave” as single rational (i.e. preference-maxing) agents.

In Example 1, all individuals have the same soutdity function, while they may differ in
their private preferences. These unanimous digividupreferences make a representative
agent in the common sense of the notion. They mla&e a representative agent in the
abstract sense above, as its individual optimunthé unique social contract solution,
irrespective of the initial distribution. This casé degeneracy stems from a conspicuous
violation of the first regularity condition of Deiition 12.

In Example 2, we develop two variants of socialteys from the same basic Walrasian
exchange economy with transferable (quasi-lineavate utility.

The assumption of transferable utility implies tbgistence of a representative
consumer, that is, the invariance of aggregate ddrt@redistribution.

In the first variant, the social system consiste celf-centred utilitarian and-1
egoistic individuals. Distribution is not a relevasbject for the social contract, in the sense
that, with these assumptions, any market optimumdsstributive optimum. The distributive
liberal social contract then translates into thexim&ation of aggregate wealth on the one
hand, and the status quo in distribution on therottand. The social system is ruled, so to
speak, according to the views of the representatimsumer, which do not coincide with any
of the individual views of actual consumers, butichhin a literal sense, coincide with their
sum. This case of degeneracy involves the violatidihe second regularity condition.

In the second variant, the social system is mdda lmenevolent Sovereign and his
egoistic subjects. Individual preferences verifg fiist and second regularity conditions. The
degeneracy of the social contract proceeds fromatsumption that the Sovereign has
complete control over the numeraire. He implemecdsisequently, his own optimum, with
the effect of precluding the achievement of anyusize social contract. The representative
agent, in this last case, is the Sovereign.

The social system of Example 3 has no represestatient. It is made of unsympathetically
isolated individuals, who only feel concerned wiitleir own wealth and welfare. It identifies,

5 This subsection owes much to my lecture notes fitms-Colell’s course on general equilibrium theaty
Harvard, notably the part relative to representationsumer theory.



therefore, with the Walrasian exchange economy ihatontains. It verifies all the
assumptions of Theorem 5, and nevertheless exhibit®bvious reasons, the same type of
trivial status quo social contracts as the firstargt of Example 2 above.

Example 1: Unanimous distributive preferences

Let (w,u,p), verifying Assumption 1, be such that all indiwads have the same distributive
utility function w . Distributive utility functionw then is also the unique “social-social”

utility function of the social system, that iszile wwi=w for all pUS,. We suppose,

moreover, thaw' is strictly increasing and strictly concave. Toeial system then verifies all
assumptions of Theorem 5, except the first regylarzondition which, clearly enough, is

violated everywhere irP, . Functionw has a unique maximum i which we denote by .
One easily verifies tha,, P, andP,” then degenerate to the singletor}{ The latter is also

equal toe(u) for all pOS,, so thatp(x )=S,. This example therefore exhibits a simple

(actually, a trivial) case of violation of the perpies of Theorem 5 derived from the sole
violation of the first regularity condition.

Example 2: Transferable private utility

In this example, it will be convenient to adopt getup of Balasko, 1988, that is: individual
private preferences are defined arid @ the whole o', monotone, differentiably strictly
convex and bounded from below, and the first comtyasl selected as the numeraire (that is,
its price is normalized to 1). Walrasian demand andlirect ophelimity functions are then
well-defined C functions on pUR..:p;=1}xR, and we moreover suppose that the
restrictions of the latter topfJR..:p;=1} xR, are of the typev(p,r;)=ri+bi(p), that is, we
suppose that individuals’ private preferences amesglinear in the numeraire for nonnegative
consumption bundles. In other words, we considepecial case in the general class of
exchange economies with transferable utility (Beoge and Varian, 1985).

Roy’s identity and Walras Law readily imply thatgaggate demanf‘iDN f. (p, p. i)

is invariant to redistribution, that is® — Z (p, p.w) is constant in the set of

iON fi
nonnegative distributionss such that me oi=p. There is, consequently, a unique

equilibrium vector of market pricgs such thatzi (p, p-wi)=p (from Balasko, op. cit.:

f.
ON !
3.4.4), that is, this economy has a unique systéneqailibrium prices, independent of

distribution o. Moreover, aggregate demand ziDN f.(p,r) writes

(rl+"'+rn+ZiDN ZkDL,kzZ pkapkbl(p) ’_ZiDNapzb'(p))""’_ZiDNapnbi(p))’ hence is of the
general type G(p,ri+...+ry), so that the economy has a representative constione
nonnegative distributions (Balasko, op. cit.: 7.A)n Finally, the set of market optima
associated with nonnegative wealth distributions ry,..(,rn)C0 S, is:

{(rl+ZkDL,k22 PO pkbl(p*)'_apbl(p*))’ (r2+ZkDL,k22 PO pka(p*) '_apbl(p*)) e (ot
D s P05 0,(P), =0 b (P))): (r1,...rn)0S,}, identical toS, up to a simple one-to-one

linear transformation. Abusing notations, we denayeP, the intersection of the latter set
with R,", that is, the set of nonnegative market optima.

We now turn to the assumptions on distribution.

In a first variant of the Example, we suppose dgent 1 is a self-centred utilitarian,



endowed with linear distributive utility functiow;:0 — ZiDN ag;01 such thatoy=p<as; for

all i>2. All other individuals are egoistic, that 18; is the i-th canonical projection;ptl - G
for all i=2. The social system then verifies the first regtylacondition, agow(()| =0, for all

0. But it violates the second one. In view of tharelcterization of the s&t, of nonnegative

market optima above, “social-social” utility funatis ziDN ui(wiou) appear essentially as

linear functions of the distribution of wealth. bther words, the wealth of any pair of
individuals are perfect substitutes relative EEN pi(wiocu). One easily verifies, in

particular, that the set of maxima @iDN wi(wiou) in A (LR, is the whole seP, if
ZiDN ui(wiou) puts the same weight on all ophelimities, trgtif pioq= pwp+us=...=

wip+un. Simple calculations show that there exists oreg @mly one suchu in S,, which is
>>0. Denoting by, the set of nonnegative market optima, we therdfane P,” =P, which

contradicts the first property of Theorem 5. Dilstition appears essentially irrelevant as an
object of social contract in this social systeme Hole basis for unanimous agreement is the
concern for market efficiency, that is, to use Maibs terminology (as this social system
exhibits some of the main characteristics of Malshstatic equilibrium), the concern for the
maximization of the sum of private surpluses, ajuiealently, for the maximization of
aggregate wealth (the “wealth of nation”, to usewords of Adam Smith). Moreover, the set
of allocations unanimously weakly preferred to agiyen xUUP, reduces to X}. The
distributive liberal social contract therefore mally leads to status quo in this setup, in spite
of the existence of individual 1's distributive @amns.

The second variant of the Example is the macraabdransposition of Becker’s
theory of family interactions (1974). Itis illuated by Figure 2 for a 3-agents social system.
Agent 1 (say, Phardd) owns the numeraire (that isy;=1), and has a concave strictly
increasing, differentiably strictly concave ®.." distributive utility functionw;. All other

individuals are egoistic as above. The determio&raw(() reduces tqaw(0)|=61wl(0) #£0.

The first regularity condition holds true, therefpm this social system. The second regularity
condition is also verified, by the Proposition 3sofbsection 6.3 below. We denotebythe
unique maximum of Pharao’s social utility in the séfeasible allocations, and suppose that
it is >>0. If one moreover assumes, for simplicthat the initial distributior is a Walrasian
equilibrium, the achievement of Pharao’s optimurenttsupposes some redistribution of
wealth and numeraire from himself to all othersefBfiore,w(u(X ))>>w(u(»)), ando P,
Since Pharao has a complete control over the ressum numeraire, the natural distributive
outcome for this social system is allocatian The latter is a distributive optimum
unanimously preferred to the initial Walrasian éQuum. It corresponds, consequently, to a
distributive liberal social contract in the forms#nse of Definition 4. This social contract is
not inclusive, and actually there cannot be anyerexclusive social contract, in a formal
sense, than this one, as the “social-social” ytilinction that it maximizes coincides with the
sole social utility function of Pharao. Figure 2smlays the variant of Figure 1 that
corresponds to this configuration of the socialtesys u(P,) is represented by an isosceles

'® From Ramsey to Ramses Il, so to speak : Barro’spemion paper of Becker’s in the "§2ssue of the JPE
(1974) develops a macroeconomic analogue of thee saondel, where the representative agent is a dgnast
sequence of altruistically related generationss Toinstruct has often been compared, in subsetiigzature on
the same topic, with Ramsey’'s Mathematical ThednSavings (1928). It seems to me that, besides thei
undeniable practical virtues in terms of legibilaynd tractability, these models draw much of theddwious
power of seduction from their metaphorical resoeawith an archetype, nicely characterized by KailaRyi
under the label of “redistribution” (and contrastadhim with the market on the one hand, and wéttiprocity

on the other handthe Great Transformatiqri944, Chap. 4; see also Max Weber, 1921).



triangle of base +2 obtained from & by means of translation
(21,20,2) — (z2+ba(p ), z+b2(p ), zat+bs(p ) ; O'=u(x); the curve connecting point§w), &’ and
0" is Pharao’s indifference curve throughio); and the set of ophelimity distributions
associated with the inclusive social contract sohg such thatw(u(x))>>w(u(o)) is,
consequently, the interior of surfa@el’ 0”.

[Figure 2 approximately here]
Example 3: Unsympathetic isolation

Let (w,u,p) verify Assumption 1, and suppose thatpr, or alli, that is, all individuals are

indifferent to the private wealth or welfare ohets (universal distributive indifference). This
social system verifies all the assumptions of Theob, and notably, in particular, the first
regularity condition, sincew(G 31, for all G, and the second regularity condition, for the

differentiable strict concavity of all private utyl functions implies the differentiable strict
concavity of x - ziDN wi(wi(u(x)) =ZiDN uiui(x) for all u>>0 (see Proposition 3 below).

The social systemw(u,p) then identifies, essentially, with the Walrasechange economy
(u,p). In particular: all market optima are distrib@ioptima, that isP,=P,; and, of course,
the distributive liberal social contract impliesitsis quo, that is,z |Py:w(u(2))>w(u(x))}={ x}

for all xLIP,. As is well-known, general Walrasian exchange eaaas, such as characterized
by Assumption 1-(i), generally do not have représtare agents (Balasko, op. cit.: 7.Ann.3).

6.3- Regular social systems

This last subsection makes a brief first exploratid the restrictions on admissible social
systems required for a well-behaved liberal soctaitract solution to optimal redistribution.
By social contract solution, we mean any distripeibptimum unanimously weakly preferred
to the initial market equilibrium (see the end ettson 2), or the set they constitute. This
makes the norm of the distributive liberal sociahitact defined in section 1.

The social contract solution is well-behaved iftaidy: it is inclusive; it is not, or not always,

a status quo; and it makes a simply connected suabsbe set of market optima, of same
dimension as the latter (that is, of dimensneh). We consider each of these characteristics in
turn, and some of their implications for the ungieg social systems.

Inclusiveness is a basic normative requiremenigded to provide a universal foundation to
the social contract, by ensuring the effective usmn of all individual preferences in the
design of aggregate social utility functions. Ittaddy implies the use of the weak Pareto
Principle (the weak distributive preordering of &aj for comparing allocations, and,
consequently, of the strong Pareto optimum fordkénition of distributive optimum, but

actually demands still more than that (since tlotusion P, LI P, is proper, as noticed in 6.1

above).

The variant of Becker’s social equilibrium analgze the Example 2 of subsection
6.2 suggests that the implementation of an inckussocial contract might require a
sufficiently balanced initial distribution, or adst may be greatly eased by it. It should not be
the case, in other words, that a single agent, groap of agents (say, for example, “the
Rich”) are able and willing to take advantage oéithdominant position at the initial
allocation, to implement their own optimum, so pemiing a literal interpretation of
redistribution as unilateral Charity from benevadldvenefactors to passive and silent



beneficiaries (see Mercier Ythier, 2006, notably.3.and 6.2, for a discussion of the
theoretical literature on charitable donations)teNthat such exclusive social contracts are
always accessible from any initial market optimxP,, (formally, dP, n {zZUR":w(u(2))>

w(u(x))} generally is nonempty, as clearly appears fréigure 1). The remark above,
therefore, does not refer so much to the logicasjimlity or impossibility of exclusive
solutions, as to the plausibility of the selectmian inclusive outcome, and to the general
characteristics of the social system which conditioe latter. A reasonably balanced initial
distribution certainly is a favourable circumstangepervasive awareness of the robustness
conferred to social contract by universal partiignrais another one, still more important than
the former. It seems reasonable to think that dak counterpart of the abstract notion of v
liberal social contract studied in this articleaify, supposes the both of them and their mutual
reinforcement, in its state of maturity at least.

The second condition for a well-behaved social @it is that it explains effective
redistribution, that is, that the social contramluon is not, or not always, the status quo. In a
minimal interpretation of this requirement, thigpases that some market optima at least are
not distributive optima, that is, formally, thatlasionP,, 1P, is proper. The latter supposes
in turn that preferences exhibit some taste foistaution such as, for example, some degree
of inequality aversion, at the individual level adurse (see the social system of the Homo
Economicus of Example 3), but also at the aggrelgatel (confer the Marshallian social
system of Example 2). The second regularity coowlitf Definition 12 essentially supposes
the latter, that is, a taste for averaging exhiblig the positively weighted sums of individual
social utility functions at associate inclusivetdimutive optima. We establish below that this
regularity condition does not impose any seriowgrieions onnon-malevolenindividual
distributive preferences, for two complementarysoees.

First of all, the set of smooth fi monotone preference preorderingsRofi\{0} that
are differentiably strictly convex i\ is open and dense in the set of smooth monotone
distributive preference preorderings Ba"\{0}, as a consequence of Mas-Colell, op. cit.:
8.4.1, and its elements admit utility representegtithat are differentiably strictly concave in
A, as a consequence of Mas-Colell, op. cit.: 216.4ther words, the strict concavity of utility
representations in the set of admissible allocatisna generic property of smooth convex
monotone social preferences at the individual levehce also at the aggregate level.

The genericity argument above is not completeligfsatory, nevertheless, as, first, it
is mute on non-monotone (that is, malevolent) $qmieferences, and as, second, it derives
the strict concavity of the “social-social” utilitjunction from the strict concavity of
individual social utility functions. We argued iection 3 that the latter was not realistic, due
to the large-scale character of the object of pegfees, and the distributive indifference that it
seems normally to imply within widespread partshdir domain of definition. Fortunately
enough, it can easily be established (see Propnsitibelow) that theoncavityof individual
distributive utility functions andstrict concavityof private utility functions inA, which are
much easier to defend, suffice for the strict ceitgaof positively weighted sums of
individual social utilities inA, provided that individual distributive utility futions are
monotone (non-malevolence) and increasing in owrebmity.

The violation of the second regularity conditionthre first variant of Example 2,
therefore, is not robust, as it appears narrowlgted with the specificities of quasi-linear
ophelimity. Robust difficulties with this regulayitcondition, if any, will stem from
distributive malevolence.



Proposition 3: Suppose that for ail w; is concave i, increasing, and increasing in its i-th
argument;y; is strictly concave ifA. Then ZiDN wi(wiou) is strictly concave irA for all

u>>0.

Proof. For any pair of distinct attainable allocation,x’) and any O€<l, we have
u(ax+(1-0)x)>au(x)+(1-a)u(x’) since theu; are all strictly concave i\ andx; is different
from x’ for at least onda. Therefore, wi(u(ax+(1-0)X))>w;i(au(x)+(1-a)u(x)) for all i, with
a strict inequality for any such thatuj(ox+(1-0)x)>au(X)+(1-0)u(X), by the monotonicity
assumptions. Andi(au(X)+(1-a)u(X’))>aw;(u(x))+(1-a)wi(u(x)) by concavity for alli. Hence:
w(u(ox+(1-0)x))>aw(u(x))+(1-o)w(u(x’)). And therefore, for any>>0: p.w(u(ox+(1-a)x’))>
ap.W(U(x))+(1-o)p.w(u(x)). m

The third condition for a well-behaved social castrsolution concerns the global structure
of the solution set, as a simply connected setimedsionn-1 (Theorem 5-(ii)). The latter

obtains as a simple consequence of the same gespeftthe seP,” of inclusive distributive
optima (see Step 3 of the proof of Theorem 5).
The simple connectedness Bf means, essentially, that this set has no “holEis&

set of market optim@, also is simply connected (Balasko, op. cit.: 3@l 8.3). This
mathematical property is suggestive of the possibdf performing redistribution along a

continuous path of minimal length & orP, , by means of continuous adjustments in the

distribution of endowments (see Balasko, op. @t2 for further developments of this
interpretation). It follows from the first and secbregularity conditions of Definition 12 (see
Step 1 of the proof of Theorem 5).

The dimensional property diR) =n-1 states that the set of inclusive distributive

optima has the maximum dimension consistent withsitparability propert®,” [P, (since

dim Int P,= n-1). This corresponds to a property of non-degemeran the strict
(mathematical) sense. The first regularity condii®the minimal sufficient condition for the
latter, as appears clearly from Step 2 of the padofheorem 5. This regularity condition
supposes, essentially, that individuals have dingrgiews on desirable redistribution at any

inclusive distributive optimum. More formally, tmews of matrixdw(u(x ))atx(l P,  are the
Jacobian vectodw, (u(x ))pointing in the direction of the best (local) istdbutions from

u(x) from the perspective of individual The first regularity condition therefore states,
equivalently, that the families of Jacobian vectpasv, (u(x) :iL!l} have maximal rank for

any nonempty [l N at any inclusive distributive optimum. Hence th&erpretation above.
The need for this regularity condition is a direcinsequence of the public good
character of private wealth and welfare distribogioin this setup. The condition is
automatically verified, for example, and can therefremain implicit, in the social system of
the Homo Economicus of Example X u(x) is a homeomorphisnP, - u(P,) for

monotone strictly convex private preferences, asd-known: see footnot&' above). The
very existence of a distributive liberal social tant, if any, supposes a balance between: (i)
on the one hand, some degree of conformity in iddeds’ tastes for redistribution, which
must be sufficient to imply unanimous agreemerdtiet to some acts of redistribution at
least; (i) and, on the other hand, divergencesndividual views relative to distribution,
which must be sufficient to make a contractual sofumeaningful, as opposed to the more
centralized modes of collective action that wouldgeed from the exact conformity of
individual distributive preferences in large subsettN (with the social system of Example 1



as a limit case).This balance of the social cohtdexluces quite naturally from actual

characteristics of individual preferences, whicimowonly balance propensities to redistribute
associated with altruistic feelings, empathy, arsgeof distributive justice, on the one hand,
against care for own wealth and welfare on theroti@aad. To put it more completely, the

liberal social contract most naturally interpressthe reflection, at the aggregate level, and
translation into redistributive transfers, of thebaracteristics of actual individual preferences
confronted with actual initial endowment distritauti or actual pre-transfer market

equilibrium allocation.

A major, if not unique, source of divergence ddivndual views on redistribution is
self-centredness, which consists for an individoaput a larger weight on his own wealth
than on the individual wealth of others, or of dahle selection of the latter. The following
Proposition derives, on this simple basic pattemo, assumptions on the system of individual
social preferences which imply the first regularitpndition, namely: thedistributive
indifference to the wealthiewhich supposes that every individual puts, sspgeak, a “null
weight” on the wealth of any other individual aas¢ as rich as himself at any inclusive
distributive optimum; and thepositive diagonal dominancef the Jacobian matrix of
r - w(v(p,r)) at any inclusive distributive optimum. Theseulées should only be viewed as
simple indications about a possible line of rededoc obtaining general characterizations of
systems of preferences compatible with the firgtikarity condition. There seems to be scope
for substantial improvements on this topic, quieady.

Proposition 4: Let (w,u,p) verify Assumption 1, and suppose that, for anykvprice-wealth
distributive optimum (§,r)>>0 such thaf(p,r)0P, : (i) either 0w, (v(p,r, ))=0 for all pair of
distinct individuals i(j) such thatri<r;; (if) or matrix ow(v(p,r)).0,v(p,r) has a positive
dominant diagonal. Themv(u,p) verifies the first regularity condition of Deftion 12.

Proof. (i) Let (w,u,p) verify the first assumption, and suppose, withoss of generality, that
r>r>...>r,. Thenow(v(p,r ))is a triangular matrix, whose sub-diagonal entees all =0.

Thereforetavv(v(p,r))|:HiDNaiwi(v(p,r)), which is >0 by Assumption 1-(i))-(a). The

conclusion follows from the equivalence of weakcefivealth distributive and weak
distributive optimum (Theorem 3).

(ii) Let (w,u,p) verify the second assumption. Note that the dgeremtry located on the i-th
row and j-th column of matrixow(v(p,r)).d,v(p,r) is 6J.vvi(v(p,r)).0rjvj(p,rj). The

multilinearity of the determinant therefore impliethat: |6W(v(p,r)).6rv(p,r)|=
(HiDNarivi(p,ri))|6vv(v(p,r))|, where [],,,0,v(p.r;) is >0. The diagonal dominance

assumption implies tha{f)w(v(p,r)).arv(p,r)| is >0. Therefore|6vv(v(p,r))| is >0, and the

conclusion follows from the equivalence of weakcerivealth distributive and weak
distributive optimum as aboue.

7- Social contract equilibrium

We very briefly return, to conclude the formal dexnents of this article, on the notion of
social contract equilibrium.

The social contract solution developed in thischgtileaves, when it is well-behaved, a
substantial amount of mathematical indeterminatative to distribution, as measured by the
dimension (#-1) of the manifold of price-wealth social contragjuilibria or, equivalently,



by the dimension of the set of supporting vectdraveights of the associate “social-social”
utility functions (Theorem 5-(ii)J/ A natural solution for removing this remaining
indeterminacy in our setup is Lindahl equilibriumpnstrued as a process of social
communication which uses Lindahl pricing to eliaind coordinate individual preferences
relative to distribution treated as a public gobkércier Ythier, 2004, defines the notion, and
analyzes its existence and some of its determipemyerties in the one-commaodity setup. We
extend it to the present setup in Definition 13okeland establish, as a corollary of Theorem
4, that it actually yields an inclusive social aqawct solution. The associate wealth
distribution, moreover, is unanimously strictly faeed to the wealth distribution induced by
the initial market equilibrium allocation evaluatatisocial equilibrium market prices, when
the initial market equilibrium allocation is noséf an inclusive distributive optimum. These
properties of social equilibrium hold true providésht indirect individual social utility
functions r - wi(v(p,r)) exhibit suitable properties of preference forermges at social
equilibrium market prices.

We letII denote setf=(my,...,m,)0 HiDN R™>" . m=1forallj}.

Definition 13: (n,p*,x*)DHXS x A is asocial contract equilibriumof (w,u,®), relative to
competitive market equilibrium with free dispospl,X°) of (w,u,), if: (i) w(u(x))=w(u(®));

(i) X is a market price equilibrium supported iy (i) and for alli, r'=(p".X,...,p".X)

maximizesr — wi(v(p ,r)) in {rOR." m.r<m.(p . X,....p" x°)}.

The notion differs from the social contract pricgugibrium of Definition 11 by maintaining
the initial market equilibrium allocatior’ in the specification of the right-hand side of
individual “budget constraints”. It shares with tHermer the fundamental feature of
endorsing the separation of allocation and distitiou as autonomous processes of
coordination of: (i) on the one hand, individualcd®ns relative to market demand,
coordinated by market prices for given distributioi) and on the other hand, individual
choices relative to distribution, coordinated bypdahl shares for given market prices.

Corollary: Let (w,u,p) verify Assumption 1, and suppose moreover thatafl 1S, and all
a0u(A) n R+", ziDN wiow;(0)# 0; and for allp>>0 and alliCIN, functionr - wi(v(p,r)) is
quasi-concave iR:.". If (z,p,X) is a social contract equilibriurof (w,u,0), relative to
competitive market equilibrium with free disposp!X°) of (w,u,®), such that >>0, then
endowment distributiom =X is, both: (a) an inclusive distributive optimum (@f,u,p); (b)
and an inclusive distributive liberal social costraf (w,u,0), relative to competitive market

equilibrium with free disposap{,x°) of (w,u,0). If, moreoverX’0 P, andr — wi(v(p ,r)) is
strictly quasi-concave for all thenw(u(x ))>>w(v(p , (p" X’,...,p".x%))).

! Note that indeterminacy in the sense above doepreclude a substantial explanation power of iion, as
measured by the ratio of the magnitude of hypeaseni(L), computed from the relevant integral, relativehe
magnitude of hypersurface(P,) or u(P,) (see Figure 1 and the associate remarks, folipwire proof of
Theorem 5). In other words, the set of social @uitsolutions could represent a very small fractibthe set of
Pareto-efficient distributions in the distributisense and, a fortiori, in the market sense. Thilsbeithe case,
notably, if the initial market allocation is close the set of distributive optima, or, equivalenifythe value of
the transfers of the social contract representsal $raction of the total value of the equilibriaiocation. This
could very well be the case in practice, as rebigtive transfers seem to represent only a smattion of
aggregate market wealth in real economies.



Proof: Let (rp’,X') be a social contract equilibriuaf (w,u,0), relative to competitive market
equilibrium with free disposal p{.xX®) of (wuw), such thatx>>0, and denote

r=(p".x,....p .x.). Functionr - wi(v(p r)) being strictly increasing irr;, the budget
constraint must be satiated at any of its maxima{rnR." m.r<m.(p .X’,....p .x)}
Thereforen.r =m;. (p’ X°,....p".x°), andr” also is a maximum af - wi(v(p ,r)) in {rOR."
m.r<m.r'}. Hence x is a >>0 social contract price equilibrium of,§,®), relative to
competitive market equilibrium with free dispospl,X°) of (w,u,0), and the first part of the
Corollary follows from the application of Theorem 4

Suppose that, moreovef1 P, andr — wi(v(p ,r)) is strictly quasi-concave for aill

We havew(u(x ))>w(v(p ,(p X°,....p".x°))), r' being a maximum of r — wi(v(p ,r)) in
{rOR." m.r<m.(p .X_,...,p X))} for all i by definition of a social contract equilibrium.
Suppose thatwi(u(x*)):wi(v(p*,(p*.xf,...,p*.xr?))) for some i, and let us derive a

contradiction. The strict quasi-concavity pf- wi(v(p’,r)) implies that any strict convex
combinationar +(1-0) (p".X",...,p .x°), 0<o<1, is strictly preferred by to bothr" and

(p"X2,....p" x°) (since wi(v(p ,r ))=wi(u(xX ))=wi(v(p ,(p"X",...,p".x°)))). Since moreover
ar +(1-0) (p X2, p’X°) O{rOR"mi.r<mi. (p° X°,...,p . x%)}, r' cannot be a maximum of
r - wi(v(p ,r)) in {rOR"m.r<m.(p" x°,...,p".x%) }, which yields the wished contradictian.

8- Rational redistribution: the distributive liberal social contract and the axioms of
social choice.

The distributive liberal social contract operatssam aggregator of individual distributive
preferences. The inclusive variant of the notiorhich, we argued above, is the most
appropriate, maximizes positively weighted sumsndividual social utility functions (that

is,ziDN wi(wiou) with u>>0) in the set of attainable allocations unaninhpuseakly

preferred to the initial market equilibrium (seeebhem 4). It provides a rational foundation
for the distribution institution, based on the Rarerinciple, that is, on the unanimous
preference of the individual members of society.sish, it compares with the alternative
solutions sharing the same basic feature, whichdaweloped by social choice theory. The
object of this section is to situate the distribatiiberal social contract relative to some of the
main pieces of this theory, namely, the social arelffunctions of Bergson-Samuelson and
social welfare functionals of Arrow-Sen, and théoax of non-dictatorship of Arrow (1951)
and liberty axiom of Sen (1970) that pertain to thter. We use, for that purpose, the
synthesis of Sen, 1986.

The distributive liberal social contract has alnedxben related to the Bergson-Samuelson
construct in section 4. We briefly summarize ounatosions as follows. The distributive
liberal social contract solution shares with theg8en-Samuelson solution the basic property
of separability of allocation and distribution, thia, notably, the fact that the allocation
solution necessarily is a market optimum. The el@mef the family of “social-social” utility

functions {me pi(wiou):u>>0} associated with inclusive social contract siolus are

Bergson-Samuelson social welfare functions. Theréibsocial contract construct differs from
the Bergson-Samuelson construct in three respéctenerates a whole family of social
welfare functions; its “social-social” welfare fumns aggregate pre-existing individual
social welfare functions, that is, the “social-stdtipreference relation is primarily deduced



from individual social ones, and aggregates individuativate preferences only as a
consequence of this primary aggregation of indigldgocial preferences; the set of
admissible solutions is restricted to the set dhiaéble allocations unanimously weakly
preferred to the initial market equilibrium. Thetéa two differences make the social contract
solution a special case of the Bergson-Samuelshnico for anygiven vector of weights.
The first feature (abstractness) can be converieetbrmulated within the framework of the
social welfare functionals of Arrow-Sen, to whicle wow turn.

We show below that the inclusive distributive liflesocial contract solutions can be viewed
as proceeding from the maximization of the elemeftihe range a family of social welfare

functionals of Arrow-Sen that verify the strong &arprinciple, the non-dictatorship axiom of
Arrow and the liberty axiom of Sen for the socigktems that verify the assumptions of
Theorem 5. These social welfare functionals alsdywerdinal non-comparability, but do not

verify, in general, pairwise relational independenc

We first construct the relevant family of socialliaee functionals, next establish their
axiomatic properties (Proposition 5), and finallyterpret the results in the light of the
underlying definitions and assumptions.

The following assumptions and notations are mamethithroughout the sequel: the
economy (,m) is fixed; x” is a fixed market equilibrium allocation af,@); (w,u,o) verifies
the assumptions of Theorem 5, that is, essentidibgumption 1, the differentiable non-
satiation of the distributive preordering of Paretod the distributive regularity of Definition

12. We denote by ={xO P, :w(u(x))> W(u(x”))} the set of inclusive social contract
solutions of y,u,») relative to initial equilibrium allocatior”.

We now construct a family of social welfare funcis that generates, from thdauples of
individual social utility functions, social preferee relations which admit a Bergson-
Samuelson social welfare function as utility repreation, and whose maxima in the set of
attainable allocations are the inclusive distripeitoptima of the liberal social contract.

Let ¥ be the set of-tuplesy=(y1,..., yn) of C increasing functiongi:R — R such
that oy>0 for all i. We identify n-tuple w=(yi,...,.ys) With function
R" = R"(sy,...,5) — (W1(S1),-..,wn(Sy). Proposition “There existg J¥ such thatw'=yow”
defines an equivalence relation over the sen-tfiples of individual distributive utility

functionsw.'® We denote bw the equivalence class of for this equivalence relation in

{w:(w,u,0) verifies the assumptions of Theorem 5}, that vs,is the set ofn-tuples of
distributive utility functions that obtain from thepplication of n-tuples of increasing
transformations o’ to ann-tuplew that verifies the assumptions of Theorer B denotes

the quotient sety:(w,u,0) verifies the assumptions of Theorem 5}. The eletmefW are in
one-to-one correspondence with timetuples of individual social preference relations
underlying then-tuples of utility representations o u :(w,u,®) verifies the assumptions of
Theorem 5} (by Mas-Colell, op. cit.:2.3.1%).

8 One easily verifies that s&f, viewed as a set of functior®" — R™(s,,...,5,) — (y(S),....yn(s), and
endowed with the composition of applications is a group:yoy’ ¥ for all (y,y') ¥ X¥; the identity
function R" — R" belongs to¥; yL1¥ implies y*J¥; and o is associative. The reflexivity, symmetry and
transitivity of binary relation WRw if there existsy [J¥ such thatv=yow” are simple consequences of the
group structure of¥, o) (of the first three properties above, to be @mei

¥ Note that ifw verifies the assumptions of Theorem 5, then s gioaw.

2 Two C utility functionsw; andw;” with no critical point (that is, nonzero first deative everywhere) represent
the same underlying preference relation if and dfly’'=y;ow, wherey; is G and has a positive first



" and L are invariant to anyyJ¥. That is, inclusive distributive

optimum and distributive liberal social contractusimn verify the invariance property of
ordinal non-comparability (see Sen, 1986: 6.1 formfal definitions of that and other

Clearly, P

invariance requirements). We can thereforegt= P." and L**" = L"* for anyww.
w

Pick a singlev in eachw OW and denote by the resulting subfamily ofW:(w,u,o)
verifies the assumptions of Theorem 8}.consists of an arbitrary selection of one single
tuple of utility representations for eaoktuple of individual social preference relation$isr
family is maintained fixed in the sequel.

For anywLl®, and anyx(OP,, let F,x be a fixed € concave, strictly increasing

functionR" - R such thaF,xo Wou attains a unique maximumsatn A. For anyw'= yow,
yU¥ andwll®, defineFy x by: Fi x= Fuyxe \y'l FunctionsF, xo wo u then define the same

preference relation over allocations for\alll W which attalns a unique maximumain A

(formally: Fy xoW' o u=Fxowou for all w Dw for wbwn ®@). We denote this preference
relation by R. , and the induced strict preference relation>by (that isz>-. Z if zR. Z

W,X W, X W, X W, X
and nonf R. 2)). The associate utility representatiéi xcwou, wherewdwn @, is a

W, X
Bergson-Samuelson social welfare function.

For any givenxOInt P, functionwou - R. , defined on fou:(w,x)OW x L**
W, X

and (v,u,m) verifies the assumptions of Theorem 5} is, by stauction, a social welfare
functional of Arrow-Sen that verifies ordinal noargparability. Its range is made of

Bergson-Samuelson social preference relations dttatn their unique maximum iA at
allocationx.

The maximization of the social preference relatiéhsinduced by the social welfare

W, X

functionals for any fixedh-tuple of individual social preference relationsibject to the
aggregate resource constraint of the social sysyesigs the setL“o"Xm of inclusive social
contract solutions unanimously weakly preferredixed X whenx runs overLJ”'Xm , that is:
L =[] {zOA: Z-. Z:Z’DA}.

(W X): ><I]LWx

We now proceed to the derivation of some axiomptigperties of this family of social
welfare functionals. For the reader's commodity, definitions of the axioms of social choice
that we use below are recalled informally in fosen®. The social welfare functionals of

derivative (sufficiency is a straightforward conseqce of definitions; necessity follows from Maskio
op.cit.: 2.3.11).

% The strong Pareto principlestates that a social state is preferred (resjtlgtpreferred) to another for the
social preference relation whenever the formerégored to the latter for all individual sociallity functions
(resp. preferred to the latter for all individuaksal utility functions and strictly preferred tofor one individual
social utility function at leastPairwise relational independencsates that the social preference relation over
any pair of social states is a function of the sekdrictions of individual social utility functienover that pair. A
social welfare functional of Arrow-Sen verifie®n-dictatorshipif there is no individual such that, for alh-
tuple of individual (social) utility functions irhé domain of the social welfare functional and eaain of social
statesx andy, x is strictly preferred ty for the social preference relation whenever gtigctly preferred to/ by
individual i. Finally, theliberty axiomof Sen states that everyone is strongly decisivgr one pair of social



family {wou — R. :(w,X)OWxL"*"} clearly verify the strong Pareto principle. Onanc

moreover make the following additional statemethgse social welfare functionals verify
Arrow’s non-dictatorship axiom and the liberty axi@f Sen. Formally:

Proposition 5: Let market optimunxUInt P, be fixed, and consider social welfare functional

wou - R.  defined on fvou:(wx)OWxL" and (v,uw) verifies the assumptions of

Theorem 5}.
(i) Strong Pareto principleFor all wou in the domain above and all pair of allocations
(zZ) UR"xR.", w(u(2))>w(u(2)) implies zR. Z, the latter preference being strict whenever

wW(u(2)>w(u(z)).
(i) Non-dictatorship There exists na such that, for allwoeu in the domain above,

wi(u(2)>wi(u(2)) = z>-. Z.

X

(iii) Liberty: Let the domain ofvou — R. be restricted toWo u :(w x)OW x L™ | (w,u,m)

verifies the assumptions of Theorem 5, &jgow:0 - Fyx(W(Q)) is strictly increasing in
u(R<"}. Then: For alli, all nonnegativex’ and x”, and all wou in the domain

above, we have: ui(})>ui(x") < Wiu((%wi,X")>Wi(u((Xi,%")) :>(xn/i,>q’)>vevx(xnn,>q”),

where &yi,z) denotes the allocation obtained by substituing{ x’, %’} for X in X. This
holds true, in particular, if the domain of the dtional is further restricted towjou:

(w,X)OW x L"*" and (v,u,m) verifies the assumptions of Theorem 5 and distiile non-
malevolence}.

Proof. (i) is a simple consequence of inclusivenesg,ithatrictly increasingry x.
(iif) We show that if subfamilyweou — R. associated with fixeallInt P, has an Arrovian

dictator then either the first regularity conditi@m inclusiveness is violated. Letbe a
dictator, that is: for allwou in the domain of the social welfare functional,
wi(U(2)>wi(u(2)) = Fux(W(u(2))>Fwx(W(u(z)). For any fixedwo u, Assumption 1 then readily
implies thatwi(u(2))>wi(u(Z)) = Fux(W(u(2))>Fux(W(u(z)), by the local nonsatiation dfs
social utility function and continuity of individliaocial utility functions. That isw; and
FuxoW represent the same preference relation ay®:."). In particular, their Jacobian
vectors at anyillu(R.."") are positively proportional, that is, there exigtR., such that
OFwx(W(0)).ow(0)=cow;(0). For 0O=u(x), the first regularity condition implies
OFwx(W(0))=0owi(0).[ow(0)] *=a€, where€ denotes the i-th vector of the canonical base of
R", whose i-th coordinate =1 and j-th coordinate =0 &ll j#i. But this contradicts
inclusiveness, which impliedF,, x(w(())>>0.

(iv) Equivalenceui(x)>ui(x"”) <= wWi(u((Xvi,x"))>wWi(u((Xvi,X")) iIs an immediate consequence
of Assumption 1-(ii)-(a) (individual distributivetility increasing in own private utility). And
u(x)>ui(x”) = wiX) = - (Xwi,X”") is an immediate consequence of the domain iegin

states at least. A persoiis strongly decisivever a pair of social states,§} if the social preference relation
induces the same strict ordering over the paihasrndividual’s social utility function wheneveretindividual's
preference over the pair is strict. See Sen, 18@6and 9.5 for formal definitions.



“FuxoW:0 — Fyx(W(0)) is strictly increasing oven(R.")”, which implies thatR. induces

W, X

strictly monotone preferences ougR.") (sinceu(X)>u(x) =xs=. x). If, finally, w; is non-
W, X

malevolent (that is, nondecreasing) for @llinclusiveness implies thdt, xow is strictly
increasing oveu(R."). m

The social welfare functionals of Proposition 5 verify, in general, Arrow’s axiom of
pairwise relational independence. The reason fisrithquite elementary: the functiofgx
used to construct the social preference relatigns, from the arbitray selectio® of n-tuples

of utility representations, are themselves arbjtraexcept for their basic common
characteristic of having a unique maximumxan A. Consequently, the social preference
relationsR. and R. associated with two distincttuples of individual social preferences

W, X w',X

(two distinct equivalence class&s and w of W) for a givenx will generally be distinct. It
will not be difficult, in particular, to find pairsf allocations which are ordered similarly by

the individual social preferences of thuples of preference relations associated witland
W', and are ordered differently Y. andR. . The possibility of selecting functioms,x so

that the associate functionals verify pairwisetretal independence is an open question, that
will not be examined here.

The strong Pareto principle of Proposition 5-(ipis immediate, definitional consequence of
inclusiveness, embodied in the definition of thecialb welfare functionalswou - R.

W,X

through strictly increasing aggregat®#sx.

Since the social welfare functionals of family{u - R. :(w,x)OW x L**"} verify ordinal

non-comparability, the strong Pareto principle aah-dictatorship (Proposition 5-(ii)), the
relevant extension of Arrow’s impossibility theorémordinal non-comparable social welfare
functionals (Sen, 1986: 6.2) implies violationsimfiependence and/or domain universality.
The proof of non-dictatorship above explicitly edion the latter. Namely, it establishes that
the regularity obw(u(x)) at inclusive distributive optimum makes dictatorship incompatible
with inclusiveness. The latter being a definitiofeture of the social welfare functionals, the
domain restriction that appears essential for notatbrship is the first condition of

distributive regularity (the nonsingularity of tiist derivative ofwou in P, ). In other

words, given the structural feature of inclusivene$ the functionals, some diversity of
individual views on redistributiowithin somen-tuple of individual social utility functions of

the domain of the functionals (intraprofile diveéysiso to speak) suffices to exclude
dictatorship in a formal sense. The first reguwabndition of Definition 12 is one such
sufficient condition. We argued in section 6 thaistregularity property and inclusiveness
were also the main conditions for a well-behavéerkl social contract solution to optimal
redistribution (see subsection 6.3).

Proposition 5-(iii) actually implies more than teigong decisiveness of every individual over
his own consumption at distributive optimum, naméhg exact coincidence, for everyone, of
his individual (private and social) preferencesrohis own consumption, with the “social-



social” preferences induced over it at distributimgtimum x by the family of Bergson-
Samuelson preference relatioRs associated witi.

The social welfare functionalou — R. over {wou:(wx)OWxL"* (w,u,0)

verifies the assumptions of Theorem 5, d&hgdow is strictly increasing} verifies both the
strong Pareto principle and the liberty axiom. Sempossibility theorem (1970 and 1986:
9.5) implies that this existence result is a consege of the restrictions on the domain of
admissible individual social preferences imposedthy assumptions of Theorem 5 and
strictly increasing~yxow. The latter means, essentially, that the distivieuinalevolence of
individuals is not so intense or widespread as nply that inclusive “social-social”
preferences are nonincreasing in pinvate welfare of some. The aspect of the assumptions
of Theorem 5 which appears critical for the exisgeproperty is non-paternalism, clearly,
that is, the assumption that individuals do not dhedn the consumption choices of others,
and derive, instead, their evaluation of sociatestérom the sole consideration of ordinal
private welfare. Within the reasonably protectiveial environment implied by “social-
social” preferences that are both inclusive andttbtrincreasing, non-paternalism makes
private consumption a protected sphere of individhaices. Combined with private property
rights, which notably permits exchange and othéeradtives to individual consumption,
these assumptions are also essential conditionthéoexistence of competitive markets in
consumption commodities. This existence propertgrprets, in other words, as an important
psychological and social aspect of the separalplipperty of the distributive liberal social
contract (sections 1 and 4).

To sum up:

(i) the liberty axiom holds true due to domain nesibns which consist, essentially, of non-
paternalististic individual social preferences amclusive “social-social” preferences strictly
increasing in private welfare; these features semsential for the compatibility of the
redistribution institution with market economy;

(i) non-dictatorship proceeds from a domain restn which, in addition to non-paternalism,
supposes intraprofile diversity in individual views redistribution at distributive optimum;
and also from a structural feature of the socidfame functionals, namely, inclusiveness as
strictly increasing aggregator functiokgy; intraprofile diversity and inclusiveness are also
the two main conditions for well-behaved liberalcisb contract foundations for the
redistribution institution;

(i) the strong Pareto principle is a definitionadnsequence of the same structural feature
(inclusiveness);

Although the whole set of liberal social contragiusions can be very easily generated from a
family of social welfare functionals, as we justwsabove, there remains, nevertheless, a
fundamental difference between the liberal soc@ahtact and social welfare functional
approaches to redistribution, namely, the basiameé of the former on a notion of individual
rights, which is absent from the latter.

This difference finds its formal expression in tlaet that the liberal social contract
solution typically consists of a large set of albons for any givem-tuple of distributive
preferences, while the social preference relatemegated by the social welfare functional for
the same system of individual preferences selecsngle social optimum (its unique
maximum in the set of attainable allocations).

The liberal social contract solution is constrditg individual rights in the sense that
the selected distributive optima are required toif@nimously weakly preferred to the market



equilibrium that prevails prior social contract istdbution. This condition or constraint can
be construed as a definition of a liberal sociaitcactual distribution of property rights (here
understood asndowmentd), in the sense that such rights exist, that is,properly founded
by the liberal social contract, if and only if theye endorsed by the unanimous weak
agreement of the individual members of societyothrer words, initial endowments, whatever
they are, are redistributed by means of unanimowsgkly preferred transfers until weak
unanimous agreement is reached, which makes thenement distribution a liberal social
contractual distribution of property rights. Sociabntractual redistribution bears on
endowments. Competitive market exchange achiewedirial allocation from a distribution
of rights in the sense above. There are, in generahy such distributions of rights that can
be reached from an initial non-contractual endowntistribution, due to the character of
partial preordering of the Paretian criterion otiab choice that is maximized in social
contract redistribution. This multiplicity of solahs is reflected in the structure of the

solution setL™" as the intersection af-1 dimensional set of inclusive Pareto-optifRa

with nl-dimensional convex setz{IR.™w(u(z))>w(u(x*))} of allocations unanimously
weakly preferred to initial market equilibriuri. This solution set is typically (that is, under
the assumptions of Theorem 5) a set of dimensi@nf the initial market equilibrium is not a
distributive optimum (the latter sufficient conditi is also necessary: X is a distributive
optimum, the social contract solution reduces &abust quo, that is, tox{}). It is therefore, in
that sense, a large set whenever social contrdidtrieution applies (see footnotéfor a

qualification, which relies on an alternative défon of the size of sdt“* as a
hypersurface).

To sum up, the liberal social contract solution fise from the interpersonal
comparisons of individuaistributive welfare necessarily implied by the maximizationaof
Bergson-Samuelson social preference relation of tyijpe above. Exactly as the Pareto
optimum relative toprivate utilities is free from the interpersonal compansoof private
welfare implied by the maximization of a Bergson¥s@lson social welfare function of the
conventional type.

The liberal social contract solution and social iceosolution(s) can be articulated
constructively in a simple way, by selecting a fimal form for the utility representation of
a Bergson-Samuelson preference relation (for examplweighted average of individual
social utilities, or a maximin criterion, or any’ @pproximation of the latter) that seems

relevant, and maximizing it il.** . That is, by selecting a social optimum relativeat
Bergson-Samuelson social preference relation insiedeset of multiple liberal social contract
solutions. Note that this procedure applies, im@ple, not only to the norm of the

distributive liberal social contract (sdt**"), but to practical distributive liberal social
contract as well, provided that the latter doesradtice to a single allocation. In other words,
if the actual constraints associated with impermtial contracting (see section 1) do not
suffice to determine a single outcome of the preocefs achievement of the norm of the
distributive liberal social contract subject to tbenstraints ofactual collective action, the
remaining indeterminacy (i.e. multiplicity of soloms) interprets as a problem of social
choice, which admits, in principle, a social chogmution, that is, the selection of a single
outcome by maximization of a well-behaved sociafgrence relation.

22 property rights can be understood in two compleéargnsenses: as general rules specifying the use an
individual can make of his own resources (notablnaonsumption, gift-giving, selling, consumptiom &
production process and disposal); or as the sedsafurces that the individual can freely use inahernative
ways allowed by these general rules. In sectiomelused the term mainly in the first sense (legit@rrules). In

this section, we understand it mainly in the seceebe (legitimate endowments).



The liberal social contract solution is co-detereginby individual preferences and by
individual rights. We suggested in the discussiérnthe Beckerian social equilibrium of
Example 2 (see subsection 6.3) that a sufficiebh#ianced initial endowment distribution
could be an important favourable condition for dl\wehaved liberal social contract solution,
and notably for its inclusiveness. Another exampuienteraction of preferences and rights
raising questions about the viability or sustaihgbiof inclusive liberal social contract
solutions is the so-called “poor white” problem (ider Ythier, 2006: 6.1.2.1, Example 14,
referred to in section 1 above), corresponding tmmfiguration of the social system where
transfers to the poorest are rejected by a sizefadttion of the working and (possibly)
middle classes, notably because they are not loterédis of the transfers, or because they
fear a subsequent rise in the relative status eftdneficiaries. If a large set of donors
nevertheless wants to perform such transfers fitgeir bwn resources, then the liberal social
contract solution, which here corresponds to stajus, cannot be sustained as a social
equilibrium. That is, the coalition of donors wdéviate from it, and the distribution of rights
will be an object of social contest for some tirfiis example and the former illustrate the
necessity of developing an approach in terms ofas@guilibrium, in the game-theoretic
sense, for a complete analysis of the liberal $@catract, fully taking into account the role
of rights in the determination of the resulting isbcstate, and notably the possible non-
existence or non-sustainability of a liberal socahtract solution in some configurations of
rights and preferences.

9- An epistemological post-scriptum

The norm of the distributive liberal social contrderived in this article is a rational norm for
collective action.

It is an element of social reality only insofar iagnfluences actual collective action
inside state institutions or outside of them, tizatonly insofar as elements of a practical
distributive liberal social contract are implemehte

It certainly is possible to argue in that sensé, &R began to do it elsewhere (Mercier
Ythier, 2006: 2.3 and 7.2.2).

If practical distributive liberal social contractse implemented, then the associate
norm should by and large shape actual distributi@titutions in the course of long-run
economic and social development. It is interestimg,this respect, to note remarkable
analogies between the norm and its separability regdlarity properties on the one hand,
and, on the other hand, the notion of organic sokg used by Durkheim, 1893, to
characterize and explain the long-run evolutiosafiety which goes with economic progress
(the division of labour) and population growth.

Durkheim’s organic solidarity is a balance of wdual differentiation and
cooperation, which are co-determined in the sematecboperation is both necessitated by and
necessary for individual differentiation, and whiatd their main expression in the system of
legal rules of society (see notably the table anldst page of the third chapter of Book I, op.
cit.).

The norm of the distributive liberal social comtraan be viewed as an ideal type of
organic solidarity in the sense above, with twonmeharacteristics: a consistent articulation
of the unsympathetic isolation of individuals in nket exchange, with their sympathetic
relations in the cooperative redistribution of thecial contract (this is the separability
property); and, for cooperative redistribution litsehe inner balance of the regularity
property, which combines maximal dimensional ditgrsof individual views on
redistribution (first regularity condition) with ¢hstrict preference for averages of the “social-



social” welfare functions associated with the isohe solutions of the distributive liberal
social contract (second regularity condition).

10- Appendix: Differentiable Walrasian exchange economies

In this appendix, we first briefly discuss the telas between our assumptions on individual
private preferences (Assumption 1-(i)) and Balask®88 setup. For the reader's commodity,
we next summarize in Proposition 6 and proof soseful standard results relative to the
competitive equilibrium of differentiable exchanggonomies that verify Assumption 1-(i).

Balasko makes the following assumptions on indialdconsumption preferences (op. cit.
Chap. 2): they are defined on the whole commogificsR', and are supposed’Gnonotone,
differentiably strictly convex, and bounded fronidve.

The difference with Assumption 1-(i) relative tbet “degree of smoothness” of
preferences, so to speak,”(@s opposed to 4T can be safely neglected. Assumption 1-(i)
implies monotonicity and boundedness from belowthie nonnegative orthant @', and
smoothness and differentiable strict convexitytsnimterior. The main difference between the
two setups lies, therefore, in the domain of d&bniof the preferences and of their properties
of smoothness and convexity. We first briefly rétiaé reasons for these differences, second
provide a precise characterization of the diffimdtthat may follow from them in the
transposition of Balasko’s results into our setapd third elicit the simple precautions that
make this transposition valid.

The essential differences between the two satipgret as different solutions to a
same formal problem, namely, freeing analysis fioassential technicalities associated with
non-negativity constraints in consumption choicBalasko’s solution simply consists of
removing non-negativity constraints, by lettingoalition and endowment distribution take
on, a priori, any possible value R"™. Another standard solution consists of designing
preferences so that any consumer with a >0 endowmh always choose a >>0
consumption bundle. We adopted the latter for neasloat relate nicely with the object of this
article (see section 3 above), namely: the nulvate welfare associated with zero
consumption is a conventional definition of thetestaf starvation which appears both quite
natural and very useful in the context of distribeitsocial systems, as one of the basic
normative justifications for a distributive sociebntract is, precisely, the removal of any
situation of individual starvation. In other wordse need to refer to some definition of the
state of starvation, because distributive sociatraets are construed, notably, to remedy such
situations; and one of the simplest ways of defjnins the conventional association of null
private welfare with null consumption. It then apme most convenient, from this
consideration, to suppose, in addition, that pewatlfare is >0 only if consumption is >>0.

Combining the boundary and monotonicity conditi@misAssumption 1-(i) with the
conventional association of zero private welfarthvgiero consumption yields an indifference

class of 0 equal tox{DJR{':thLxik =0}=0R. for all i, which is neither smooth nor

compatible with differentiable strict convexity. @equently, one cannot view the systems of
consumption preferences that verify Assumption) i restrictions t®.' of the systems of
consumption preferences of Balasko; while the pitogseof Balasko’s systems of preferences
are verified by the restrictions .. of the systems of preferences of Assumption 1-(i).

The general rule for a valid transposition of Balas results and arguments to the
setup of Assumption 1-(i) is, therefore, to chea&tt as hopefully is generally the case, they
remain valid when restricted to the interior of tt@negative orthant, that is, notably, to >>0
Pareto optima, price-wealth equilibria or equililim allocations.



Proposition 6: Let (u,p) verify Assumption 1-(i). The following five progdions are then
equivalent:

(i) xis a weak market optimum af,p);

(ii) xis a strong market optimum af,();

(i) xOOA is such thatziDN X, =p, and there exists a price systpr>0 such that, for ali:
eitherx=0; orx>>0 anddu, (x,) =9, v;(p,;) P;
(iv) there exists a price systep»>0 such that g, (p.xa,...,p-Xy)) IS a price-wealth market

equilibrium of (u,p);
(v) xis a market price equilibrium of1,p).

Proof. We prove (ix= (i) = (iii)) = (iv) = (V)= (i).

(i) = (ii). Note first that: if x is attainable and such thaJdR.' for all i, then
u(x)=0<<u((1/n)(p,...,p)), and thereforex is not weak market optimum. That is/1P,
implies x;>>0 for somd. Note next that ik andx are attainable allocations such that
x>>0 for somd and x<x, then the allocatiom+(2n)(x’-x;..., X'-X) obtained fromx
by distributing evenly to all individuals one halfthe differenceq’-x; is >>x, hence such that
u(x+(2n) (- X, ..., %'-x))>>u(X), and is attainable, so that] P,. ConsequentlyxP,

wheneverxJ P, is attainable and such that>0 for some; x(1P, is attainable and belongs

to dR,'; or xO P, is not attainable. That ix 1P, = xOP,.This concludes the proof of the
first implicationm
(if) = (iii). Let allocationx be attainable, such tha¢>>0 for somei; x; is a >0 element of
dR.' for somg. Letx be the allocation obtained fromby transferring to individuali, that
ISt X'=X+X;; %'=0; /=X for all k#1i, j. Then:x is attainable;ui(x")>ui(x) because private
utility is strictly increasing ifR.+; Ui(x")=u;(x)=0; u(x’)=ux(x) for all k#1i, j . That is,x is
not a strong market optimum, hence not a weak nagemum by the paragraph above.
Therefore, for anx P, : N={i:x>>0} [I {i:x=0}.

Let x be a strong market optimum. Definitions then imgigat it is a weak market
optimum. Letl={i:x>>0}. From the paragraphs abovas nonempty. And the definition of a
weak optimum straightforwardly implies that is a local weak maximum ofi in

{xD]RiJ”:ZiDI X <p}. Suppose, without loss of generality, thaf1,...,m}, with m>1. Thenx
is a local weak maximum afin {XDR+In:Zm| X <p} if and only if (xi,...,Xm) is a local weak

maximum of (ig,...,um) in {(Xa,... Xm) LUR+™ Zim X, <p}. The first-order necessary conditions

for the latter read as follows: there exigispfL! R+"xR, such that: (i) §,p) % 0; (i) p.(p-
zml X )=0; (iii) wioui(x)-p=0 for allilll. We must hav@>0, for otherwisg=0 by f.o.c. (iii),
which contradicts f.o.c. (i). Sincg>0 for somei, andou;(x)>>0 for all i, we must have
(u,p)>>0 by f.o.c. (iii). F.o.c. (ii) then implies inutn that zml X, =p. The f.o.c. reduce

therefore to the following equivalent propositionziDI X, =p, and there exists

(L,p) UR."xR,.' such thatou(x)=p for all iLl.

Proposition “There existsli(p)DRHXRH' such thatdi(x)=p” is the f.o.c. for a local
maximum ofu; in {zUR..:p.z<p.x}. The f.o.c. is also sufficient for a global maxim of the
same program by the Theorem 1 of Arrow and Enthou&6l. The envelope theorem
applied to this program then implies thtv, (p,r; =1wi. This concludes the second praof.

(i) = (iv) is a simple consequence of definitions andstdeond prook
(iv) = (v) is a simple consequence of definitians.



(V)= (i) is established by means of the standard argtirtedrx be a market price equilibrium,
p>0 be an associate price vector, suppose that éxets an attainable allocatihsuch that
u(xX)>>u(x). Then:u(x")>ui(x)=max{ui(z):z>0 andp.z>p.x} implies p.x’>p.x. Summing up
overi yieldsp.D  x'>p. > % =p.p, while >" x'<p andp>0 implyp.> . X '<p.p, the
wished contradictiom
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